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Foreword

“A physicist needs that his equations should be mathematically sound, ...he should not
neglect quantities unless they are small.”

P.A.M. Dirac, Europhys. News 8, 1-4 (1977)

“Mathematics, if used thoughtfully, is almost always useful — and occasionally essential —
to progress in theoretical physics.”

R. Geroch, Mathematical physics (1985)

“L.D. Landau n’exigait pas qu’un théoricien sache ‘beaucoup’ de mathématiques, mais il
fallait étre capable, en prenant une quelconque intégrale indéfinie de résoudre n’importe
quelle équation différentielle ...”

E.M. Lifchitz, Biographie de L.D. Landau (1969)

“Was aber dieser Formalismus eigentlich bedeutete, war keineswegs klar. Die Mathematik
war, wie es oOfters vorkommt, kliiger als das sinngebende Denken.”

M. Born et H. Born Der Luxus des Gewissens (1969)

“Symmetry ...is one idea by which man through the ages has tried to comprehend and
create order, beauty and perfection. ... Whenever you have to do with a structure-endowed
entity, try to determine its group of automorphisms. You can expect to gain a deep insight.”

H. Weyl, Symmetry (1952)

Symmetries, using a word derived from the Greek cvuuntpwx — “with equal
measure”, have since its invention by the ancients played an ever increasing rdle.
Here, I shall comment, from a physicist’s point of view, on applications of a
particular class of symmetries in physics, namely scale-symmetries and their exten-
sions. Especially, in what follows we shall be interested in continuous symmetries,
formally described by Lie groups (discovered some five quarters of a century ago).
More specifically, this book, which was grown from a long article by its authors
on the geometry and representation theory of the Schrodinger Lie group and its Lie



vi Foreword

algebra,' considers space-time symmetries. Arguably, the most famous example of
such a symmetry principle in physics is Einstein’s celebrated theory of relativity.? In
essence, the (special) principle of relativity asserts that under a change of time and
space coordinates given by an element of the Poincaré Lie group, the laws which
describe physical systems should remain formally invariant or, as physicists say,
should transform co-variantly. This space-time symmetry requirement is enough
to fix the structure of (special) relativity and provides a general framework for all
physical theories. Contact with the material world as studied through experiments
is achieved by identifying the invariant velocity, whose existence is predicted by
Poincaré-covariance alone, with the measured speed of light.?

From an @sthetic point of view, it is then natural to ask whether co-variance
under a larger set of dynamical symmetry transformations is a sensible démarche
in physics. Indeed, soon after the formulation of the special theory of relativity, it
was shown by Bateman and by Cunningham that Maxwell’s equations for a free
electromagnetic field in the vacuum admit the conformal group as a dynamical
symmetry.* The conformal group includes the Poincaré group as a subgroup.
Conformal transformations in a d-dimensional Euclidean space are local scale-
transformations, which modify locally length scales r 1— A(r)r with a space-
dependent local rescaling factor A(r) but such that angles are kept unchanged. Of
particular significance is the case of two spatial dimensions, since in that case the Lie
algebra of conformal transformations is infinite-dimensional, i.e. it is isomorphic to
the direct sum of analytic and anti-analytic transformations, respectively, of a single
complex variable z or z. A well-known basis of infinitesimal generators is the set
(L, lptnez with £, := —z2"T19, and £, := —7"119:. They generate a commuting
pair of algebras® Vect(S') @ Vect(S") of vector fields on the circle

[ ] = (n =1 Vlpw s [l ] =0, [€a ] = (0 =0Vl (1)

with n,n’ € Z. For a long time, conformal invariance, although a well-known
property of free field-theories (associated e.g. to the Klein-Gordon or to the free
Dirac equation), did not play a very important role in physics. This perception only
began to change when in 1970 Polyakov pointed out that the long-established scale-
invariance of many-body systems at the so-called critical point of a second-order

I'C. Roger and J. Unterberger, Ann. Henri Poincaré 7, 1477 (2006).

2A. Einstein, Ann. der Physik 17, 891 (1905).

3Since the beginning of the 1990s, most articles in theoretical physics are freely available
electronically, see http://fr.arxiv.org/ and then the categories hep-th, math-ph or cond-mat.
The references quoted here try to give an entry to the literature, are usually the earliest reference(s)
known to me and are not meant to be complete in any sense.

4E. Cunningham, Proc. London Math. Soc. 8, 77 (1909); H. Bateman, Proc. London Math. Soc.
8, 223 (1910).

SFirst defined by E. Cartan in 1909 and later studied by others over fields of characteristic p > 0,
in which case it is spanned by the £, with —1 <n < p — 2, and known as Witt algebra.
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phase transition naturally extends to conformal invariance.® Indeed, in physical
systems, the cooperative properties are encoded by the energy-momentum (or stress-
energy) tensor. For large classes of sufficiently local interactions, it may be verified
that combined with the habitually assumed properties of translation- and rotation-
invariance, the tracelessness of the energy-momentum tensor which follows from
scale-invariance, is sufficient for conformal invariance of the model.” The form of
the two- and three-point correlation functions Cj, and Cj3 is fixed through their
covariance under projective transformations, i.e. & @c 12 = 0and O Cp; = 0,
where .Z?% is the two- or three-body operator of the (projective) conformal Ward
identities, derived from the generators in (Zi 1.0 E:I:I,O)' 6

The enormous impact of conformal invariance for the understanding of two-
dimensional phase transitions was first realized in the ground-breaking work by
Belavin, Polyakov and Zamolodchikov,® who considered the mode expansion
of the two non-vanishing components of the complex energy-momentum tensor,
T(2) =Y ez Laz"?and T(2) = Y_,cz L7772 They showed that the effects
of interactions and fluctuations can be condensed into a single real constant c,
the central charge (or conformal anomaly number), since the components L, L,
generate a pair of commuting Virasoro algebras

[Ln, Ly] = (n - n/)Ln-‘rn/ + %(’13 - n)8n+n/,0

[Ly.Ly] =0 2)

[Ln, Ly]=(n—- n/)i,H_n/ + %(if —n)8psw 0

with n,n’ € Z. This is a central extension of the Lie algebra Vect(S') (see (1)),
parametrized by the constant c. (The Virasoro algebra actually originates in attempts
to quantify the motion of a bosonic string, consistently with the principle of
relativity). The most simple objects in a conformal field-theory are the primary
operator ¢(z), which are defined as follows. Consider the mode expansion of a
field operator ¢(z) = > _,,cz ¢mz "+, where the (real) constant ;1 = i is called
the conformal weight of the field operator ¢ = ¢,,. By definition, the modes ¢, ,,
of a primary operator ¢,, satisfy

[Lna ¢;L,m] = (n(p—1) —m)duntm- 3

6 AM. Polyakov, Sov. Phys. JETP Lett. 12, 381 (1970).

7C.G. Callan, S. Coleman and R. Jackiw, Ann. of Phys. 59, 42 (1970). However, since then systems
with local interactions which are scale-invariant, but not conformally invariant have been found.
See J. Polchinsky, Nucl. Phys. B303, 226 (1988) and V. Riva and J.L. Cardy, Phys. Lett. B622, 339
(2005) for specific examples.

8A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B241, 333 (1984).
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Field operators depending on both z and z are built from tensor products ¢,, 7 (z,2) =
@u(2) ®q§,; (z). A conformal physical model is constituted from a set of primary oper-
ators ¢, together with all so-called secondary operator L_, L_,, --- Z_ﬁzi_ﬁlqﬁ,
where n;,n; € N.

In certain cases, it is possible to classify the admissible primary operators of
a conformal physical model. In order to see how this comes about, one considers
a quantum mechanical formulation of the theory characterized by a ground state
|0), which by assumption is unique. Working in the context of so-called radial
quantization (where the ordering of operators ¢ (1), ¢2(z2) in products of operators
is canonically ¢;(z1)p2(z2) if |z1| > |z2]), one associates to each primary operator
¢ = ¢u(z) astate |u) = ¢,(0)|0). These states arise as highest-weight states
in the representation theory of the Virasoro algebra (indeed, they are characterized
algebraically by Lo|u) = p|p) and L,|pu) = 0 Vr > 0) and may be classified with
the help of the celebrated Kac formula.” Unitary representations belong to one of
the two following series:'?

case 1: c>1 w=>0
case 2: Cc=cCpy K= HUrs “
6 [r(m +1)—sm]*—1
cn=1-— PICESEE Hrs =
dm(m + 1)

wherem =2,3,4...,1 <r <m—land1 < s < m. The admissible central charges
cm,m > 2 correspond to simple models of statistical physics at their critical point.
For example, ¢ = % (m = 3) corresponds to the Ising model which is one of the
paradigmatic models in physics for the description of the phase transition between
ferromagnetic and paramagnetic phases, ¢ = % (m = 4) corresponds to the #ri-
critical point of the diluted Ising model, ¢ = % (m = 5) to the three-states Ports
model used e.g. for the description of adsorption processes and so on. The central
charge of a given model may be calculated explicitly, for example from the Casimir
effect. Systems belonging to the discrete series (case 2 above) are called unitary
minimal models and have the special property that for each admissible value of c,
there exists only a finite number of conformal weights 1, s, which in turn correspond
to physical observables.!! For example, in the Ising model, there are three primary

9B.L. Feigin and D.B. Fuks, Funct. Anal. Appl. 16, 114 (1982); 17, 241 (1983); V.G. Kac and A.K.
Raina, Bombay lectures on highest weight representations of infinite-dimensional Lie algebras,
World Scientific (Singapore 1987).

10p Goddard, A. Kent and D. Olive, Comm. Math. Phys. 103, 105 (1986); D. Friedan, Z. Qiu and
S. Shenker, Comm. Math. Phys. 107, 535 (1986).

""More generally, (non-unitary) minimal models or rational conformal field-theories are those
conformal physical models which possess a finite number of primary operators. Their conformal
weights are given by a generalised Kac formula and are rational numbers. Physical applications
include two-dimensional turbulence, percolation and polymers.
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operators with conformal weights ;) = 23 = 0, 12 = oo = 11—6 and

Hi3 = Mo = % Physically, they describe the identity operator 1, the magnetisation
density o and the energy density €, respectively. The primary operators of a minimal
model form an associative and commutative operator product algebra, related to the
short-distance expansion of the operator product ¢;(z1)¢$2(z2) as |z1 — z2| — 0. For
example, the operator product algebra for the Ising modeliso -0 = 1+¢€,¢-€ =1,
o0-€ =o0and 1y = x, where y = 1,0, €. These operators are often realized as
vertex operators.

In minimal models, the known conformal weights allow to calculate easily any
of the critical exponents which were introduced for a phenomenological description
of the system’s behaviour close to a critical point. Besides, any n-point correlation
function between primary operators satisfies a system of linear partial differential
equations from which these correlators may be explicitly found. By the additional
requirement of modular invariance,’* a classification of the modular invariant
partition functions can be derived,'? which goes a long way towards a classification
of the universality classes described by minimal models. The physics literature
abounds with applications of these results.'*

* * *

Given the enormous practical utility of conformal invariance for the description
of phase transitions at equilibrium, what about dynamical symmetries in time-
dependent phenomena? Is it possible to use ideas and methods borrowed from
conformal invariance? From a physical point of view, one may consider the time-
dependent behaviour of equilibrium systems at a critical point, leading to a study of
equilibrium critical dynamics. More generally, non-equilibrium critical dynamics
looks at the time-dependent scaling behaviour of a physical system at a critical
point, far from thermal equilibrium. Finally, it is also conceivable that the full space-
time-dependence of a physical system may be scale-invariant even if the stationary,
time-independent behaviour does not have a scale-invariance.

In many cases, one considers the algebraic rescaling of time and space ¢ 1 —A%t
and r 1—Ar. Here, z is called the dynamical exponent.

One of the most simple examples of this kind is given by the diffusion equation
Q#9, — A,)w(t,r) = 0, where A, denotes the spatial Laplacian and D =
(2.#)7" is called the diffusion constant. Alternatively, if one writes .#Z = —im,
where the real constant m is the mass of the particle, one obtains the free
Schrodinger equation. As first realized by Lie at the end of the nineteenth century '

12J L. Cardy, Nucl. Phys. B270, 186 (1986); B275, 200 (1986).

13A. Cappelli, C. Itzykson and J.-B. Zuber, Nucl. Phys. B280, 445 (1987); Comm. Math. Phys.
113, 1 (1987).

4For introductions, see e.g. M. Schottenloher, A mathematical introduction to conformal field-
theory, 2nd eq Springer (Heidelberg 2008); P. di Francesco, P. Mathieu and D. Sénéchal,
Conformal field-theory, Springer (Heidelberg 1997); M. Henkel, Conformal invariance and critical
phenomena, Springer (Heidelberg 1999).

BIn his Konigsberg Vorlesungen iiber Dynamik in 1842-43, Jacobi noted en passant that the
classical equations of motion of the n-body problem (with an inverse-square potential) are invariant
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and rediscovered by physicists several times some 40 years ago, the set of space-
time transformations

, _at+p

,  Xr +vt+a
ti—t = = —
yt + 8

yt + 8

, FI—F

P ad—py =1 &)

generates a new solution of the diffusion/Schrodinger equation from a known one.
The above set of continuous transformations, parametrized by «, 8, y, 8, a, v and the
rotation matrix Z € SO(d), forms a Lie group which is now usually called the
Schrodinger group Sch(d).'® In distinction to the conformal group, the Schrodinger
group is the semi-direct product of SL(2, R) by the Galilei group and hence is not
semi-simple; it admits a non-trivial central extension. It follows that the solutions
¥ = (¢, r) of the diffusion/Schrodinger equation transform under projective
representations of the Schrodinger group

V(. r)1—>(Tw) . r) = fo (87 r) v (g7 (1. 1)) (©6)

where g € Sch(d) and the companion function f, reads explicitly!’

r2+2%r - (ya—8v)+ya*—8 tv*+2ya -v
fg(t,r) — ()/Z+8)_1/2 exp [_?V + (V )/t)j:i; + Y
(N
The complexity of this expression should be a more than sufficient motivation
instead to concentrate on the Schridinger Lie algebra sch(d) := Lie(Sch(d)),

which may be obtained from the generators

L, :=—t"T19, — ﬂt”r -V, — %n(n + Dr?— f(n + 1)t"
2 4 2
Y = "2y, — (m + %) M2y (®)
M, = —t'.#
R =17 (r;V,, —r;V,) = —RY?

under the elements of the Schrodinger group. In A. Clebsch and E. Lottner, editors, Gesammelte
Werke von C.G.J. Jacobi, 18-31, Berlin, 1866/1884, Akademie der Wissenschaften.

1%High-energy physicists often refer to it as non-relativistic conformal group (although this name
is inappropriate, since Sch(d) cannot be obtained as a non-relativistic limit of a conformal group,
see p. xv below) and certain mathematical schools call it a generalized Galilei group. It describes
space-time scaling with a dynamical exponent z = 2.

17The mathematical literature often distinguishes carefully between the cases .# # 0 and .# = 0

and considers the former as a central extension of the latter. We shall always assume .# # 0,
unless explicitly stated otherwise, since this is the case relevant for most physical applications.



Foreword xi

withn = £1,0,m = :I:%, p=0andi,j =1,...,d. Here, x denotes the scaling
dimension (it is the analogue of the conformal weights u, (1) of the wave function
on which these generators act. The non-vanishing commutators read explicitly

(Lo, Lyl = (n —n") Ly
N = (" _ ()
(Lo ¥] = (5-m)Y,

n+m
) Gl — _rpliJ)
(Lo, My] = ="My s, | Ly, RG] = = RED,
|:Yn(1i)a Yn(qu)] = Si.j (Wl - m/)Mm+m/a [Yn(lk)v RI(’LIJ)] = 8iskYnj+m - 8jskYn(2m
i j k.l i 0 ik ik 4
[0 R8] = 8 0B+ RV 8, R 8kl )

Note that the Galilei algebra generated by the Yl(j ) has been centrally extended.
2

The value of the extra so-called mass generator M,, namely, the mass parameter
A, plays the same r6le as the central charge ¢ in the study of two-dimensional
conformal symmetry.

Comparison with the conformal commutation relations (1) suggested'® to extend
the generators (8) to four infinite families by extending indices n € Z and m €
7 + % The commutators (9) remain valid with n,n’ € Z and m,m’ € Z + % In
this way, we have obtained an infinite-dimensional Lie algebra (which contains the
algebra Vect(S!) as a sub-algebra), the mathematical theory of which is the object of
study of this book. This Lie algebra is called herein Schrodinger—Virasoro algebra
and is denoted by sv(d), while formulas (9) forn € Z and p € Z + % generate a
representation of sv(d) called vector-field representation and denoted by d 7, />. By
analogy with (3), we may construct ‘conformal primary operators’ L(t), Y U)(t),
M(t) and R%/)(¢), whose ‘conformal weights’, respectively, have the values 2, %,
land 1.

A comparison between (2) and (9) suggests looking for central extensions
of sv(d). The mathematical theory presented in this book allows this to be
done systematically; see Chap. 7. Physical applications of this still remain to be
constructed.

We shall briefly comment on Schrodinger Ward identities below, in the context
of the non-relativistic AdS/CFT correspondence and of physical ageing phenomena.

Schrodinger symmetry has been found in a large variety of physical situations.
We now briefly list some of them.

I8M. Henkel, J. Stat. Phys. 75, 1023 (1994) and Nucl. Phys. B641, 405 (2002) for the cases d = 1
and d = 2. The construction of the generators L, was motivated by the similarity of their time-
dependent part —t" 13, with the generators of the algebra Vect(S'). Given L_; g and Y_;,, and
requiring that [L,,, L,/] = (n —n’)L, 4, the form of the other generators is already fixed.
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Foreword

Free diffusion and free Schrodinger equation. The Schrodinger group in one
spatial dimension is one of the earliest examples of a physically relevant Lie
group.!” Since the free diffusion/Schrodinger equation may be seen as the
Euler-Lagrange equation of motion of free non-relativistic free-field theory,
the Schrodinger-invariance of that field-theory has been one of the physi-
cists’ methods for rediscovering the Schrodinger group.?® In that context,
the emphasis shifts from the consideration of the properties of solutions of
the diffusion/Schrodinger equation to the properties of the energy-momentum
tensor. For example, it is possible, for large classes of sufficiently local theories,
to show that Galilei-invariance together with dynamical scale-invariance (with
z = 2) are enough to imply full Schrédinger invariance,?' analogously to what
has long been known for many conformally invariant systems.

This may be naturally generalized from the so far considered scalar case
to the Lévy-Leblond field with spin % (see Chap. 8) and further to higher spin
fields.

At first sight, there seems to be an important difference between the
Schrodinger and diffusion equations, in that the solutions of the first are
complex-valued (necessary for consistency with Galilei-invariance), while
those of the second are real-valued. We note that the Galilei-invariance of the
diffusion equation can be understood as follows: the diffusion equation is to
be considered just one of a pair of equations. The second equation involves,
in the context of the physical response-field formalism (both at and far from

~

equilibrium, see below on p. xix), the so-called “response field” ¢ = J(I, r).

4

Now the doublet (J) plays the same rdle under Galilei-transformation as the

pair (J/ﬁ*) in the usual Schrodinger equation. In this way, one may have a
real-valued solution ¥ = ¥ (¢, r) of the diffusion equation such that Galilei-
and Schrodinger-invariance are indeed satisfied.

. Schrodinger equation with a potential. The dynamical symmetries of the

equation (—2imd, —A,—V(t,r))¥ = 0 were analyzed in detail by U. Niederer.
For example, for a freely falling particle or a harmonic oscillator, the dynamical
symmetry group of the associated Schrodinger equation is isomorphic to
Sch(d), but the representations to be used are different from the one of the free
Schrodinger equation. In fact, the potentials V' = V (¢, r) admitting a non-trivial

195 Lie, Arch. Math. Nat. Vid. (Kristiania) 6, 328 (1882); S. Lie, Vorlesungen iiber Differential-
gleichungen mit bekannten infinitesimalen Transformationen, Teubner (Leipzig 1891).

20H.A. Kastrup, Nucl. Phys. B7, 545 (1968); U. Niederer, Helv. Phys. Acta 45, 802 (1972); C.R.
Hagen, Phys. Rev. D5, 377 (1972); G. Burdet and M. Perrin, Lett. Nuovo Cim. 4, 651 (1972);
R. Jackiw, Phys. Today, 25, 23 (1972).

2IM. Henkel and J. Unterberger, Nucl. Phys. B660, 407 (2003).
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dynamical symmetry group, which can be as large as Sch(d), are characterized
as solutions of a certain differential equation.??

Many Schrodinger equations with a potential admit non-trivial dynamical
symmetries which are subgroups of Sch(d).

The study of various representations of the Schrodinger algebra and of
the Schrodinger—Virasoro algebra is one of the major themes in this book,
see Chaps.3-5 for the general algebraic theory, Chap.6 for vertex algebra
representations and Chaps. 8-10 for a detailed study of the action of the
Schrodinger—Virasoro algebra on Schrodinger operators.

3. Noiseless Burgers equation. This equation, in one spatial dimension, reads
ATIES %8,,;142 —vd%u= f and is used for simplified descriptions of turbulence
or shocks of a fluid flow u = u(t,x) dependent on an external force
f = f(t,x). If one has f =0, the unforced Burgers equation is an example
of a non-linear Schrédinger-invariant equation. However, the solutions u =
u(t, x) do not transform according to (6), (7) with .# = (2v)~!, as one might
have conjectured by comparing with the linear Schrodinger equation. Rather,
one needs different representations of sch(1), with .#Z =0, and which also
include additive terms (and not merely multiplicative ones as in (6)) in the
transformation of u.>* Furthermore, these representations may be extended to
representations of sv(1) which relate Burgers’ equations with different external
forces.?*

On the other hand, Schrodinger-invariance is broken down to Galilei-
invariance, with a Lie algebra spanned by (L_i, Y+1,2), if f is taken to be
a random force with a Gaussian distribution.?*

4. Euler’s equation of a perfect fluid. Euler’s hydrodynamical equations for a
perfect, viscous fluid are given by d,0 + V - (pv) = 0 and p(at +v- V)v =
—Vp + pvAv, where p = p(¢,r) is the fluid density whose flow is described
by the velocity field v = v(¢,r) and the pressure p = p(t,r). If one
further has a so-called polytropic equation of state p ~ p" with polytropic
exponent y, = 1+2/(d +1), then Euler’s equations are Schrodinger-invariant.®
Here, the so-called ‘special’ transformation (parametrized in (5) by y) relates
collapsing and exploding solutions. This has been applied to relate supernova
explosions to laboratory experiments on plasma implosions.?®

22U. Niederer, Helv. Phys. Acta 47, 167 (1974).

23U. Niederer, Helv. Phys. Acta 51, 220 (1978). Herein, the Schrodinger-invariance for several
other generalised non-linear diffusion equations in one spatial dimension is also proven.

24E. Tvashkevich, J. Phys. A30, L525 (1997).

25This result has been known to Russian mathematicians since the 1960s; see L.V. Ovsiannikov,
Group analysis of differential equations, Academic Press (London 1982) and was independently
rediscovered by physicists, see M. Hassaine and P. Horvathy, Ann. of Phys. 282, 218 (2000) and
Phys. Lett. A279, 215 (2001); L. O’Raifeartaigh and V.V. Sreedhar, Ann. of Phys. 293, 215 (2001).

6. O’C Drury and J.T. Mendonga, Phys. Plasmas 7, 5148 (2000).
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Foreword

Self-interacting theories and non-linear Schrodinger equations. An equilibrium
field-theoretical description of a system at a multi-critical point of order p may
be given in terms of a Landau-Ginzburg functional 7#[¢] = [dr (%(ng)2 +
g®>*?7), where the field ¢ describes the space-time-dependent order parame-
ter. Here p = 1 corresponds to the usual critical point, p = 2 to a tri-critical
point and so on. The equilibrium critical dynamics of such a system is often
captured by a time-dependent Ginzburg-Landau equation of motion of the form
0 = =55 = Ap +2(p + 1)gg'**.

By definition, the system is at its characteristic dimension d = d©, where
the coupling constant g is dimensionless. A dimensional analysis of the
Janssen-de Dominicis functional /[5, @] = [drdr [58@ + &’%] shows
that this is achieved here for p = 2/d. It is mathematical textbook knowledge
that the time-dependent Ginzburg-Landau equation is Schrédinger-invariant if
and only if d = d©.>7

Generalising this argument to the Gross-Pitaevskii equation (with a
complex-valued order-parameter ¢), applications of Schrédinger-invariance
to the Bose-Einstein condensation have been discussed.?

From a physical point of view, it looks unnatural to have Schrodinger-
invariance only for d = d'©). Alternatively, one might consider that since
in general g is dimensionful, it should transform under scale and special
Schrodinger transformations. Generalized generators for the Schrédinger alge-
bra taking this into account may readily be constructed and in this generalised
sense, the time-dependent Ginzburg-Landau (or Gross-Pitaevskii) equations are
Schrédinger-invariant for any d %

Matter fields interacting with a Chern-Simons gauge field. Consider the gauged
non-linear Schrédinger equation in d = 2 space dimensions

10,y = (—ﬁ(V—ieA)z—i-er—Aw*l/f) v (10)

where (A°, A) is an electromagnetic vector potential in (1 + 2) dimensions
and A is a constant. The electromagnetic density p = ¢*¢ and current J =
ﬁ[w*(V —ied)y — 1/f((V — ieA)l//)*] are defined as usual. However, the
electric and magnetic fields do not satisfy Maxwell’s equations but rather obey
the field-current relations

B=VAad=-Sp, E=-vA—34="5"J (11)
K K

Y’See e.g. C.D. Boyer, R.T. Sharp and P. Winternitz, J. Math. Phys. 17, 1439 (1976); W.L
Fushchich, W.M. Shtelen and N.I. Serov, Symmetry analysis and exact solutions of equations of
nonlinear mathematical physics, Kluwer (Dordrecht 1993).

28P. Ghosh, Phys. Lett. A308, 411 (2003).
293, Stoimenov and M. Henkel, Nucl. Phys. B723, 205 (2005).
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with the abbreviation *J' = €'/ J ; where €'/ is the totally antisymmetric tensor
and 7, j = 1,2. For a given value of A, the static solutions can be interpreted
as Chern-Simons vortices.*

7. Conditional symmetries of differential equations. To find symmetries of certain
differential equations, one may relax the requirements and look instead for
so-called non-classical or conditional symmetries which are valid modulo
an auxiliary condition.’! For example,’> one may show in this way that the
Schrédinger—Virasoro algebra sv(2) with .# = 0 is a conditional dynamical
symmetry of the non-linear equation

Uy uxl uxz a

Uy, 0 suy,
det [ e, wr, s | = = (B2) + 2= (22) (12)
T ax; \ u? axy \u?/’
ul‘xz uxle uxzxz

with the abbreviations u; = d,u, u,, = du/dx; etc. Here, the auxiliary condition
is the Monge-Ampeére equation ty, Uy, x, — uil v, = 0. Generalisations exist to
any spatial dimension d > 2 and to arbitrary dynamical exponents z.

8. Relationship with conformal algebras. In d spatial dimensions, the Schrodinger
algebra sch(d) may be considered as a sub-algebra of the complexified
conformal algebra conf(d + 2) in d + 2 dimensions.’®> A constructive way
to see this is to consider the mass parameter .# as an additional coordinate.
By way of Fourier-transform, the projective factor in the transformation law
(6) becomes a transformation law in the ‘dual’ coordinate ¢ and the projective
representation becomes a true representation.** Simply stated, the Schrodinger
operator 2.#0, — A, becomes through the formal substitution .# ~> 09/0;
the differential operator 20;9; — A,, which by a further rotation in the
coordinates (¢, {) becomes a Klein-Gordon operator. Considering all possible
transformations of { compatible with sch(d ), we arrive at the conformal algebra
conf(d + 2), as explained in more details in Chap. 2. 3

We mention two physical applications of this construction:3 (i) the physi-
cally required causality of the response functions of systems undergoing ageing
far from equilibrium (see 12. below) can be derived from the condition that
the response functions transform co-variantly under the conformal algebra
conf(d + 2); (ii) re-introducing the speed of light ¢ as a dimensionful constant

30R. Jackiw and S.-Y. Pi, Phys. Rev. D42, 3500 (1990); C. Duval, P. Horvathy and L. Palla, Phys.
Lett. B325, 39 (1994); M. Hassaine and P. Horvathy, Phys. Lett. A279, 215 (2001).

31G.W. Bluman and J.D. Cole, J. Math. Mech. 18, 1025 (1969); W.1. Fushchych, W.M. Shtelen and
M.L Serov, Dopov. Akad. Nauk Ukr. Ser. A9, 17 (1988); D. Levi and P. Winternitz, J. Phys. A22,
2915 (1989).

32R. Cherniha and M. Henkel, J. Math. Anal. Appl. 298, 487 (2004).

3G. Burdet, M. Perrin and P. Sorba, Comm. Math. Phys. 34, 85 (1973).

34This observation was made, for the Galilei group, by D. Giulini, Ann. of Phys. 249, 222 (1996).
35M. Henkel and J. Unterberger, Nucl. Phys. B660, 407 (2003).
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relating ‘space’ and ‘time’ variables allows to take the ‘non-relativistic limit’
¢ — oo in a controlled way. This limit turns out not to lead to a group con-

traction and, surprisingly, the projected algebra conf(d + 2) iy CGA(d) £
sch(d) is not isomorphic to the Schrodinger algebra.

Furthermore, carrying out the ‘non-relativistic limit’ on a pair of commuting
algebras vect(S') @ vect(S') (see (1)) via a group contraction, one does not
obtain the Schrodinger—Virasoro algebra sv(1) either.’® Rather, we have for the
generators, after the contraction

L, =—t""19, —(n+ Dt"rd, — (n + Dxt" —n(n + Dyt" 'r
Y, = —t"t19, — (n + yt" (13)

where x is the scaling dimension and y a free parameter. The non-
vanishing commutators are [L,, L,/ ] = (n — n')L,4 and [L,,Y,y] =
(n — n')Yy4, with n,n’ € Z. This is an infinite-dimensional extension
of an algebra called either non-relativistic or Conformal Galilei algebra®
CGA(1) = (L4109, Y+10) Asch(1). From the representation (13), we read off
the dynamical exponent z = 1 which is distinct from the Schrodinger algebra.*®

The relationship with conformal algebras becomes important for the formu-
lation of non-relativistic analogues of the AdS/CFT correspondence, studied
intensively in string theory, see 11. below.

9. Bargmann structures. The extension from the Schrodinger algebra into a
conformal algebra has a geometric meaning which we now briefly discuss®
(see also Chap. 1). To illustrate, consider a free non-relativistic particle of
mass m. Its Lagrange function L = 7% (‘31—;)2 is not invariant under a Galilei-
transformation ¢t 1— ¢, r 1—r 4 vt. However, by introducing an additional

‘dual’ coordinate ¢, an invariant Lagrangian

d¢ m [ (dr 2 d¢ m  dr®dr?
ZL=L+m—==—([—) +2=22 ]| =Zgu—-— (14
Ty T2 (dt) * dt) 280 1Y

36M. Henkel, Nucl. Phys. B641, 405 (2002); M. Henkel, R. Schott, S. Stoimenov and J. Unter-
berger, math-ph/0601028. We point out that there also exist representations of CGA(1) with z = 2.

37P. Havas and J. Plebanski, J. Math. Phys. 19, 482 (1978) and rediscovered independently by M.
Henkel, Phys. Rev. Lett. 78, 1940 (1997) and J. Negro, M. A. del Olmo and A. Rodriguez-Marco,
J. Math. Phys. 38, 3786 and 3810 (1997).

3%1n the context of physical ageing, the algebra CGA(d) is sometimes called the “altern algebra”
alt(d). In contrast to the Schrodinger algebra, CGA(d) does not arise as dynamical symmetry in
hydrodynamic equations, P.-M. Zhang and P. Horvéthy, Eur. Phys. J. C65, 607 (2010), R. Cherniha
and M. Henkel, J. Math. Anal. Appl. 369, 120 (2010). There exists a so-called ‘exotic’ central
extension of CGA(2), J. Lukierski, P.C. Stichel and W.J. Zakrzewski, Phys. Lett. A357, 1 (2006);
B650, 203 (2007) which does arise as conditional symmetry in certain non-linear hydrodynamical
equations, R. Cherniha and M. Henkel, ibid.

3C. Duval, G. Burdet, H.P. Kiinzle and M. Perrin, Phys. Rev. D31, 1841 (1985).
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may be constructed, where a,b = —1,0,1,...,d (we use the notation 0=t
and r~! = ¢). Of course, the invariance of .# depends on the correct choice of
the transformation law for {. The invariance of .# under Sch(d) corresponds
to geodesic motion for the metric g,,dr¢dr® = 2d¢dt + dr?. The (d + 2)-
dimensional space under consideration admits a covariantly constant Killing
vector d; and is called a Bargmann manifold.

For example, one may use this formalism to prove the Schrodinger-
invariance of the non-relativistic n-body problem with gravitational/Coulombian
interactions.*

The Lie algebras of conformal vector fields with a non-relativistic Newton-
Cartan space-time can be classified. For flat space, the Schrodinger algebra is
recovered for time-like geodesics, while for light-like geodesics, the conformal
Galilei algebra is obtained.*!

10. Non-relativistic supersymmetries. Often, it is of interest to extend a Lie algebra
to a Lie super-algebra by introducing a graduation. In this way, besides the
usual (even) generators which satisfy between them commutation relations,
one may introduce additional (odd) generators which may close when so-
called anti-commutators are formed. Structures of this kind arise naturally in
many instances. As a simple example, one may observe that the Schrodinger-
invariant scalar one-dimensional diffusion equation, taken together with the
spin-% Lévy-Leblond equation, which is also Schrodinger-invariant, is part
of a supermultiplet of the so-called super-Schréodinger algebra with two
supercharges, 5 2 0sp(2]2) x s5h(2|2), which is the semi-direct product of
the orthosymplectic algebra 0sp(2|2) and the supersymmetric extension sb(2|2)
of the Heisenberg algebra. If, analogously to the extension to a conformal
algebra discussed above for the Schrodinger algebra, one considers the masses
as further variables, then the super-Schrodinger symmetry may be extended
to 0s5p(2|4).** As an application, we mention here super-symmetric quantum
mechanics.*? Supersymmetric extensions of sch(d) with N supercharges have
been systematically constructed.*® Finally, infinite families of supersymmetric
extensions of sv(1) have been found through the use of extended Poisson
algebras.** This will be described in Chap. 11.

From a less formal point of view, a motivation for looking for super-
symmetric extensions of Schrodinger symmetry may come from the fact that
the physically well-motivated Fokker-Planck or Kramers equations, whose

40C. Duval, G. Gibbons and P. Horvithy, Phys. Rev. D43, 3907 (1991).
41C. Duval and P. Horvithy, J. Phys. A42, 465206 (2009).

42J. Beckers and V. Hussin, Phys. Lett. A118, 319 (1986); J. Beckers, N. Debergh and A.G. Nikitin,
J. Math. Phys. 33, 152 (1992); P.K. Ghosh, Nucl. Phys. B681, 359 (2004).

43C. Duval and P. Horvithy, J. Math. Phys. 35, 2516 (1994).
#M. Henkel and J. Unterberger, Nucl. Phys. B746, 155 (2006).
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solutions give the probability distributions for the statistical description of
many-body systems, are naturally supersymmetric.*’
Non-relativistic AdS/CFT correspondence. Recently, it has been asked if
there might exist physical applications of the at present intensively stud-
ied correspondence between anti-de Sitter space and conformal field-theory
(AdS/CFT correspondence), originally discovered in a string-theory context,*
to non-relativistic condensed matter problems. Using the embedding of the
Schrodinger algebra into the conformal algebra described above on p. xv, a non-
relativistic version of the AdS/CFT correspondence involving the Schrodinger
algebra can be formulated.*” It is impossible here to indicate all lines in this very
active field and we shall only quote one illustrative example. Consider a scalar
field in a background AdS metric and the solution of the associated classical
equation of motion. Through the AdS/CFT dictionary,*® one can map this onto
the two-point Green function in a Schrodinger-invariant theory. The result turns
out to be identical to the one obtained previously from the Schrédinger Ward
identities (see also below).*® This is not just some abtract correspondence, as
shown by a recent application to the physics of cold atoms.*

This appears to be a very promising field for future applications of the
Schrodinger—Virasoro algebra.

12. Ageing phenomena. When a many-body system is brought rapidly, via a

fast change (‘quench’) of its thermodynamic parameters, into the coexistence
region of its phase diagram, the competition between the several equivalent
thermodynamic states may lead to an extremely slow relaxation behaviour
towards these stationary states, so that the relaxation time scale becomes
formally infinite. Furthermore, the state of the system depends on the time
since the quench, and hence time-translation-invariance no longer holds. If in
addition the time-dependent observables display dynamical scaling, we say that
the system undergoes physical ageing. Although physical ageing is habitually
associated with glasses, it can also occur for non-glassy systems — a simple
example being the so-called phase-ordering kinetics of a simple magnet (e.g.
described by an Ising model) quenched from an initial high-temperature state to
a very low temperature. It is well-accepted that in this situation the conditions
for physical ageing are all satisfied. Furthermore, the value of the dynamical
exponent z is 2 for a purely relaxational dynamics without any conservation

45G.

Parisi and N. Sourlas, Nucl. Phys. B206, 321 (1982); J. Tailleur, S. Tanase-Nicola and

J. Kurchan, J. Stat. Phys. 122, 557 (2006).

4See e.g. O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rep. 323, 183
(2000).

4TE.g. C. Leiva and M.S. Plyushchay, Ann. of Phys. 307, 372 (2003); K. Balasubramanian and
J. McGreevy, Phys. Rev. Lett. 101, 061601 (2008); D.T. Son, Phys. Rev. D78, 046003 (2008). See
C. Duval, M. Hassaine and P. Horvathy, Ann. of Phys. 324, 1158 (2009) for the relationship of
AdS/CFT to the geometry of Bargmann structures.

48D, Minic and M. Pleimling, Phys. Rev. E78, 061108 (2008).

49C.A. Fuertes and S. Moroz, Phys. Rev. D79, 106004 (2009).
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laws.”® This is a case for non-equilibrium space-time dynamical scaling,
although the stationary equilibrium state is a trivial ordered state without any
static scaling behaviour.

For a description of such phenomena from the perspective of dynamical
symmetry, we first observe that only sub-algebras of the Schrodinger algebras
without the time-translations generated by L_; can be used. Secondly, the
equation of motion of the order-parameter is a stochastic Langevin equation
(in a physicist’s notation)

DM = A+ %E‘” +n (15)

where 7'[¢] is a Ginzburg-Landau potential, and 7 is a ‘noise’ term, usually
assumed to be Gaussian, centered and with variance (n(¢,r)n(’,r’)) =
2T8( — t')8(r — r’). Here T is the temperature of the heat bath to which
the system is coupled. Often, the initial state is also taken from some random
ensemble and has to be averaged over. Ageing behaviour is conveniently studied
physically through the two-time correlation and response functions (averaged
over thermal noise and/or the initial conditions — for simplicity the spatial
coordinates are suppressed)

) ~
Clt.5) = OB, RE9)i= 500 = @@de)  (6)
h=0

where, again, 5 is the response field associated to the order-parameter ¢ and
the last relation follows from the response-field formalism.>!

As we have already mentioned above for the Burgers equation, the noise
term destroys any non-trivial symmetry. This does not mean that symmetry
principles cannot be used in this case, however. Using the response-field
formalism,'  the effective action can often be decomposed, viz. £ [¢.¢] =
Jolg, ¢+ _7b[¢), into a ‘deterministic term” _#y[p, ¢] = [drdr [5(2/// d; —

A,)d) + 5%] which can be Schrodinger-invariant and a ‘noise term’, which

for a purely thermal Gaussian noise takes the form _#, [5] = T [dtdr 52.
The Galilei-invariance of the ‘deterministic term’ — or more precisely, the
invariance under the central mass generator M, — leads to the celebrated
Bargmann superselection rules,”® which in our case state that the correlators

S0A.J. Bray, Adv. Phys. 43, 357 (1994).
SIp.C. Martin, E.D. Siggia and H.A. Rose, Phys. Rev. A8, 423 (1973); H.-K. Janssen, Z. Phys. B23,
377 (1976); C.J. De Dominicis, J. Physique (Colloque) 37, 247 (1976).

32y, Bargman, Ann. of Math. 56, 1 (1954). This result depends on the validity of the transformation
law (6).



XX

13.

Foreword

oo XN Y0)] %% vanish for n /& m. Here, the index O indicates
S——— S———

ntimes  mtimes
that the averages are calculated via functional integrals within the determin-

istic theory, characterized by the effective action ¢, as follows: (@) =

/ @E;@gb o [ple= 721991 A formal perturbation series in the noise term I
(which corresponds e.g. to a small-7 expansion) should truncate because of
the Bargmann superselection rule. A generic result is then that the two-time
response R(z,s) = (¢ (t)p(s))o should not depend explicitly on the noise at all!
Finally, if _# has a larger symmetry than mere Galilei-invariance, we can use
this to constrain the form of the two-time response function by requiring that
R(t, s) should transform covariantly under these. This leads to the Schrodinger
Ward identities, which give a system of linear differential equations for R(z, s),
viz. Z R(t,s) = 0 where the two-particle operators 2 are derived from
the ageing subalgebra age(d) C sch(d) in which the generator of time-
translations, L_;, has been taken out. From these, we derive the scaling form
R(t,s) = s™17% fp(t/s), and further predict explicitly the scaling function
fr(y) = foy'T¥ =2 (y —1)71= where A, a and a’ are ageing exponents
and f; is a normalisation constant.>® In this way, the conceptual difficulty that
stochastic equations cannot have non-trivial dynamical symmetries has been
eliminated.>*

The available evidence, including several exactly solved models, but which
also comes from large-scale numerical simulations of systems for which
an exact solution is not known, allows to test the predicted fx(y). The
results strongly suggest that the ageing behaviour in phase-ordering kinetics
should have indeed a dynamical special Schrodinger symmetry in addition to
dynamical scaling. Correlators can be treated in an analogous manner.>
Extensions.

A recent development considers generalised predictions for co-variant two-
point functions. In logarithmic conformal theories,, which one may obtain

heuristically by replacing the conformal weights p 1— (/g ! ) by a Jordan
"

matrix, logarithmic terms arise in the two-point functions.’® Similarly, logarith-
mic extensions of both the Schrodinger and the conformal Galilei algebras have
been constructed, with analogous results for the two-point functions.>’ Further

33Time-translation-invariance would givea = a’ = Ag/z — 1.

54A. Picone and M. Henkel, Nucl. Phys. B688, 217 (2004).

SSM. Henkel, M. Pleimling, C. Godréche and J.-M. Luck, Phys. Rev. Lett. 87, 265701 (2001);
M. Henkel, Nucl. Phys. B641, 405 (2002); M. Henkel and F. Baumann, J. Stat. Mech. PO7015
(2007); M. Henkel and M. Pleimling, Non-equilibrium phase transitions, vol 2: Ageing and
dynamical scaling far from equilibrium, Springer (2010).

56V, Gurarie, Nucl. Phys. B410, 535 (1993); M. Rahimi-Tabar et al., Nucl. Phys. B497, 555 (1997).
S7A. Husseiny and S. Rouhani, J. Math. Phys. at press (2010), arxiv:1001.1036.
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generalisation to logarithmic representations of age(d) hint at the possibility
that the critical contact process (which is in the directed percolation universality
class) might be described in terms of logarithmic ageing-invariance.”® Such
a result would at least be analogous to 2D critical percolation, where a
relationship with logarithmic conformal invariance is well-established.”®

It is currently actively investigated how to formulate, in general, similar
principles for arbitrary values of the dynamical exponent z (this is needed for
example when discussing non-equilibrium critical dynamics, realised after a
quench to the critical temperature 7 = 7, > 0). We hope to be able to
construct in this way a systematic theory, to be called local scale-invariance.
The constraints coming from the mathematical consistency play an important
role in its construction. Besides the value of z itself, the following ingredients
might turn out to be of relevance: (a) the form of the locally scale-invariant
deterministic part of the equations of motion, (b) since the equation of motion
for the order-parameter is a stochastic Langevin equation, the Bargmann
superselection rules must be generalizable to generic values of z, in order to
be able to use®® the symmetries of the ‘deterministic part’ in the analysis of
the full stochastic equation.®” (c) The causality of the response functions, recast
into dispersion relations, might be a way to make contact with the Schrodinger—
Virasoro algebra and its generalizations. This will have to be combined with (d)
some kind of short-time expansion in order to explore possible operator product
algebras.

This (incomplete) list of physical problems related to Schrodinger-invariance
illustrates how much remains still to be understood about Schrodinger symmetry.
The physicist’s hope will be that the methods described in this book may contribute
to the solution of these physical questions. On the other hand, it is to be expected that
the presentation of the current state of the theory of Schrodinger symmetry given in
this book will by itself stimulate further mathematical questions. To what extent this
will eventually become reality might depend, and not in a small way, on the attitude
of the reader.

Nancy Malte Henkel

S$M. Henkel, arxiv:1009.4139.
39P. Mathieu and D. Ridout, Phys. Lett. B657, 120 (2007).

%0F Baumann and M. Henkel, work in progress; X. Durang and M. Henkel, J. Phys. A42, 395004
(2009).






Preface

The object of the present monography is to give an up-to-date, self-contained
presentation of a recently discovered mathematical structure: the Schrodinger—
Virasoro algebra. The study of the structure of this infinite-dimensional Lie algebra
containing the Virasoro algebra, and the various contexts in which it appears
naturally, will lead us to touch upon such different topics as mechanics, statisti-
cal physics, Poisson geometry, integrable systems, supergeometry, representation
theory and cohomology of infinite-dimensional Lie algebras, spectral theory of
Schrodinger operators.

The original motivation for introducing the Schrodinger—Virasoro algebra was
the following (see the Preface for a more physically minded point of view).

There is, in the physical literature of the twentieth century, a deeply rooted belief
that physical systems — macroscopic systems for statistical physicists, quantum
particles and fields for high energy physicists — could and should be classified
according to their symmetries.

Let us just point at two very well-known physical examples : elementary particles
on the (3 + 1)-dimensional Minkowski space-time, and two-dimensional conformal
field theory.

1. From the point of view of covariant quantization, introduced at the time
of Wigner back in the 1930s !, elementary particles of relativistic quantum
mechanics (of positive mass, say) may be described as irreducible unitary
representations of the Poincaré group P, ~ SOy(3, 1) x R*, the group of affine
isometries of Minkowski space-time, or in other words the semi-direct product of
the Lorentz group of rotations and relativistic boosts by space-time translations;
the physical states of a particle of mass m > 0 and spin s € %IN are in bijection
with the states of the Hilbert space corresponding to the associated irreducible
representation of Py.

Isee e.g. references and a history of the subject in: S. Weinberg. The quantum theory of fields.,

Cambridge University Press (1996).
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This covariant quantization was revisited by the school of Souriau in the
1960s and 1970s 2 as a particular case of geometric quantization. The latter is a
piece of a wide program of geometrization of classical and quantum mechanics.
It allows a geometric construction of a mapping from classical observables
on a symplectic manifold .# (the phase space of Hamiltonian mechanics)
to operators (that is, quantum observables) on L?-sections of a fiber bundle
obtained from .# by polarization. In most physical cases, there is a non-trivial
Lie group of symmetries of the symplectic manifold, which is represented in this
framework by unitary operators. As for the electromagnetic field, it appears as
a perturbation of the underlying symplectic structure; this principle is described
by Souriau as symplectic materialism. One of the main outcomes of this program
is a general method for constructing wave equations that are covariant under
the action of a group of symmetries preserving a certain particular geometric
structure.

2. Two-dimensional conformal field theory, on the other hand, is an attempt at
understanding the universal behaviour of two-dimensional statistical systems at
equilibrium and at the critical temperature, where they undergo a second-order
phase transition (see the Preface for details and references). Starting from the
basic assumption of translational and rotational invariance, together with the fun-
damental hypothesis (confirmed by the observation of the fractal structure of the
systems and the existence of long-range correlations, and made into a cornerstone
of renormalization-group theory) that scale invariance holds at criticality, one
is * naturally led to the idea that invariance under the whole conformal group
Conf(d) should also hold. This group is known to be finite-dimensional as soon
as the space dimension d is larger than or equal to three, so physicists became
very interested in dimension d = 2, where local conformal transformations are
given by holomorphic or anti-holomorphic functions. A systematic investigation
of the theory of representations of the Virasoro algebra (considered as a central
extension of the algebra of infinitesimal holomorphic transformations) in the
1980s led to introduce a class of physical models (called unitary minimal
models), corresponding to degenerate unitary highest weight representations of
the Virasoro algebra with central charge less than one. Miraculously, covariance
alone is enough to allow the computation of the statistic correlations — or so-
called n-point functions — for these highly constrained models.

Let us emphasize in particular the following well-known facts, to which
we shall refer several times in the sequel. Covariance under projective
transformations (or homographies) z 1— fjis fixes up to a constant two- and

three-point functions. On the other hand, four-point functions (¢ (z1) . . . P4(z4))

are fixed only up to a scaling function depending on the cross-ratio %

2].-M. Souriau. Structure des systémes dynamiques. Maitrises de mathématiques, Dunod, Paris
(1970).

3For systems with sufficiently short-ranged interactions (see Preface for details and counterexam-
ples).
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The Schrodinger—Virasoro algebra was originally discovered by M. Henkel *
in 1994 while he was trying to apply the concepts and methods of conformal
field theory to models of statistical physics which either undergo a dynamics,
whether in or out of equilibrium, or are no longer isotropic. The idea was that,
contrary to the case of relativistic physics or conformal field theory, the different
coordinates (called for convenience fime and space) should not play the same rdle.
Replacing isotropic scale transformations r 1— Ar with anisotropic dilatations
(t,r) +— (A%, Ar), A >0 with z /&1 changes fundamentally the geometry. Then
natural questions arise, such as: Is there anything like conformal geometry for
z /=17 Does there exist a notion of local scale invariance in low dimensions as
in the case of conformal field theory?

It turns out that the answer to the first question is positive for z = 2.
The geometric theory has been developed by C. Duval, H. Kiinzle, P. Horvathy
and other authors 3. Lorentzian geometry has to be replaced with the so-called
Newton-Cartan geometry in (1 + d) dimensions, which is the right geometric
framework for Newtonian (instead of relativistic) mechanics, defined by a one-
form (locally written dt) representing the time-coordinate, by a metric structure
on the fibers ¢ = Cst, and by a (alas non unique) connection preserving these two.
Various covariant wave equations may be obtained using the tools of geometric
quantization, among which the two simplest ones: the free Schrodinger equation
Ao = (=2i40, — A)¥ = 0, and the Dirac-Lévy Leblond equation, which is
associated to the Schrodinger equation in the same way as the Dirac equation to the
Laplace equation A, = 0 in the relativistic setting ©.

Contrary to the conformal case, there are several groups of symmetries associated
to the Newton-Cartan geometry, among which (by increasing order with respect to
inclusion) the Galilei group, the Schrodinger group, and also (by weakening the
assumptions though) the Schrodinger—Virasoro group.

The Galilei group Gal(d) is the group generated by time translations and space
rotations, and by motions with constant speed. It is the symmetry group of classical
mechanics; the induced changes of frames leave invariant the equations of classical
physics. It also leaves invariant the Euler equation for perfect, incompressible fluids
without viscosity, obtained from Newton’s equation of dynamics by a shift of point
of view from Lagrangian to Eulerian mechanics.

The Schradinger group Sch(d) is the group of projective Lie symmetries of the
free Schrodinger equation Aoy (¢, 1) := (=2i.#9; — A,)¥(t,r) = 0, see Preface,
including a subgroup of time-homographies coupled with space-transformations

4M. Henkel. Schrodinger invariance and strongly anisotropic critical systems, J. Stat. Phys. 75,
1023 (1994).

3See references to articles by these authors in Chap. 1.

6J.-M. Lévy-Leblond. Nonrelativistic particles and wave equations, Comm. Math. Phys. 6, 286
(1967).
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that is isomorphic to the group of two-by-two matrices with determinant one,
SL(2, R). It contains the Bargmann group, which is a central extension of the Galilei
group. In physical applications, the value of the central element M, € sch(d) =
Lie(Sch(d)) is interpreted as the mass of the particle or the total mass of the
system. The Schrédinger group also preserves a number of field equations coming
either from non-relativistic condensed matter physics (e.g. Landau liquids or Bose-
Einstein condensation, see 5. in the Preface) or from a direct application of the
principles of geometric quantization (e.g. non-relativistic electromagnetism, see 6.
in the Preface).

The Schrodinger—Virasoro group SV (d) is obtained by removing the require-
ment that symmetries should preserve the particular choice of connection. One then
obtains for any space dimensionality d an infinite-dimensional Lie group, with Lie
algebra sv,; given by (8) in the Preface. Details are given in Chap. 1. We concentrate
in this book on the particular case d = 1. Then SV = SV(1) is a semi-direct product
of Diff(S!') — the group of diffeomorphisms of the circle — by a rank-2 infinite-
dimensional nilpotent group, SV ~ Diff(S') x H, with typical element denoted by
(¢: (@. B)), ¢ € Diff(S"), ., p € C>°(S") 7. By centrally extending Diff(S") to
the Virasoro group Vir, one may also consider the group SV = Vir x H and its Lie
algebra 50 = vit x b, whose center is generated by the mass generator M, and by
the central generator in vit.

Schrodinger transformations in Sch C SV play the same rdle as projective
transformations in conformal invariance. Computations show that covariance under
Schrédinger transformations only fixes two-point functions, which are given up to a
constant by the heat kernel. In three-point functions, contrary to the conformal case
(see above), an arbitrary scaling function of some complicated expression in terms
of the coordinates appears. The consequences of the postulate of covariance under
the Schrédinger group or subgroups of it have been explored quite systematically by
M. Henkel and his collaborators 8, and proved analytically or observed numerically
on several models, in particular in cases where physical ageing sets in. A more
detailed account is given in the Preface. While these are interesting, the theory is
undeniably not as far-reaching as 2d-conformal field theory because the Schrodinger
group is finite-dimensional. On the other hand, the Schrodinger—Virasoro group may
seem at first sight to be the right candidate for local-scale invariance. However, these
symmetries have not yet been observed on physical models. Maybe this approach is
doomed to fail because it is even difficult to find wave equations invariant under the
Schrédinger—Virasoro group °.

"The elements in SL(2, R) coming from Sch(1) represent the finite projective transformations in
the Diff(S!)-factor.

8See M. Henkel, M. Pleimling. Nonequilibrium phase transitions. Vol. 2, Ageing and dynamical
scaling far from equilibrum, Springer (2010).

°R. Cherniha, M. Henkel. On non-linear partial differential equations with an infinite-dimensional
conditional symmetry, J. Math. Anal. Appl. 298, 487 (2004).
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While the above approach, developed in Chap. 1, has led, for the time being,
neither to further developments nor to applications, other fruitful points of view on
the Schrodinger—Virasoro group have gradually emerged.

1. The approach closest to the previous one is to see the Schrodinger—Virasoro
group not as a symmetry group of a given wave equation, but as a reparametriza-
tion group for a given class of equations. This way of seeing things is well-known
in the case of the Virasoro group: the group of diffeomorphisms of the circle,
Diff(S?), acts on the space of Hill operators 8> + uo(x), x € R/2wZ, otherwise
known as periodic Sturm-Liouville operators on the line. This affine action,
o Hill s a left-and-right action,

¢ 1—
(3§+uo(x> =011 (@) (03 +uo(x)) == 753 ($)o(9% +uo(x)) 0 nf’g”@)—l) :
()

where w11 (¢)ug(x) := (Z—f)A (1o 0 ¢~ 1) (x) is the natural action of Diff(S') on
the space of (—A)-densities, also called (without specifying the weight) fensor
densities. The orbits of this action have been classified independently by A.A.
Kirillov ' on the one hand, and by V.F. Lazutkin and T.F. Pankratova !' on
the other. A.A. Kirillov actually deduces a set of normal forms for the orbits
from a classification up to conjugacy of all possible generators of the symmetry
subgroups (also called isotropy subgroups) of Sturm-Liouville operators. The
main characteristic of a given orbit is its monodromy, namely, the Floquet matrix

in SL(2,R) relating ¥ (x) to ¥(x + 2m), where ¢y = (il) is the general
2

solution of the Hill equation (9% + uo)¥(x) = 0. The eigenvalues of this matrix
give the behaviour at infinity of the solutions. Another important characteristic
is the oscillatory character of the solutions '2. Generic orbits are of type I
(elliptic type 13 with oscillatory solutions, or hyperbolic type with non-oscillatory
solutions) or of type II (hyperbolic type, with oscillatory solutions), but there are
also non-generic orbits of type 111, with unipotent monodromy.

The above analysis carries over very nicely to the space of generalized
harmonic oscillators, which are time-dependent Schrodinger operators in (14-1)-

10A A. Kirillov. Infinite-dimensional Lie groups: their orbits, invariants and representations. The
geometry of moments, Lecture Notes in Mathematics 970, 101-123 (1982).

'V F Lazutkin, T.F. Pankratova. Normal forms and versal deformations for Hill’s equations,
Funct. Anal. Appl. 9 (4), 306-311 (1975).

120scillatory solutions have an infinite number of zeroes, non-oscillatory solutions have at most
one zero.

13Two-by two matrices of determinant one with eigenvalues ¢, 0 < § < x, resp. e/, 1 > 0,
resp. £ 1, are called ellipric, resp. hyperbolic, resp. unipotent.
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dimensions of a very special type,
S = 20— 3+ Vo) + ViO)r + Va(0)r?). @)

with time-dependent periodic quadratic potential. This space is preserved by the
following affine action of the Schrodinger—Virasoro group,

o174 1 (9 (. B)) 1= (D 1—>7sp4(s (. B)) 0 D o mryja(ds (. B) ™). (3)

where the vector-field representation m) exponentiates the realization d ) of
SV found by extrapolation by M. Henkel, as explained in the Preface (formulas
are recalled at the end of the Introduction). We summarize here the contents of
Chap. 9. In the semi-classical limit, these operators give back the Hill operators,
which explains why part of this action is equivalent to 07!/, The new feature
here is the existence of an exact invariant I, sometimes called Ermakov-Lewis
invariant '* — a time-dependent second-order differential operator in the space
coordinates, commuting with the Schrodinger operator —. When I has a discrete
spectrum, the solutions of the Schrodinger operator are the eigenfunctions of
I, multiplied by an explicit time-dependent phase yielding the monodromy
operator — a bounded operator on L?(R) this time — ; contrary to the usual
adiabatic scheme '3, these results are non-perturbative. Let us now come to our
results:

— the orbit classification due to A.A. Kirillov carries over to the case of general-
ized harmonic oscillators for generic orbits. There also appear supplementary,
non-generic orbits of type I or type IIl, due to a resonance between the
quadratic and the linear parts of the potential. A choice of normal forms
for these orbits, together with the associated isotropy subgroups, is given in
Sect. 9.2.4. The isotropy subgroups are shown to be isomorphic to subgroups
of the Schrodinger group or of some covering of it.

— the invariant I may be reconstructed from the orbital data, thus leading to a
unification of the algebraic, geometric and analytic methods. One may show
that I is conjugate to some simple model operator belonging to a finite family
of operators '©.

— even when the spectrum of / is non-discrete (so that the standard adiabatic
scheme is not valid), the monodromy operator is shown to be essentially
conjugate to a multiplication operator L*(¥) — L*(X), f(A)1—e*T f(1),

“H.R. Lewis, W.B. Riesenfeld. An exact quantum theory of the time-dependent harmonic
oscillator and of a charged particle in a time-dependent electromagnetic field, J. Math. Phys. 10
(8), 1458-1473 (1969).

5See e.g. A. Joye, Geometric and mathematical aspects of the adiabatic theorem of quantum
mechanics, Ph. D. Thesis, Ecole Polytechnique Fédérale de Lausanne (1992).

1Namely, the free Laplacian, the harmonic oscillator, the “harmonic repulsor” and the Airy
operator.
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where ¥ C R, X' = % + N, R or Ry is the spectrum of I, and T is the period
of the orbit.

2. The above action o #//!! on Hill operators equivalent to the coadjoint action of the

Virasoro group, and thus Hamiltonian for the Kirillov-Kostant-Souriau Poisson
structure on the dual of the Virasoro algebra. The latter is the simplest of a family
of compatible (i.e. mutually commuting) infinite-dimensional Poisson structures,
a so-called hierarchy. Such structures usually come up with infinite families
of Hamiltonian equations induced by commuting Hamiltonian operators, thus
implying their complete integrability. This is the most efficient scheme to
construct completely integrable systems. In the infinite-dimensional case, one
gets integrable partial differential equations (rather than ordinary differential
equations), the simplest one in our context being the Korteweg-De Vries equation
% = u% + %‘, which describes an isospectral deformation 3% + ug(x) ~>
9% + u(t, x) of a Hill operator !7. The Poisson-Lie group Poisson bracket on the
Volterra group integrating the algebra of formal pseudo-differential symbols of
the type u—1 (x)9; ! + u—»(x)d2 + ... leads by symplectic reduction to the same
equation.

Some but not all of these arguments may be reproduced in the case of the
linear action

G (9 (. ) 1—(D 1—>muga(9: (@, B)) 0 Do (s (@, f) ™) (D)

on the linear space of time-dependent periodic Schridinger operators, """ 1=
{a(t)(=2i.43,—0*)+ V(t,r)}; see Chap. 10. Note that, because the index u has
been shifted by two instead of one, compare with (3), the associated affine space
ST = {=2iM0, — 9 + V(t,r)} is not preserved by this action. Contrary to
the case of Hill operators, this action is unrelated to the coadjoint action of sv.
On the other hand, it may be retrieved by symplectic reduction from the current
algebra over a Volterra-type space of formal pseudo-differential symbols. Thus
" appears as a coadjoint orbit of a huge looped group integrating this current
algebra; the 0,-actions are in this sense coadjoint actions, and are Hamiltonian
for the usual Kirillov-Kostant-Souriau bracket (see Theorem 10.2 in Sect. 10.6).
This suggests of course to look for related integrable systems.

3. The above results point out to the importance of the point of view of Poisson
geometry (see Chaps. 2, 10, 11). They rely on the embedding of the Schrodinger—
Virasoro algebra as a subquotient of the extended Poisson algebra '® on the
two-dimensional torus, Clg, q_l][p% , p_%] with Poisson bracket {F,G} =

7For a beautiful introduction to the subject, see e.g. P.G. Drazin and R.S. Johnson, Solitons: an
introduction, Cambridge Texts in Applied Mathematics, Cambridge University Press, Cambridge
(1989), or the monography by L. Guieu and C. Roger cited in the bibliography.

8Unfortunately, the natural embedding of Vect(S!) C sv into the Poisson algebra does not extend
to sv.
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dp dq dp dq°
differential symbols on the line C[§, 5_1][8? 8;%]] with Lie bracket induced
by the natural associative product of operators. This point of view may be
generalized to a supersymmetric setting, yielding a large class of superizations
of the Schridinger—Virasoro algebra sns™) called Schrodinger-Neveu-Schwarz
algebras, containing algebras of super-contact vector fields (often called super-
conformal algebras in the literature), namely, algebras of super-vector fields
preserving the kernel of the super-contact form dgq + ZzN=l 07d6'. These
arguments will be developed in Chap. 11 (see Definition 11.20 in Sect. 11.3).
Similarly to what happened originally with the Schrodinger—Virasoro algebra,
its N = 2 supersymmetric generalization, sns® extending the Neveu-Schwarz
algebra ', arises as a natural infinite-dimensional extrapolation of the symmetry
generators of a supersymmetric Schrodinger equation (see Sect. 11.2.1), obtained
from the supersymmetric model on super-space-time RGP with coordinates
(¢t,¢,r;61,0,) by a Fourier transform with respect to ¢, formally d; ~> i/
(see 8. in the Preface for the analogous construction relating the Klein-Gordon
equation in (d + 2)-dimensions to the Schrodinger equation (—2i.#9; —
ANV (t,r) =0in (d + 1)-dimensions).

or of its natural quantization, the algebra of formal pseudo-

* * *

Leaving aside the above geometrical and physical aspects, which may be
considered as a motivation or maybe as applications, one may also study the
algebraic properties of this infinite-dimensional Lie algebra for its own sake, which
is the subject of Chaps. 3-7.

The Schrodinger—Virasoro algebra sv is a semi-direct product of the centerless
Virasoro algebra Vect(S') ~ (L,,n € Z) — seen as the Lie algebra of smooth
vector fields on the circle, and naturally identified with the Lie algebra of the
diffeomorphism group Diff(S!) introduced above — by an infinite-dimensional, rank
2 nilpotent Lie algebra

1
h:<Ym,Mp,me§+Z,peZ> 5)

In other words, sb ~ Vect(S!) x b where [b, [h, b]] = 0. The generic element may

be written in terms of three Laurent series 20,

gf"'%"‘%h:anLn"' Z ngm+thMa (6)
nezZ me%-{-Z PEZ

where f(2) = Y fo2" T, g(x) = Y. gmz" T2 and h(z) = Y 2P,

9A. Neveu and J.H. Schwarz. Factorizable dual model of pions, Nucl. Phys. 31, 86 (1971).
20We then use calligraphic letters to avoid any confusion with the Laurent components.
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Semi-direct products of the type Vect(S') x .%;, where ., is a tensor density
module of Vect(S') — the semi-classical analogue of a primary operator of weight
A + 1 in the language of conformal field theory —, have been studied in great details
21 in particular from the cohomological point of view. The Lie algebra sv, as a
Vect(S')-module, is isomorphic to Vect(S') x (3‘\% @® F), but h ~ 9\% @& F
(as a vector space) is not abelian. Hence sb may be viewed as the next example in
the order of increasing complexity. The techniques developed by D.B. Fuks ?? also
apply to the case of sv and allow a detailed and almost exhaustive cohomological
study (mainly concerning deformations and central extensions) in Chap. 7. We show
in particular (see Theorem 7.2 in Sect. 7.2) that there exist exactly three independent
Sfamilies of deformations of the bracket of sb, among which a family denoted by sv,,
which is isomorphic to Vect(S!) x (& Lte ® Z») as a Vect(S')-module.

Chapters 3—6 are concerned with the study of different classes of representations
of sv, inspired by the well-developed Virasoro theory: unitary highest-weight mod-
ules (or induced representations, or Verma modules), coinduced representations,
and more specifically the coadjoint representation. Let us comment on each of these.

1. Unitary highest-weight modules (see Chap. 4) are induced from a character of
the commutative algebra (L, My), and characterized by their mass and by the
conformal weight of their highest-weight vector. As opposed to the Virasoro case,
non-trivial unitary highest-weight modules are all non-degenerate (see Theorem
4.2 in Sect. 4.1), so the theory seems to be of little interest.

2. Coinduced representations, on the other hand, provide an interesting class of
representations generalizing the Vect(S')-tensor density modules; one finds the
following explicit formulas in Chap. 5, see Theorem 5.3 in Sect. 5.1,

1 1
4(L) = (1O = 5 70, = L' Or0 ) @1, + £ (dp(Le)
F2 S Ordp(y) + £ O dp(M): ™

dp(@y) = (—f ()0, — f'(O)rd)®1d, + f'(O)dp(Y )+ " ()r dp(My): (8)
dp(My) = —f(1)d; & Iy, + /(1) dp(M)). ©)

2IT. Tsujishita, On the continuous cohomology of the Lie algebra of vector fields, Proc. Japan Acad.
Ser. A Math. Sci. 53 (4), 134-138 (1977), and V. Ovsienko, C. Roger. Generalizations of Virasoro
group and Virasoro algebra through extensions by modules of tensor-densities on S', Indag. Math.
(N.S.) 9 (2), 277-288 (1998).

22D.B. Fuks. Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet Mathemat-
ics, Consultants Bureau, New York (1986).
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where p : go — Hom(J5¢,, 5,) is any representation of the solvable Lie subal-
gebra go := (Lo, Y% , M1). The known realizations of sv as a reparametrization
group of wave equations — in particular, of Schrodinger or Dirac-Lévy-Leblond
operators, see Chap. 8 — all belong to this family. Such explicit formulas are
easily obtained by taking into consideration the Cartan prolongation structure
of sv (see Theorem 5.1 in Sect. 5.1), based on the graduation of sv given by the
polynomial degree of the vector fields in the vector-field representation.

3. Vertex representations are defined in Chap. 6. Recall first that primary oper-
ators for vertex representations of the Virasoro algebra are quantum fields
X = Zn X,7" realized on a Fock space, whose Laurent components X, are
quantized tensor densities, i.e. they satisfy the commutation relations [L,,, X,,] =
(An — m)X,4n for some A; physicists call A + 1 the conformal weight of
X. Regarding time-and-space dependent operators as Laurent series in the
time coordinate leads to a natural transposition of these notions to sv-primary
fields. The operators defined in Chap. 6 are primary with respect to some of
the above-defined coinduced representations. The polynomial fields which have
been successfully constructed (see Theorems 6.6 and 6.7 in Sect. 6.3.2) are
unfortunately degenerate, in the sense that the action of M is nilpotent. Hence
M, may not be interpreted as a mass. We conjecture though, see Sect. 6.5, the
existence of massive fields — on which M, acts as a non-trivial scalar — and
compute by a formal analytic extension their two- and three-point functions, see
Theorems 6.9 and 6.10. The latter are different from but closely connected to
the conformally covariant three-point functions in three dimensions. As shown
in Chap. 2, although sch C conf(3)c on the one hand, and sch C sbv on the other,
there seems to be no reasonable way to combine conformal and Schrodinger—
Virasoro symmetries, which makes the above results puzzling.

Though these preliminary results may probably be extended, it would be
reasonable to try first to work out a physical context in which these quantum
fields would appear, in order to gain some intuition and to go beyond what may
appear for the moment as a somewhat formal exercise.

4. Finally, the coadjoint representation (contrary to the Virasoro case) does not
belong to the above family of representations, and is studied separately in
Chap. 3. As in the case of the coadjoint action of the Virasoro group, the study of
the isotropy subalgebras lead to differential equations which are easily solved?.
The reader acquainted with the classification (obtained independently by O.
Mathieu on the one hand and by C. Martin and A. Piard on the other 2#) of
the representations of the Virasoro algebra may wonder whether the coadjoint

23 A.A. Kirillov, op. cit., and the monography by L. Guieu and C. Roger, op. cit.

24C. Martin, A. Piard. Classification of the indecomposable bounded admissible modules over the
Virasoro Lie algebra with weight spaces of dimension not exceeding two, Comm. Math. Phys. 150,
465-493 (1992); and O. Mathieu, Classification of Harish-Chandra modules over the Virasoro Lie
algebra, Invent. Math. 107, 225-234 (1992).
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representation belongs to a new class of its own. For the moment, however, it
looks isolated in the picture.

Let us give some suggestions for reading. Chapters 1 and 2 are introductive;
definitions and results contained in these two chapters are frequently needed, and
are quoted throughout the book. The cohomological results contained in Chap. 7
are not required for the other chapters (the deformations and central extensions
used elsewhere, in particular in the chapters concerned with representation theory,
are all introduced in Chap. 2), but the spectral sequence method used to compute
central extensions of semi-direct products, together with Fuks’ results on the
Virasoro cohomology, are used once more in Chap. 10. Chapters 8-10, devoted
to Schrodinger operators, have a strong thematic unity despite the differences in the
methods and the language; an introductory discussion is placed at the beginning
of Chap. 8, and Sect. 8.1 should be read first. Chapters 3—6 on representation
theory also have a strong thematic unity, but may be read separately. Chapter 11
on supergeometry is an extension to the supersymmetric setting of Chap. 2.

The following diagram shows some possible orders of reading.

Almost all the material contained in this monograph has been published else-
where, save for the introductory parts and Chap. 4. The first steps into Newton-
Cartan geometry in Chap. 1 are a short summary of a theory developed by Duval,
Horvathy, Kiinzle,... Chap. 9 includes a detailed account of classical results about
Ermakov-Lewis quantum invariants and about Hill operators, in particular the
orbit classification due to A.A. Kirillov; the classification of Hill operators by
their lifted monodromy (Sect. 9.2.2), and the solution of the Hill equations and
the determination of their monodromy in terms of the &-invariant in the isotropy
subalgebra (Sect. 9.3.2) should be folklore results, but we have not found them in
the literature. Apart from these, all other developments are due either to one of the
authors or to both — including contributions of the author of the Preface.

The reader is assumed to have a background knowledge on the Virasoro algebra,
with its applications to conformal field theory (for Chap. 6 mainly) and to integrable
systems. Reading some sections of the frequently cited monograph L’Algebre et
le Groupe de Virasoro: aspects géométriques et algébriques, généralisations by
L. Guieu and C. Roger [43] may help him find his way around. The two volumes
of the (recently appeared) book Nonequilibrium phase transitions by M. Henkel,
H. Hinrichsen, S. Liibeck and M. Pleimling [57, 58] give in particular an up-to-date
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overview of Schrddinger invariance in statistical physics — a good complement to
this monograph.

Let us finally write down, for the convenience of the reader, a few formulas
concerning the Schrodinger—Virasoro algebra and its vector-field representations,
which are constantly used in the book.

Generators of the Schrodinger—Virasoro algebra
1
sv=(L,,n€”Z)x <Ym,Mp, m e 3 +Z,pe Z> ~ Vect(S') x b (10)

Commutation relations of the generators

n
[Ln, Lyl = (n—m)Lytm: [Lp,Yn] = (E - m) Yotm, [Ln, Mp] =—pM,+,
(1D

and
Ynys Y] = (m1 — ma) My 4my. [Ym»Mp] = [MPI’MPZ] =0 (12)

withn, p, p1, py € Zandm,m;,my € 5 + Z.

Vector-field representation: massive version d )

One defines
n+1 n 1 n % n—1_2
dmy(L,) = —t"70, — A(n + 1)t" — E(n + Dt"rd, — T(n + Dnt""'r

1
Ay (V) = "4 30, — M (m + "2 (13)

dmy(M,) = —H#1" (14

where .# is an arbitrary (non-zero) constant which plays the role of a mass
parameter. These formulas agree with the original realization of sv found by
M. Henkel, see (8) in the Foreword, if one sets A = x/2, where x is the scaling
dimension of the field.
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Vector-field representation: Fourier version d 1),
~ n+1 n 1 n 1 n—1.2
dmy(L,) = —t"7'9, —A(n + 1)t" — E(n + Dt"rad, — Z(n + Dnt""r o

1
dm,(Yn) = —lm+%ar - (m + 5) t’”—%raé
= (15)

Both families of representations are called vector field representations of sv. As
a matter of fact, the representation d ) may be deduced from dw, by a formal
Laplace transform with respect to the parameter .Z .

Sometimes the scaling dimension is unimportant. In such cases we simply write
sometimes d 7 or d 7.

Villeurbanne Cedex Claude Roger
Vandoeuvre-les-Nancy Jérémie Unterberger
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Chapter 1
Geometric Definitions of sv

The aim of this chapter is to describe a geometrical background common to physical
theories that are invariant under the Schrodinger group or under various subgroups
of it arising in different contexts, as explained in details in the Preface. All these are
natural groups of symmetries for Newtonian geometry. The Schrédinger—Virasoro
group subsequently is introduced as yet another group of symmetries of the same
geometric structures, albeit in a weaker sense. The reader not particularly skilled in
classical differential geometry may skip it without major inconvenients, since it is
independent of the sequel, save for a few basic definitions and formulas concerning
the Schrodinger, Virasoro and Schrodinger—Virasoro groups and algebras, in partic-
ular the definition of the tensor-density Virasoro modules, the abstract definition of
the Schrodinger—Virasoro algebra in one space-dimension, together with its vector-
field representations; but all necessary formulas have been gathered at the end of the
Introduction.

1.1 From Newtonian Mechanics to the Schrodinger—Virasoro
Algebra

Lorentzian geometry constitutes the geometric foundation of relativistic mechanics;
its geometric formalism makes it possible to define the equations of general
relativity in a coordinate-free, covariant way, in the largest possible generality.

Owing to the success of the theory of general relativity, it was natural that
one should also try to geometrize Newtonian mechanics. This task was carried
out within about half a century later, by several authors, including J.-M. Lévy-
Leblond, C. Duval, H.P. Kiinzle and others (see for instance [14,22-25,76]), leading
to a geometric reformulation of Newtonian mechanics on the so-called Newton-
Cartan manifolds, and also to the discovery of new fundamental field equations for
Newtonian particles.

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 1
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_1,
© Springer-Verlag Berlin Heidelberg 2012



2 1 Geometric Definitions of st

Most of the Lie algebras and groups that will constitute our object of study in this
article appear to be closely related to the Newton-Cartan geometry. That is why we
chose to give a short introduction to Newton-Cartan geometry; the main objective
is to lead as quickly as possible to a geometric definition of the Schrédinger group
and its infinite-dimensional generalization, the Schrodinger—Virasoro group.

Following the usual scheme of classical differential geometry, we shall cast the
subsequent definitions into the language of the theory of G-structures [73]. Let us
recall that a frame on M is a collection of bases of tangent spaces at every point of
M , depending smoothly on the coordinates. These frames can be stuck together to

form the frame bundle P (M) M , which is a principal GL (n, R)-bundle. Now,
for G C GL(n,R), a G-structure on M is a reduction to G of the structural group

of the frame bundle. In other terms one has a principal G-bundle Pg =5 M such
that P(M) = Pg xg GL(n, R).
Let us just mention two examples of G- structures:

— IfMis orientable, then a GL(n, R) " -structure on it is simply an orientation on M
obtained by considering all direct frames with respect to the chosen orientation
on M.

— In FEinstein’s general relativity theory, frames which are compatible with the
given Lorentz metric, or gravitational field, yield a G-structure, where G is the
Lorentz group.

The foremost group in Newtonian geometry is the Galilei group, Gal(d ). It is the
group of affine transformations of (d + 1)-dimensional space-time of the following
type:

(x,t) — (Zx+bt+c,t+e) (1.1)

forZ € SO(d), b e R, c e RY, e € R;itisa W—dimensional group. Its
linear part (obtained by setting ¢ = e = 0), called homogeneous Galilei group and
denoted by HGal(d ), is a W—dimensional subgroup of GL(d + 1, R).

Definition 1.1 (Galilei G-structure). A HGal(d)-structure on a manifold M of
dimension d + 1 is called a Galilei structure on M.

So one has a principal subbundle P C P(M) of the frame bundle on M; to
such a reduction is associated a pair of tensor fields (,y), where § € Q2'(M)
is a closed 1-form and y € I (Sym(TM ® TM)) a symmetric contravariant non-
negative two-tensor field, whose one-dimensional kernel is generated by 6. Roughly
speaking, f measures time variations, and y gives the Riemannian metric on the
space coordinates in order to have the reduction from GL(d) to SO(d). So to speak,
Galilei structures are to Newtonian mechanics what Lorentzian structures are to
relativistic mechanics.

It is now easy to describe the local geometry of such structures: if U C M is a
sufficiently small chart one has local coordinates (¢,7;) i = 1,...,d on U such that:

Q\U =dt
V\U = Zi,j )/ijdri ®di‘j
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Of course, the global geometry can be much more complicated: one has a
codimension one foliation defined by the closed one-form 6 (see for example
[49]) together with a smooth family of Riemannian metrics on leaves. For physical
applications, one usually postulates the existence of a global time coordinate ¢,

.. . 1
giving a submersion M — R.

Definition 1.2. A Newton-Cartan manifold of dimension d + 1 is a manifold M
with a Galilei structure and a torsionless connection V preserving it.

In other words, the tensors (6, y) associated with the Galilei structure are
assumed to be parallel with respect to the connection V, namely, VO = 0 and
V y = 0. Unlike the Lorentzian or Riemannian case, one has no canonical con-
nection of Levi-Civita type. Many options are possible, so here the physics cannot
be unequivocally deduced from the geometry.

Remark. The term “Newton-Cartan manifold” was used by C. Duval in [23]. The
reference to Cartan reminds that this kind of geometries has been first considered
by E. Cartan in the early twenties [15].

One may now consider the group of automorphisms preserving the Newton-
Cartan structures, i.e. leaving the tensor fields (6, y) and the connection V invariant;
it is the natural generalization of the Poincaré group in special relativity. In the case
of the standard flat Newton-Cartan manifold R x R¥, with coordinates t,ri,.srq),

d
0 =dt,y= Za,i ® d,,, one naturally recovers the Galilei group Gal(d ). For later
i=1
use, we shall give generators of its Lie algebra &al(d) in terms of vector fields on
R x RY. It can be written:

Gal(d) = (L) & (¥, ¥]) @ (Ryhisie;=a. (12)
2 211<i<d
including the time and space translations L_; = —9,, Y’ = —0d,,, the generators
) 2
of motion with constant speed Y| = —d,; and rotations %;; = r;0,, —r;0,,.
2

1.1.1 From Galilei to Schrodinger: Central Extensions
and Projective Automorphisms

The use of group cohomology, and more generally homological algebra techniques,
in mathematical physics, appeared in the fifties: let us mention for example the well-
known work of Wigner and Inonii for deformations of Lie algebras (see for example
[61] or [104]). Their approach uses group theory to describe special relativity
as a deformation of non-relativistic mechanics (or, perhaps better, non-relativistic
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mechanics as a contraction of special relativity), the coefficient of deformation
being Cl where ¢ is the speed of light. Technically, the Galilei algebra is deformed
into the Poincaré algebra, which is the Lie algebra of affine isometries of Minkowski
space-time. We discuss deformations in Chap. 7 below. Here we shall introduce
the central extension of Gal(d) as considered first by Bargmann [4]; we shall give
its explicit construction on the Lie algebra level. One computes easily the second
cohomology space H?(&al(d); R), see Chap. 7, which classifies central extensions
of Gal(d); it is one-dimensional, generated by the following cocycle

C (Yi%, Yj') =8 ij=1.d

3
In other words, the Lie bracket of the Y -generators has been deformed into
[YLL Yf] = 8;.; Mo, (1.3)
22

where M, is an extra generator in the center, i.e. commuting with all other
generators. We shall denote by Bar(d) the centrally extended Lie algebra, called
Bargmann algebra. So one has a short exact sequence of Lie algebras:

0— R — Bar(d) — Gal(d) — 0 (1.4)

Schur’s lemma implies that for irreducible representations of Bar(d), My acts as
multiplication by a scalar, whose value will be called the mass of the corresponding
representation.

This terminology, together with the interpretation of the mass in terms of a two-
dimensional cohomology class, has been made clear by the work of J.M. Souriau.
In the symplectization of classical mechanics, a prominent role is played by the
construction of the momentum relative to the action of the dynamical group; it is
precisely the defect of equivariance of this momentum which yields a 2-cohomology
class of the Lie algebra, then interpreted as the mass of the corresponding particle. !

We shall now enlarge the Bargmann algebra by considering projective automor-
phisms of Newton-Cartan structures. Infinitesimal projective automorphisms of the
flat Newton-Cartan structure on R x R? are connection-preserving vector fields X
on R x R? such that (denoting by . the Lie derivative)

d d
Fxdt = A dt, Zx (Z 3, ® a,,.) =2 (Z 3, ® a,,.) (1.5)

i=1 i=1

'In fact, the generator of H?(®al(d); R) given above can be integrated to a group cocycle, which in
turn gives the Souriau cocycle in H!(Gal(d); &al(d)*); this cocycle is then naturally interpreted
in the mechanical framework as a first integral called momentum, which gives precisely the total
mass of the system. For details on the geometrical and physical arguments, see the book by Souriau
[109], pp. 148-154. For generalities on the cohomological computations, see [43], Sect. 2.3.
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for some function A € C°°(R x R?). Such transformations conserve the geodesics
globally up to a change of parametrization, so they form naturally a Lie subalgebra
of Vect(R x RY), the Lie algebra of C > vector fields on R x R¢.

Proposition 1.3. The Lie algebra of projective automorphisms of the flat Newton-
Cartan structure is generated by the following vector fields.

1 2
L_{=-0;,,Ly=—t0; — EZriari,Ll = —170; —tXi:ria,.i

Y', =-9,.Y] =—1d,
2 2
Rijzriar/'_rjari’ 1§l<] fd (16)

One is now ready to give the formal definition of the Schrodinger Lie algebra.

Definition 1.4. The Schrodinger Lie algebra in dimension d, denoted by sch(d),
is the Lie algebra with generators

Ly, Lo,Ly; Y',,Yi, i=1,..d; RY, 1<i<j<d: M,.
2 2

The vector fields (L—,, Lo, L) generate a copy of s[(2, R). The brackets between
Y'Yl RY M, are those of Bar(d), and the brackets of L_, Lo, L; with the

2 2
other generators are defined by

' Y R N g i1 (n 1Y\ _ )
[Ln,Y_;]—(2+2)Yn_;,[Ln,Yé]—(2 Z)YH; (n = —1,0,1);
(1.7)

[L,.R"]=0, [L,. My =0. (1.8)

One may describe this algebra in terms of a semi-direct product. Set Bar(d) =

RL_; x Bar(d), where Bar(d) = span(Yil,Rij,Mo) C ‘Bar(d) is the Lie
2

subalgebra obtained by ‘forgetting’ time-translations; one then has

sch(d) = sl(2, R) x Bar(d). (1.9)

It may be exponentiated into a connected Lie group Sch(d) = SL(2,R) x
Bar(d), called Schridinger Lie group in d space dimensions (see [98]), where
Bar(d) is the Lie group naturally associated to Bar(d).

The previous proposition can then be interpreted as follows: the Lie algebra of
projective automorphisms of the flat Newton-Cartan structure defines a massless
representation of the Lie algebra sch(d).



6 1 Geometric Definitions of st

Finally, the name Schrodinger algebra is justified by the fact that sch(d) acts

projectively on solutions of the free Schrodinger equation (279, — Ay)y = 0
d

where Ay = Z 831_ and .# € C ? is a scalar. One has:

i=1
Proposition 1.5 (Lie symmetries of the free Schrodinger equation). The algebra
of projective Lie symmetries of the free Schrodinger equation, i.e. the Lie algebra of
differential operators 7 on R x R of order at most one, satisfying:

QAd —AW) =0= QA — As)(ZV) =0

defines a representation dﬂj/4 of mass M of the Schrodinger algebra, with the
following realization:

1 d
drdjy(Lor) = =0, dgy(Lo) = —td, = 5 D ridy — . dgyy(Ly)

1 d
=129, —1 zi:r,» 3, — E,///rz -1

dxd, (Yi%) = —d,,. dnl, (Yf) = 13y, — M1, dnl (Mo) = —M

1
2

dnj/4(Rff) =ridy, —rj0,, 1<i<j=<d. (1.10)

Let us mention, anticipating on Sect. 1.2, that realizing instead L by the operator
—td; — % >, ridy, —Aand L; by —120, —t > rily — %///rz —2MAt (A € R), leads
to a family of representations d Jrf of sch(d). This accounts for the parameter d /4
in our definition of d Jrj /a- The parameter 2A may be interpreted physically as the
scaling dimension x of the field on which sch(d) acts, A = d /4 for solutions of the
free Schrédinger equation in d space dimensions (see Preface).

We shall also frequently use the realization d frf of the Schrodinger algebra given
by the Laplace transform of the above generators with respect to the mass, which
is formally equivalent to replacing the parameter .# in the above formulas by 0;.
This simple transformation leads to a representation d ﬁf of sch(d); let us consider
the particular case A = 0 for simplicity. Then d7¢ := d7 gives a realization of
sch(d) by vector fields on R?*? with coordinates ¢,7; (i = 1,...,d) and . Let us
write the action of the generators for further reference (see [54]):

20n an analytic level, one should distinguish between the heat equation (.# real) and the
Schrodinger equation (. imaginary). On an algebraic level though, this distinction is irrelevant.
The present convention, used everywhere except in Chaps. 8—10, prevents unwanted +/—1-factors.
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- - 1
(L) = =0, d7 (Lo) = —1d, — 5 Z ridy,,

5 1
d7l(Ly) = —t%9, —t zi:r,»a,,. — Erza;

dit (V1)) = =0, d7t (Y]) = =10, = ride. d7 (Mo) = =,

2
da’(R7) =10, —r;0,, 1<i<j=<d. (1.11)

In other words, the action d 7¢ is conjugate to d 7¢ through the (formal) Laplace
transform

VAt ) — PGt = /W(///;t,r)e‘/“ da.

So, according to the context, one may use either the representation by differential
operators on R?*! of order one, or the representation by vector fields on R?*+2. Both
points of view prove to be convenient.

1.1.2 From Schrodinger to Schrodinger-Virasoro

The last step which will lead us finally from the Schrodinger Lie algebra to the
Schrodinger—Virasoro Lie algebra consists in a certain sense in forgetting about the
Newton-Cartan geometry and requiring only the covariance of the tensors (6, y).
Namely, one has the following in the case of the usual structure on R x R¢:

Proposition 1.6. The Lie algebra of vector fields X on R x R? - not necessarily
preserving the connection, such that (1.5) are verified, is generated by the following
set of transformations:

d
1
(i) Lr=—f(t)0, — 3 f(0) Z r;0,,  (Virasoro — like transformations)

i=1

(ii) @gi = —gi(t)d,, (time — dependent space translations)

(iii) 92,’;{/, = —hy(t)(r;id,, —1;8,), 1 <i<j<d
(time — dependent space rotations)
where f, g;, hij are arbitrary functions of t.

Proof. Put r = (ry,...,rqy). Let X = f(t,r)0, + Z?:l gi(t,7)0,, verifying
conditions (1.5), and let £y = [X, .] be the Lie derivation with respect to the vector
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field X. Then d(Zxdt) = d(Adt) = 0,30 A = —f/(¢) is a function of time only.
Hence

d
Ly | D20, | = 20,8 ) 0, ®0,
j=1

iJj

= —223r,gj3r,- & 3r/- —223r,gi3r,~ & ari
J i#]

so d,,8i = —0,8; if i # j, which gives the time-dependent rotations, and
20,,g; = f'for j = 1,...,d, which gives the Virasoro-like transformations and
the time-dependent translations. O

Note that the Lie algebra of Proposition 1.5 corresponds to f(¢) = 1,¢,1%;
gl‘(l) =1,tand h,’j(l) =1.

One easily sees that the %’,’1’1/ generate the current algebra C*°(R,s0(d)) on
so(d), while the %}1’” and the %generate together the current algebra on the

Euclidean Lie algebra eucl(d) = so(d) x R?. The transformations . generate
a copy of the Lie algebra of tangent vector fields on R, denoted by Vect(R), namely,

[ Zr. L) = Ly (1.12)

where { f, g} = f’g — fg'. So this Lie algebra can be described algebraically as a
semi-direct product Vect(R) x C (R, eucl(d)). In our realization, it is embedded as
a subalgebra of Vect(R x R?).

For both topological and algebraic reasons, we shall from now on compactify the
time coordinate . So we shall work on S' x R?, and Vect(R) x C*®(R, eucl(d)) is
replaced by Vect(S!) x C®(S!, eucl(d)), where Vect(S!) is the centerless Virasoro
algebra.

It may be the right place to recall some well-known facts about the Virasoro
algebra, that we shall use throughout the present monography.

Definition 1.7 (algebra of vector fields on the circle). Let Vect(S') be the Lie
algebra of C *°-vector fields on the circle.

We represent an element of Vect(S!) by the vector field f(z)d,, where f €
Clz,z7!] is a Laurent polynomial. Vector field brackets [ f(z)d,, g(z)d.] = (fg' —
f'2)d,, may equivalently be rewritten in the basis (£,),ez, £, = —2"7'0, (also
called Fourier components), which yields [{,,{,,] = (n — m){,+,. Notice the
unusual choice of signs, justified (among other arguments) by the anteriority of [50]
on our subject.

The Lie algebra Vect(S') has only one non-trivial central extension (see [43]
or [64] for instance, and also the introduction to Chap. 7 for some explanations if
needed), given by the so-called Virasoro cocycle ¢ defined by

(o) = [ @50 dz (1.13)
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or, in Fourier components,
cly,ly) = 8ntmo(m + Dn(n — 1). (1.14)

The resulting centrally extended Lie algebra, called Virasoro algebra, will be
denoted by vit. Explicitly, the new bracket reads

[ﬁn,em]nit = (n — I’l’l)g,ﬂ_m -+ 8n+m,0(l’l -+ l)n(n — l)K, (1.15)

where K is an extra generator in the center (as for the above central extension of the
Galilei algebra).

The Lie algebra Vect(S'!) has a one-parameter family of representations .%;,
A € R, called tensor-density modules.

Definition 1.8 (tensor-density modules). We denote by .%) the representation of
Vect(S1') on Clz,z~!] given by?

0,.7" = An—m)?"T, n.meZ. (1.16)

An element of .%) is naturally understood as a (—A)-density ¢ (z)dz~*, acted by
Vect(S') as

[@3.9p@dz" = (f¢' —Af'$)()dz. (1.17)

In the bases £, = —7"9, and a,, = "dz ™", one gets £,.a,, = (An — m)a,+m.
Replacing formally ¢ by the compactified variable z in the formulas of Proposi-
tion 1.6, and putting f(z) = —2"t!, gi(z) = —"*2, hij(z) = —Z", one gets a

realization of Vect(S') x C*°(S!, eucl(d)) as a Lie subalgebra of Vect(S! x RY)
generated by L,, Y/ Rg,.j (with integer indices n and p;; and half-integer indices

n» m;?

m; ), with the following set of relations:

[Ln.Lp] == p)Lutp
[L,.Yi]= (% —m) Yl [Ln RY| = =pRY,,
[Y,fl, Yn{,] -0, [R;f, Yn’;] =S¥, — YL,
[RI RS ] = 850l + 8 R, — 85 R, — 61RL, (1.18)

Remark. In order to avoid possible confusion, we have chosen to write Fourier
components X, X = L, Y, ... with usual letters, and the currents themselves with
calligraphic letters, &, %/, ...

3In conformal field theory (see Chap. 6), quantized fields (X,,),ez such that [L,, X,,] = ((n —
Dn —m)X, 4, are called primary operators of weight 1. In our language, the components of such
a field generates the tensor-density module .%,, .
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With the above definitions, one sees immediately that, under the action of
(Z5) recoosty = Vect(S1), the (Y,;)me%+z behave as elements of the module ﬁé,

while the (R} )mez and the (M) ez define several copies of F,. This remark turns
out to be fundamental to understand the algebraic structure of the Schrodinger—
Virasoro algebra, and will be taken up in Chap. 2 in more details.

The commutative Lie algebra generated by the Y/ has an infinite family of
central extensions. If we want to leave unchanged the action of Vect(S') on the
Yni and to extend the action of Vect(Sl) to the central charges, though, the most
natural possibility (originally discovered by M. Henkel, see [50], by extrapolating
the relations (1.7) and (1.8) to integer or half-integer indices) containing sch(d) as
a Lie subalgebra, is the Lie algebra sv(d) defined as follows.

Dgﬁnition 1.9. We denote by sv(d) the Lie algebra with generators L, Y,ﬁ,, M,,
RineZ,me % + Z) and following relations (where n, p € Z,m,m’ € % + 7Z):

[Ln.Lp] = (2= p)Lavy
[Ln’ Yr;] = (% —m) er+ms [Lns Rjuj] = _PRZ+p’ [L”’MP] =—pMyyp

[Y,fl, Yyi/] = (m—m )My, I:R;{v Ynli] = gjkaz;;+p - 8fJ€YW€+p
[Y,.M,]=0.[R} M, =0, [M,.M,] =0

[R;’j , R’;l] = §,uRl,, + 8RS — 8 RIE — SR (1.19)

One sees immediately that sv(d) has a semi-direct product structure sv(d) =~
VegF(Sl)x h(d), with Vect(S1) >~ (L,)nez and h(d) = (Y, ) mez.i<a D (M) pez ®
(R%)mez,1§i<j5d~

Note that the Lie subalgebra (L_;, Lo, Ly, Y'Y, Rg,Mo) C sv(d) is

2 2

isomorphic to sch(d). The following Proposition shows that the above mass
A representation of the Schrodinger algebra extends in a natural way to the
Schrodinger—Virasoro algebra.

Proposition 1.10 (see [50]). The realization d#? of sch(d) (see (1.11)) extends to
the following realization d 7 of sv(d) as vector fields on S' x RI*!:

d
dx'(Zp) = —f (. - %f’(z) (Z r,»ar,-) - if”(z)rzaz
i=1

A7 (#]) = —gi(2)9,, — g (@)ri0;
A7 (%) = —kij @) (rid,; = r;9y,)
dr? (M) = —h(2)d; (1.20)
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Let us rewrite this action in Fourier components for completeness. In the
following formulas, n € Z while m € % +7Z:

d
. 1 1 -
drn?(L,) = —2""9, — E(n + 1)7" (Zria,.i) - Z(n + D)nz" 1r23§
i=1
1
A7l (V) = —2"T19, — (m + 5) IR,
da’(RYy = =" (rid,, —r;9y,)

d7?(M,) = —7"d; (1.21)
Up to the extra scaling terms, A f”(z) or A(n + 1)z", for the Virasoro generators,

this is the Fourier version of the vector-field representation originally introduced by
M. Henkel (see formulas at the end of the Introduction in the case d = 1).

1.1.3 Our Object of Study: The Schrodinger—Virasoro Algebra
in One Space Dimension

We shall restrict henceforth to the case d = 1 and write sb for sv(1), Sch for Sch(1),
dr fordn!, d7 fordz', b for h(1), #; for @)}, Y, for Y} to simplify notations.
Then (as one sees immediately) the Schrédinger—Virasoro algebra sv

50 = (Ln)nez X (Y, Mp) el 17 pez (1.22)

is generated by three fields, L, Y and M, with commutators

n
(L. Ly = (1 — p)Lugp. (L. Y] = (5 - m) Yotm. [Lo. M,) = —pM,,
W, Y] = (m —m" My iy, [Yn. M,] =0, [M,, M,] =0 (1.23)

where n,p € Z,m,m’ € % +Z,and h = (Yy, M})
nilpotent infinite-dimensional Lie algebra.

Writing the currents £y, %, .#), with calligraphic letters as before, one obtains
equivalently the following non-vanishing brackets:

m€%+Z,p€Z 1S a two-step

(Lh. Lpl =Ly L1 Pl =Ly gy

[gfv%h] =$—fh/’ [%1’ %2] =%g (124)

’ ’
182—818>2"
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1.2 Integration of the Schrodinger-Virasoro Algebra
to a Group

We let Diff(S') be the group of orientation-preserving C *°-diffeomorphisms of
the circle. This connected Lie group integrates the Lie algebra of vector fields on
the circle, Vect(S!). It comes naturally with a structure of Fréchet Lie group.*
Orientation is important since we shall need to consider the square-root of the
Jacobian of the diffeomorphism (see Proposition 1.11).

Theorem 1.1 (Definition of the Schrodinger—Virasoro group SV).

1. Let H=
C%(S") x C®(S") be the product of two copies of the space of infinitely
differentiable functions on the circle, with its group structure modified as follows:

(a2, B2).(ar, B1) = (061 + oo, i+ fo+ % ()2 —ocloz;)) : (1.25)

Then H is a Fréchet-Lie group which integrates .
2. Let SV = Diff(S") x H be the group with semi-direct product given by

(1; (@, B)).(¢:0) = (¢: (o, B)) (1.26)
and
(:0).(1: (@, B) = (¢: (¢} (@ 0 §). B 0 $)). (1.27)
Then SV is a Fréchet-Lie group which integrates sv.

Proof. 1. From classical arguments due to Hamilton (see [47]), one easily sees
that H is a Fréchet-Lie group, its underlying manifold being the Fréchet space
C®(S1) x C®(ST) itself.

One sees moreover that its group structure is unipotent.
By computing commutators

(02, Bo) (@1, B1)(et2, B2) (1, B1) ™" = (0, jorr — 1 cth) (1.28)

one recovers the formulas for the nilpotent Lie algebra b.

4A Fréchet Lie group is a group endowed with an infinite-dimensional manifold structure,
locally modelled on a Fréchet space (i.e. a complete infinite-dimensional vector space equipped
with a countable family of semi-norms), such that the multiplication and inverse mappings
are differentiable with respect to this differentiable structure. Groups of diffeomorphisms of
differentiable manifolds are typical examples of such structures (see [43], Chap. 4). Here the
Fréchet-Lie group structure of Diff(S') is induced by its C°-topology, i.e by the topology of
uniform convergence for the functions representing the vector fields in the Lie algebra and all their
derivatives.
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2. The group H is realized (as Diff(S')-module) as a product of modules of
densities .7 1 X o, hence the semi-direct product Diff(S') x H integrates the

semi-direct product Vect(S') x .
O

Let us denote quite generally by Diff(M ) the Lie group of orientation-preserving
diffeomorphisms of M if M is any orientable manifold, see again [47]. The repre-
sentation d 7, defined in Proposition 1.10, can be exponentiated into a representation
of SV, given in the following proposition:

Proposition 1.11 (see [54]).
1. Define 7w : SV — Diff(S' x R?) by
7(¢; (o, B)) = 7w (1; (a, B)).7(¢;0)

and

1 "
7($:0).r. ) = (¢(z), .- Zi,((;)ﬂ) .

Then 7 is a representation of SV.
2. The infinitesimal representation of T is equal to d 7.

Proof. Point 1. may be checked by direct verification (note that the formulas were
originally derived by exponentiating the vector fields in the realization d 7).
For 2., it is clearly enough to show that, for any f € C®(S')and g,h € C*®(R),

d . . d - -
E|u=on(exp u’r) =dn(Zy), E|u=0n(exp u#) = da (%),
d . -
d—|M=07r(exp uty) = dw(Ap).
u
Put ¢, = expu.Zy, so that %|M=0¢M(z) = f(z). Then

1 1 1 d 1
(d);)i = Er(d);)_zad); —u—0 Erf/(z)v

EI’
(20 o (@0 0\ e
du \' ¢/ ' (p)>du'™] "7

so the equality % lu=07 (expuZy) = d () holds. The two other equalities can
be proved in a similar way. O

Let us introduce another related representation, using the “triangular” structure
of the representation 77. The action 7 : SV — Diff(S! x R?) can be projected onto
an action 7 : SV — Diff(S' x R) by “forgetting” the coordinate ¢, since the way
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coordinates (¢, r) are transformed does not depend on ¢. Note also that 7 acts by
(time- and space- dependent) translations on the coordinate ¢, so one may define a
function @ : SV — C°°(R?) with coordinates (¢, r) by

(), r.8) = (@(@)(t.r.§ + Dy(1.1))

(independently of { € R). This action may be further projected onto g1 : SV —
Diff(S!) by “forgetting” the second coordinate r this time, so

T51(9: (e, f)) = &.

Proposition 1.12. /. One has the relation

d)gz%’l([vr) = ¢g1(ls r) + ¢g2(7_t(g1)(t, r))

In other words, ® is a trivial w-cocycle: d € Z'(SV,C®(R?)).
2. The application 7wy : SV — Hom(C®(S' x R), C®(S' x R)) defined by

TRt 1) = (71 0 7zl (1) e EOTN g (7 (g) (1. r))

defines a representation of SV in C®°(S! x R).
Proof. Straightforward. O

Restricting 74,4 to the Schrodinger group Sch(d ), one obtains the original action
of Sch(d) on the space of solutions of the free Schrodinger equation (see Preface).
Perroud [98] obtains 7, /4 by classifying projective representations of the quotiented
Lie group obtained by considering a zero mass (i.e. of the non-centrally extended
Lie group).

Let us look at the associated infinitesimal representation. Introduce the function
@' defined by @'(X) = %|M=0<D(exp uX), X € sv.If now g = exp X, X € sv,
then

d / - / —
Tol=0ma(expuX)(@)(t.r) = (A P'(X) + Ad7s1 (X)) (1) + d7(X)) ¢(t.7)
(1.29)
so d ) (X') may be represented as the differential operator of order one

d7(X) + HPD'(X) + AMd7g (X)) ().

So all this amounts to replacing formally d; by .# in the formulas of Proposition
1.10 in the case A = 0. Then, for any A,

dﬁk(gf) = dﬁo(gf)—Af/, (1.30)

while d 7y (%) = dmo(¥y) and d my (A)) = d o (M)).
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Let us write again explicitly the action of all generators, both for completeness
and for future reference:

1 1
dmi(Zy) = —f O = 5 f'(Ord, = 21O =21 (1)
dmy (%) = —g(t)d, — A g (t)r
dmy(My) = — A h(1) (1.31)

These formulas for the vector-field representations d i, coincide with those of
the Introduction.



Chapter 2
Basic Algebraic and Geometric Features

We gather in this chapter useful algebraic and geometric features of the
Schrodinger—Virasoro algebra that have not been derived in the previous chapter
because they are not directly related to Newton-Cartan structures. The unifying
concept here is that of graduations. Recall that a graduation of a Lie algebra g is
a decomposition of g into a direct sum g = @,ezg, such that [g,, gu] C Gntm-
If X € g, for some n, then X is said to be an element of degree n. Allowing for
Z*-valued graduations, a particularly interesting case is that of the graduation given
by the root system if g is semi-simple.

Graduations — and more generally, root diagrams — play a prominent rdle for
Lie algebras, both from a classification and a representation point of view; think
for instance about highest-weight modules, or (in the infinite-dimensional case)
about O. Mathieu’s theorem [86] on the classification of simple graded Lie algebras
with polynomial growth. In this respect, it is interesting to note the two following
facts:

— The Schrodinger—Virasoro Lie algebra enjoys two independent graduations (both
of which are equally interesting from a representation theoretic point of view,
as we shall see in Chaps. 4-6), one of which is given by the indices of the
generators L,, Y,,, M, (see Sect. 2.1). The Lie algebra sv also appears naturally
as a subalgebra of an extended Poisson algebra on the torus, quotiented out by
the ideal generated by the elements with negative graduation (see Sect. 2.3).
The latter idea is developed in full generality in Chap. 11 when considering
supersymmetric extensions;

— The finite-dimensional Lie algebra sch C sv may be embedded into the
complexified conformal Lie algebra conf(3)¢ in three dimensions (see Sect. 2.2).
More generally, sch(d) may be embedded into conf(d + 2)c. This simple
statement has already been made in the Preface (see 8.); it comes from the fact
that a Laplace transformation .# ~> 0; formally intertwines the free Schrodinger
operators in (d + 1)-dimensions with the Klein-Gordon operator in (d + 2)-
dimensions. We give here explicit formulas for the embedding.

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 17
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_2,
© Springer-Verlag Berlin Heidelberg 2012
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A natural question arises then: does there exist a Lie algebra containing both
conf(3) and sv, such that both natural embeddings sch C conf(3), sch C sv are
preserved? It turns out that there is no natural answer to this problem. In analogy
with the well-known result in gauge theory stating that there does not exist a non-
trivial extension containing both the Poincaré group and the external gauge group,
we shall call this a 'no-go’ theorem (see Sect. 2.3).

Finally, we recall in Sect. 2.4 classical results concerning Schrodinger and
conformal tensor invariants. These tensor invariants are called covariant n-point
functions in the context of statistical physics. The general idea is that symmetries
constrain n-point functions, which in turn yields predictions for the correlators
of physical quantities. This idea will be developed in Chap. 6, and also in a
supersymmetric setting in Chap. 11.

The results of this chapter are taken from [106].

2.1 On Graduations and Some Deformations
of the Lie Algebra sv

Let us emphasize the following statement from Sect. 1.1.2.

Proposition 2.1. As a Vect(S')-module, the Schridinger—Virasoro algebra is iso-
morphic to the semi-direct product Vect(S') x (f% @ Fo).

Recall (see footnote in Sect. 1.1.2) that a field X in .%) givesrise in the formalism
of conformal field theory to a (quantum) primary field X with conformal weight
A + 1, ie. such that [L,,,)?m] = (An — m))?ner for the operator bracket, so
that (depending on the terminology) the Y, resp. M field behaves as a (—%)—
density, resp. O-density or, in other words, Y, resp. M has conformal weight 3
resp. 1. We shall spend some time explaining the basics of conformal field theory
in Chap. 6; for the moment, it is sufficient to know that it is based upon the explicit
construction out of creation and annihilation operators of quantum fields acting on
Fock spaces, whose Fourier components satisfy commutation relations of a certain
type, including in particular those of the Virasoro algebra and those between the
Virasoro field and a primary field. Conformal field theory is thus a very fruitful
way of constructing infinite-dimensional algebras and representations thereof. Let
us now remark that quantum fields with half-integer weight (such as Y') are usually
fermionic. As a matter of fact, the celebrated spin-statistics theorem in dimension
>3 [110] states that bosonic, resp. fermionic fields should have an integer-, resp.
half-integer-valued spin. Fermionic fields produce odd generators in superalgebras.
The most celebrated superalgebra containing the Virasoro field and a field with
conformal weight 3/2 is the so-called Neveu-Schwarz superalgebra ns (see [66]). It
is generated by the Virasoro field (L,),cz and a fermionic current (G,,) withm € Z
or % + Z, with supplementary anti-commutation relations {G,, G,,} = 2L,4p.
Contrary to sb, it is a simple superalgebra. The liberty of choosing either integer of
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half-integer indices for the G-generators leas to subtle differences when considering
its representations in conformal field theory.'

Turning back to the Schrodinger—Virasoro algebra, and trying to play with its
definition, one may note the following facts:

— A theorem due to O. Mathieu [86], already alluded to in the introduction to this
chapter, gives a classification of all simple Z-graded algebras g = @,czg, with
polynomial growth, i.e. such that dimg, < C|n| for some C > 0 and k € N.
They come in four series: (1) finite-dimensional simple Lie algebras; (2) Kac-
Moody Lie algebras, or in other words current Lie algebras on the circle; (3)
the so-called Cartan-type Lie algebras, which are Lie algebras of formal vector
fields in n variables;” (4) the two Virasoro-type algebras, Vect(S') and vit. From
this theorem one sees clearly the impossibility of deforming the bracket of sv so
as to obtain a new simple algebra. On the other hand, the Neveu-Schwarz algebra
is a counterexample to this statement in the category of superalgebras.

— The same ambiguity that exists in the range of indices for the generators of the
Neveu-Schwarz algebra ns is also found for sv, yielding a competition between
two algebras, the Schrodinger—Virasoro algebra sv and the twisted Schrodinger—
Virasoro algebra sv(0), to which we shall come back in Chaps. 7 and 9;

— Contrary to the case of the Neveu-Schwarz algebra, changing continuously the
conformal weight of the Y and M generators yields two one-parameter families
of algebras, sv, and sv.(0), ¢ € R, with svy = sv and sv¢(0) = sv(0). We shall
actually show by cohomological methods in Chap.7 that sv and sv(0) admit three
independent families of deformations.

Definition 2.2. Let sv,, ¢ € R (resp. sv.(0)) be the Lie algebra generated by
Ly, Yy My, n,peZ,me % + Z (resp. m € Z), with relations
(Lo, Lw] = (n—=n")Lyyw, [Ln,Yn] = (@ —m) Yuitm. [Lu. M,]
= (en— p)My 4
Y. Yol = (m —m" )My, Yo, M,] =0, [M,, M,] =0, (2.1

The Y, resp. M field is a —(1 + &)n/2, resp. —¢ density, or in other words, has
primary weight (3 + ¢)/2, resp. 1 + ¢.

In close connection to all this, let us now turn to graduations. Any graduation &
on a Lie algebra g may be seen alternatively as a derivation § : g — g by setting
8(X,) = nX, if §(X,) = n, ie.if X, has degree n. Recall that a derivation of g is a

!'Vertex representations with integer, resp. half-integer valued G-component indices correspond to
the so-called Ramond, resp. Neveu-Schwarz sector.

2There are four series indexed by n: the Lie algebra Vect(n) of all formal vector fields, and the
subalgebras of Vect(n) made up of symplectic, unimodular or contact vector fields.
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linear mapg : g — g such that S[X. Y] =[8(X),Y]—[5(Y), X]. Typical examples
are inner derivations § := [X, ], given by bracketing against an element X € g.
Outer derivations are then simply non-inner derivations.

It turns out that there exist rwo linearly independent graduations on sv, or sv,(0).

Definition 2.3. Let §;, resp. §,, be the graduations on sv, or sv,(0) defined by
8i(Ly) =n, 81(Ym) =m,8:(M)) = p (2.2)

1
8(Ln) =n, 62(Yy) =m — X H(M,)=p—1 (2.3)

withn,peZandmeZor%—i—Z.

One immediately checks that both §; and §, define graduations and that they are
linearly independent.

Proposition 2.4. The graduation §,, defined either on sv. or on sv.(0), is given by
the inner derivation §; = ad(—Ly), while 8, is an outer derivation.

Remark 2.5. As we shall see in Chap. 7, the space H!(sv, sv) or H'!(s0(0), 50(0))
of outer derivations modulo inner derivations (see introduction to Chap. 7) is three-
dimensional, but only §, defines a graduation on the basis (L, Y, M,).

Proof. The only non-trivial point is to prove that 6, is not an inner derivation.
Suppose, to the contrary, that §, = adX, X € sv or X € sv(0) (we treat both
cases simultaneously). Then §,(My) = 0 since M, is central in sv and in sv(0).
Hence the contradiction. Note that the graduation §; is given by the Lie action of
the Euler vector field 19, + rd, + {0 in the vector-field representation d 7w (see
Introduction). ]

All these Lie algebras may be extended by using the natural extension of the
Virasoro cocycle (1.14) of Sect. 1.1, yielding Lie algebras denoted by §0, §0(0),
b,, 50,(0).

2.2 The Conformal Embedding

Let conf(d) be the conformal algebra in d dimensions (d > 3). By definition, it is
the Lie algebra of the Lie group of global conformal transformations of R? equipped
with its standard Riemannian metric, i.e. the Lie group of C'-diffeomorphisms ¢ :
RY — R? such that the differential d¢, : T,R? — TR at the point x preserves
the metric tensor g, dx"dx" up to a scalar multiplication.

Such a Lie group may also be defined on any Riemannian manifold M of
dimension d. As shown for instance in [19], in dimension d >3, the local
constraints coming from the requirement that a one-parameter subgroup of local
diffeomorphisms preserve the metric up to scalar multiplication is already strong
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enough to make the conformal group finite-dimensional. As mentioned in the
Introduction, this is not true for d = 2, since local conformal transformations are
then local holomorphic or anti-holomorphic transformations.

Computations show that conf(d) is W— dimensional and is isomorphic
to so(d + 1,1). Clearly, rotations and translations preserve the metric, so the
(Riemannian) Poincaré algebra so(d ) x R? is naturally embedded into so(d + 1, 1).
The dilatations x — Ax (A € R) preserve the metric up to a constant. There also
exist so-called special conformal transformations which preserve the metric only up
to a non-trivial scalar (see below).

The idea of embedding sch(d) into conf(d + 2)c comes naturally when
considering the wave equation

QA — A)Y (At 1) =0 2.4)

where ./ is viewed no longer as a parameter, but as a coordinate. Then the formal
Laplace transform of the wave function with respect to the mass

Pt = /.R Vit e dt 25

satisfies the equation
(20:0; =AY (C:t.r) =0 (2.6)

which is nothing but a zero mass Klein-Gordon equation (37 — 35 — A,)y = 0
on (d + 2)-dimensional space-time, put into light-cone coordinates ({,7) =
(xjiy , "Jiy ). In this sense, Schrodinger transformations may be seen as the subgroup
of conformal transformations which preserve the mass.

This simple idea has been developed in a previous article (see [54]) for d = 1.
Let us here give an explicit embedding for any dimension d.

We need first to fix some notations. Consider the conformal algebra in its standard
representation as infinitesimal conformal transformations on R¢*2 with coordinates
(&1,...,&4+2). Then there is a natural basis of conf(d + 2) made of (d + 2)
translations Py, %(d + 1)(d + 2) rotations .#,, ,, (d + 2) inversions K, and the
Euler operator D: in coordinates, one has

Py =0, @.7)
My = 8,0, —,0, (2.8)
d+2 d+2
Ky =2, (Z svav) — (Zsﬁ) 3 (2.9)
v=1 v=1
d+2

D =) &0, (2.10)
v=1
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Proposition 2.6. The formulas

Y/, =237 "/*p; (2.11)
2
Ylj =2 1¢im/4 (lf/d.m,j + llzf/d.H,j) (2.12)
2

Rix = My 2.13)
Ly =i(Pyt2—iPy+1) (2.14)

D i
Lo=——+ zMi+24+1 (2.15)

2 2

i .

L= —Z(Kd+2 +iKg41) (2.16)

give an embedding of sch(d) into conf(d + 2)c.
Proof. Put

1 . 1 . i
t= E(_§d+l +ify42). 0 = E(Sdﬂ +ikg42),r; =2 fe Hei (G =1,....4d).

Then the previous definitions yield the representation d ﬁj /4 Of sch(d) (see (1.11)).
O

When d = 1, this conformal embedding can be represented by the following
root diagram of conf(3), of type B, as drawn in [54] (see reproduction in Fig.2.1).
The Schrodinger representation d ﬁjﬂ extends naturally to a representation of
conf(3). The Cartan subalgebra a is two-dimensional, generated by L, and Ny,
with dﬁj/4(No) = —rd, — 2£0; (see Sect. 6.1). It is convenient here to introduce

instead the linear combinations D = —L, — % and N = Ly — %, realized in
the Schrodinger representation as 9, + rd, + {d; and —t9, + {0, respectively
(see Chap. 11). Define the roots e, e, as ¢;(N) = §;1, e;(D) = 6,2, yielding
the coordinates along the horizontal and vertical axes respectively on Fig.2.1. Then
I1 := {—ey, e; + e} defines a basis of the root system; the associated set of positive
roots, i.e. of roots which are linear combinations with positive coefficients of —e,
and e; + €3, 18 Ay = {—ep,e; + €3,¢€1,e; — e2}. From Fig. 2.1 one reads directly
that the positive Borel subalgebra (or minimal parabolic subalgebra) is

a® ) ga= (Lo No.L1. Yy Mo), 2.17)
€A

where g, = {X € conf(3) | VH € a,[H, X] = «(H)X} is the one-dimensional
root space associated to the root o. Up to the extra generator Ny, this is the age
subalgebra of the Schrédinger subalgebra introduced in [54], which is a natural
symmetry algebra for ageing systems (see Preface). The extended Schrodinger
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Fig. 2.1 Connected diagram e,
W v, L,
[ ® [
V- Lo Yin
—® ® *—
L Y_ip My

algebra sch = (Ny) x sch, introduced in Chap. 6, may be understood algebraically
as the maximal parabolic subalgebra associated to the subset [T;;y = {e1 + ez} C
IT; apart from the generators of the positive Borel subalgebra, it also contains
—(e1+¢) = CL_y, realized as time-translations in the Schrodinger representation.
All these notions are standard in the study of the structure and representations of
semi-simple Lie groups and algebras [60, 72].

2.3 Relations Between sv and the Poisson Algebra on T*S'!
and ‘no-go’ Theorem

The relation between the Virasoro algebra and the Poisson algebra on T*S! has
been investigated in [93]. We shall consider more precisely the Lie algebra .27 (S")
of smooth functions on 7*S' = T*S'\ S!, the total space of the cotangent
bundle with zero section removed, which are Laurent series on the fibers.? So
A (§') = C®(S") ® R[0,07']] and F € <7/ (S") is of the following form:

F(t.0) = ) fu0)d",

keZ

with f; = 0 for large enough k. The Poisson bracket is defined as usual, following:

oF 0G  0G OF

N e ¥ R P PR TR

30ne might also consider the subalgebra of .<7(S!) defined as C[z, z~'] ® C[d, 9~]; it gives the
usual description of the Poisson algebra on the torus T2, sometimes denoted S U(c0) [59].
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(The reader should not be afraid of the notation dd !). In terms of tensor-
density modules for Vect(S') (see Chap. 1), one has the natural decomposition:

(S = @ﬁk @ l_[ Z% |. The Poisson bracket turns out to be homoge-
k>0 k<0

neous with respect to that decomposition: { %, .%;} C F41—1; more explicitly
{f(x)0F, g(x)d"y = (kfg' —1f g)dF !~ One recovers the formulae of Chap. 1 for
the Lie bracket on .%; = Vect(S') and its representations on modules of densities;
one has as well the embedding of the semi-direct product Vect(S') x C*®(S!) =
F| x Fy as a Lie subalgebra of <7(S'), representing differential operators of
order <1.

We shall need to extend the above Poisson algebra by considering half-densities,
whose coefficients are Laurent series in ,/z. Geometrically speaking, half-densities
can be described as spinors: let E be a vector bundle over S 1 square root of T*S§ L
in other words one has E ® E = T*S'. Then the space of Laurent polynomials
on the fibers of E (with the zero-section removed) is exactly the Poisson algebra
(S = C®(S") ® C[3'/2,07'/2]]. We shall also need to consider half-integer
power series or polynomials in ,/z as coefficients of the Laurent series in d; one
may obtain the corresponding algebra globally by using the pull-back though the
application S — S defined as z > z°.

Summarizing, one has obtained the subalgebra o ($H o o (S!) generated by
terms z” 9" where m and n are either integers or half-integers. One may represent
such generators as the points with coordinates (2, n) in the plane R?. In particular,
sb = Vect(S!) x b, with h ~ Fip X Fyasa Vect(S')-module, can be naturally
embedded into &/ (S1) as follows:

L_z L_1 L() Ll LZ
Y

2

M_2 M_1 Mo Ml M2

=

(2.18)

while the twisted Schrodinger—Virasoro algebra sv(0) (with integer-valued indices
for the Y -field) may be represented as follows:

L_z L_1 Lo Ll LZ
Y_z Y_1 Yo Y] YZ
M_2 M_1 Mo Ml M2

The graduation along the vertical axis is given by the outer derivation &, — §;,
and indicates the weights of the associated density modules. One can naturally ask
whether this defines a Lie algebra embedding, just as in the case of Vect(S') x .%.
The answer is no:
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Proposition 2.7. The natural vector space embedding sv — ;zi(Sl) is not a Lie
algebra homomorphism.

Proof. One sees immediately that on the one hand [Y,,,M,] = 0 and
[M,,M,] = 0, while on the other hand {.%#,,, %o} C .%#_1/> is non trivial. O

The vanishing of {.%,.%,} which makes the embedding of Vect(S'!) x .%; as a
Lie subalgebra possible was in some sense an accident. In fact, one can show that,
starting from the image of the generators of sv and computing successive Poisson
brackets, one can generate all the .%, with A < 0. In other words,

A (SN<1 = F1 & Fip @ Fo @ Fy (2.19)

reZ <0

defines the smallest possible Poisson subalgebra of o (S') which contains the
image of sv. Now, let

= [] & (2.20)

be the Poisson subalgebra of <7 (S!) which contains only negative powers of 9.
One easily sees that it is an ideal of «7(S!)(). If one considers the quotient
(SN 1)/ (S1) (), then the embedding becomes an isomorphism:

Proposition 2.8 (sv as a Poisson subquotient). There exists a natural Lie algebra
isomorphism between sv and quotient M(Sl)fl/d(Sl)ﬁ_%. In other words, sv

may be seen as a subquotient of the Poisson algebra o (ShH.

Now a natural question arises: the conformal embedding of Schrodinger algebra
described in Sect. 2.2 yields sch C conf(3)c, so one would like to extend the
construction of sv as generalization of sch, in order that it contain conf(3). In
other words, we are looking for an hypothetic Lie algebra ¢ making the following
diagram of embeddings complete:

sch < conf(3)

! ! (2.21)

50— ¢

In the category of abstract Lie algebras, one has an obvious solution to this
problem: simply take the amalgamated sum of sv and conf(3) over sch. Such a Lie
algebra is defined though generators and relations, and is generally intractable. We
are looking here for a natural, geometrically defined construction of such a ¢; we
shall give some evidence of its non-existence, a kind of 'no-go’ theorem, analogous
to those well-known in gauge theory * (see e.g. [67]).

4Simply recall that this theorem states that there does not exist a common non-trivial extension
containing both the Poincaré group and the external gauge group.
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Let us consider once again the root diagram of conf(3):

—sch

The graduation along the vertical (resp. horizontal) axis is given by the action of
87, resp. 281 — 8,. Comparing with (2.18), one sees that the successive diagonal
strips are contained in .%, %, % respectively. So the first idea might be to try to
add %3/, and %>, as an infinite-dimensional prolongation of (V_, V4., W), so that
Vo — 712932 Vi — 112932, W — 92

Unfortunately, this construction fails at once for two reasons: first, one does not
get the right brackets for conf(3) with such a choice, and secondly the elements of
Z, A €40, %, 1, %, 2}, taken together with their successive brackets generate the
whole Poisson algebra <7 (S").

Another approach could be the following: take two copies of b, say h™ and
h~ and consider the semi-direct product ¢ = Vect(S') x (h™ @ ™), so that h
extends (Y_%, Y%, M,) as in sv before, and so that h~ extends (V_, V4, W). Then
¢ is obtained from density modules. However, it does not extend conf(3), but only
a contraction of it: all the brackets between (Y_ 1 Y% , My) on the one hand and
(V_, V4, W) on the other are vanishing. Now, we can try to deform ¢ in order to
obtain the right brackets for conf(3). Let Y, M,* and Y, , M, be the generators
of h* and h~; we want to find coefficients a,,, such that [Y,F, Y] = a@pmLn+p
defines a Lie bracket. So let us check Jacobi identity for (L,, Ynj , Yp_ ). One
obtains (m — 3)apn4m + (n —m — p)apm + (p — 5)ap+nm = 0. If one tries
apm = Ap + wm, one deduces from this relation: nA(p — 5) +nu(m —5) = 0 for
everyn € Z,p,m € %Z, so obviously A = pu = 0.

So our computations show there does not exist a geometrically defined construc-
tion of ¢ satistying the conditions of diagram (2.16). The two possible extensions of
sch, sv and conf(3) are shown to be incompatible, and this is our “no-go” theorem.

To finish, note that embeddings into Poisson algebras also appear naturally in a
supersymmetric setting, yielding a large class of superizations of sv (see Chap. 11,
Sect. 11.3).



2.4 Conformal and Schrodinger Tensor Invariants 27
2.4 Conformal and Schrodinger Tensor Invariants

Consider quite generally a group representation p : G — Hom (5, ) into some
vector space .7, and its n-fold tensor product p®" : G — Hom(®", #®")
defined as usual by p®"(g)(vi ®...v,) = p(g)v1 ® ... ® p(g)v,. Then an n-tensor
invariant of p is an element v € %" such that p®"(g)-v = v for all g € G. This
notion is central in quantum field theory, and more specifically in conformal field
theory, as we shall presently see. Let ¥ (x), ..., ¥, (x) be (vector-valued) quantum
fields on RY (free fields in quantum field theory [115], or quasi-primary fields in
conformal field theory [19]), acting on some Hilbert space .7, usually a Fock space.
Assume that some symmetry group G (the Poincaré group for quantum field theory
on R3*!, or the group of projective transformations for two-dimensional conformal
field theory, resp. the conformal group Conf(d) in d > 3 dimensions) has been
implemented as unitary operators U(g) : 5 — 5 such that

UW0)U) ™ = Dij(g™") (g x). (222)

where D is a finite-dimensional matrix representation of G acting on the com-
ponents of the vector ¥;, and g - x is the image of x by the natural coordi-
nate transformation induced by ¢ € G.> Assume also that the vacuum state
|0) € S is G-invariant. Then the vacuum state expectation (or n-point function)
(0|@1(x1) ... ¥, (x,)|0) is an n-tensor invariant of p.

We consider here two classical examples: conformal and Schrédinger tensor-
invariants.

Example 1 (Conformal invariants). Consider the representation p = p, of the
group of homographies, i.e. of holomorphic projective transformations of the
sphere: it acts on a quasi-primary field of conformal weight p as

ab _ o dz—b
pu(cd)llfu(z)—(ct—i-d) ' (——cz+a . (2.23)

In other words, p,(P)¥,(z) = (¢'(2))* (¥, o ¢~ )(z) for g € SL(2,R) C
Diff(S!). The associated classical action is the restriction to SL(2,R) of the
action of diffeomorphisms of the circle on p-densities (see Chap. 1). A primary
field is by definition transformed in the same way by all diffeomorphisms of the
circle. However, the constraints induced by this much stronger property on n-point
functions are much more subtle because the vacuum state |0) itself is not invariant

under Diff(S1!).

5In many cases, by replacing the quantum fields ¥(x) by a function v/ (x), one obtains simply an
irreducible unitary representation of G on a one-particle state.
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Tensor-invariants (or SL(2, R)-covariant n-point functions) are given as follows
forn = 2,3, 4:

(Wur (21) ¥, (ZZ)> =Céuy (21 —22)" 2 (2.24)

(W, @)W (22) Wy (23)) = Clzy — 22)!3 T TH2 (zp — z3) M TH2TH3 (g3 — gy 277 H
(2.25)

<l—[ (zl> C l_[ (7 —zj) Y i f(F(z1,22, 23, 24)) (2.26)

i=1 I<i<j<4

where f is some arbitrary function (called: scaling function) and F(zy, 22, 23, 24) :=

% is the cross-ratio of its arguments, and y;; are parameters fixed by the

relations } . ; vij = K-

Example 2 (Schrodinger invariants). Consider the Schrodinger action 7 on fields
Y 4 of mass .# and scaling dimension 2A as in the Preface. Then Sch(d)-
covariant (or equivalently Sch(d)-quasiprimary) n-point functions are given as
follows for n = 2,3 (see Appendix B for references):

_ (rl—rz)2
(W00, 1 PO 0 (12 72)) = C8. st 16,080, 00 (1 —12) e 3007, (2.27)

(q/r//ll,)rl (tl l} rl)qu//lz,kz(IZa rz)wﬂ3k3 (t?)v r3))
= C8.mtanrta0(ts — )™M (ty — )RR (g —gyhemhamh

exp | =) M (12— rs)?
P 2 h—1 2 h—13

} S(F(t1,ri5t2, 12513, 73)),
(2.28)

where f is an arbitrary scaling function, and F(t1,r;t2,125t3,73) =
((r1=r3)(a=t3)=(ra=r3) (1 = fs))
(=12)(12—13) (11 —13)
The fact that (contrary to the conformally covariant case) Schrodinger-covariant

three-point functions should only be determined up to a scaling function is of
course very disturbing for physicists, since (1) it means that Schrédinger-covariant
model are less constrained, (2) two-point functions alone give little evidence that
a given model should be Schrddinger-covariant. Using the natural embedding
sch C conf(3)c exhibited earlier in this chapter, one can however consider three-
point functions which are covariant under the action of the whole conformal group
Conf(3). These are determined up to a constant; formulas (2.25) actually extend to
arbitrary dimension. To be explicit,

(W, (1, b1, )W, (G b, 1) W0, (83, 13, 73)) = C(81 — Co 1y — o, 1y — 1) [ H R

(6=t —t3.ra — )M TRTB(G = L — i —r)|PTR TR (2.229)
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where |(¢,2,7)|? := 2¢t—r? is the squared Minkowski norm of (¢, 7, 7) in light-cone
coordinates.

We shall find out in Chap. 6 (see Theorem 6.10) that the three-point functions
of the massive sv-primary field y_; look similar to these up to a time-dependent
prefactor. Because of the “no-go” theorem described above, it would have been
very surprising to find three-point functions which are conformally covariant and
transform covariantly under the whole Schrédinger—Virasoro group.

The two appendices at the end of the book give variants and extensions of the
above results (in a supersymmetric setting for Appendix B).



Chapter 3
Coadjoint Representation
of the Schrodinger—Virasoro Group

Coadjoint representations have proven to be both a rather efficient tool in rep-
resentation theory, and a source of nice and useful examples in Poisson and
symplectic geometry (see [71] for a fascinating survey); we simply mention here
the fundamental role of the coadjoint representation of the Virasoro algebra for the
study of Hill operators (see Introduction and Chap. 9).

Let us recall some well-known definitions in group theory about adjoint and
coadjoint representations. For any Lie group G, every g € G acts on G by the inner
automorphism x + gxg~! ; the differential at e of this diffeomorphism gives an
automorphism of the Lie algebra g through

d
X — Ad@)(X) = — (gexp(tX)g™), _, - (3.1

This is the adjoint action of G on g, which can also be seen as a group homo-
morphism G — GL(g). On the infinitesimal level, one obtains a Lie algebra
homomorphism g — gl(g) through ¥ — ad(Y)(X) = [Y, X]; this is the adjoint
representation of g. The coadjoint representation of G is then the contragradient
representation Ad* : G — GL(g*) defined as:

Vi e g%, Ady () := =" [Adg—1] (w). (3.2)

The associated infinitesimal coadjoint action is then ad* : g — gl(g*) defined as
follows:

(ad (). 1) = = {pr.ade () = = (. 6. 1]) (3:3)

This chapter is devoted to the study of the coadjoint representation of SV on
its regular dual sv* defined below. In particular, we shall classify in Sect. 3.2 the
orbits of the coadjoint action of the Schrodinger—Virasoro group SV, following an
analogous derivation for the Virasoro group (see [43]). The results are somehow
disappointingly simple. Recall so ~ Vect(S') x b. The isotropy algebras become

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 31
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_3,
© Springer-Verlag Berlin Heidelberg 2012
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simply gy x b, g, C Vect(S'), ’ C b, with g = {0} or g) ~ R, and b’
commutative, dimb’ = 1, 2 or oo, except in one trivial case where one is simply
reduced to the study of the coadjoint orbits of the Virasoro group. In particular,
one does not get any interesting isotropy algebra of the type sl(2,R) x b as
might be expected from the well-known structure of Virasoro coadjoint orbits of
codimension 3. We shall encounter a rich variety of isotropy algebras of this kind in
the study of the SV -orbits on the space of Schrodinger operators, see Chap. 9.
The results of this chapter have not been published elsewhere.

3.1 Coadjoint Action of sv

Let us recall some facts about coadjoint actions of centrally extended Lie groups
and algebras, referring to [43], Chap. 6, for details. So let G be a C* Lie group
with Lie algebra g, and let us consider central extensions of them, in the categories
of groups and algebras respectively:

1) —R—G—G—(1) (3.4)
0)—R—g—g— (0) 3.5)

with § =Lie(G), the extension (3.5) being the exact sequence of tangent spaces
at the identity of the extension (3.4) (see [43], II 6.1.1. for explicit formulas).
For G =Diff(S'), one has the Bott-Thurston cocycle C in the second group

cohomology space H?(Diff(S'), R), given by C(¢. V) = [qi(¢ o ¥) (2) ‘f’/,/((z)) dz.
By differentiating, one obtains a cocycle on the Lie algebra level, c¢({,,{,) =
Sn+mo(n + 1)n(n — 1), which is the Virasoro cocycle already introduced in
Chap. 1. We can consider the associated Souriau cocycle on the group level in

H ' (Diff(S"), vit®); it is the famous Schwarzian derivative that will frequently

appear in this book:
q0/// 3 q0// 2

The Schwarzian derivative has a long and extensive history: it appeared first in the
works of Lagrange about geographic maps, so a long time before Hermann Schwarz
(1843-1921) was born, and has a lot of implications in complex analysis, projective
geometry, integrable systems, statistical physics [43,95, 105].

Let us come back to the general case, and denote by C, resp. ¢ the cocycles on
the group, resp. Lie algebra level. We want to study the coadjoint action on the dual
g* = g* x R. We shall denote by Ad* and Ad* the coadjoint actions of G and G
respectively, and ad* and ad* the coadjoint actions of g and §. One then has the

following formulas

Ad*(g,@)(u, 1) = (Ad*(g)u + AO(g), 1) (3.7)
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and
ad* (€, o) (. A) = (ad* (E)u + 10(£).0) (3.8)

where ® : G — gA* and 6 : g — g* are the Souriau cocycles for differentiable
and Lie algebra cohomologies respectively; for 6 one has the following formula :
(6(&),n) = c(&,n). For details of the proof, as well as ’dictionaries’ between the
various cocycles, the reader is referred to [43], Chap. 6.

The formulas (3.7) and (3.8) define the extended coadjoint action of G and g
respectively; these are affine representations, different from the usual, linear coad-
Jjoint actions when A # 0. The actions on hyperplanes gy = {(u,A) |u € g*} C g*
with fixed second coordinate will be denoted by ad} and Adj respectively.

We shall consider here the central extension sv of sv obtained by the natural
extension ¢ of the Virasoro cocycle to sv, defined by

c(Lu,Lp) =n(n+ 1D —18u4p0
c(Lp.Yu)=c(Ly,Mp) =c(Yp,Yw) =0 3.9

withn,p € Z and m,m’ € % + Z. As we shall prove later on (see Chap.7), this
central extension is universal (a more pedestrian’ proof was given in [50]).

As usual in the infinite-dimensional setting, the algebraic dual of sb is intractable
for cardinality reasons. So let us consider its regular dual; for a large class of Lie
algebras consisting of generalizations of vector fields or functions on manifolds,
an element of the regular dual is defined by the integration against a “density
measure”.! Here, specifically, the dual module .# : may be identified with .F_,_,
through the pairing:

(u(dx)H"‘, f (dx)_") = /Sl u(x) f(x) dx. (3.10)

In particular, Vect(S') ~ .7, and, as already mentioned in Sect. 1.1.2, the compo-
nents (¥,,)m, resp. (M), generate the tensor-density module .7 1, resp. Fo, so that
(as Vect(S!)-module)

V=907 0% (3.11)

[S]

and

®.F_. (3.12)

'In our case, a measure with a C°° density with respect to the Lebesgue measure on S'.
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We shall identify the element y = yodx? + y; dx? + yodx € sv* with the triple

Yo
71 | € (C*(S1))>. In other words,

Y2

Yo 2
< v | L+ 25+ ///fz> = ZL(mﬁ)(z) dz. (3.13)
V2 i=0

The following general Lemma describes the coadjoint representation of a Lie
algebra that can be written as a semi-direct product.

Lemma 3.1. Let s = 59 X 51 be a semi-direct product of two Lie algebra sy and s.
Then the coadjoint action of s on s* is given by

ad? (fo 1) v1) = (adZ, (o)yo = fimn, f5-(n) + ads, (fi)

where by definition

(];1-3/17X0> o = (1 [Xo. fil)srxs,
5 X550
and
(from. ) = Lo XDt -
5 X851
Proof. Straightforward. O

As a corollary, one gets:

Theorem 3.1 (extended coadjoint action). The coadjoint action of sv on the affine
hyperplane sv? is given by the following formulas:

cf” +2f5v0 + fovg

Yo
3
adi(ZLp) | v | = fovi + 5 Son (3.14)
Y2 Jovs + fova
3 1
Yo L A+ Eyifl
ad? (@) | v | = 2ppr + ik (3.15)
Y2 0
Yo —vafy
ad’ () [ v | = o | (3.16)

V2 0
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Proof. The action of Vect(S') C sv follows from the identification of sv’ with
Uit: (&) j_% &) j_l.
Applying the preceding Lemma, one gets now

Yo _ 0
<adf(@f1)- Y1 ,fzu)>=—<@ﬁ- Y1 ,-Z”/m>

V2 Y2

0
" ’géh{)fl—hof{>

/Sl 71 (%h{)fl —hofl’) dz

3 / 1 /
[ m(=3ns-30ih) dz

Yo 0
<adj(%l)' Vl 7%1> = <ad;(%l)' Vl 7%1>
V2 V2

0
=_< N ’///fl/hl—flh/‘>

V2

<
N

_ —/Sl v (fih — fill)) dz

= [ m2nsi = vif) a:

and

Yo
<adf(@f1) Y1 ,///hz>=0-
V2

Hence the result for ad’ (#7,).
For the action of ad} (.#,), one gets similarly

Y0 0
<ad:(%f2)' Y1 ’D%0>=_< Y1 ’%f2/h0>

V2 V2

= —/ V2 foho dz
Sl
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and
Yo Yo
ad:‘(///fz). vi |.%h ) = ad:‘(///fz). vi |, A, ) = 0.
V2 V2
Hence the result for ad} (.#,). a

One may now easily construct a coadjoint action of the group SV, which
“integrates” the above defined coadjoint action of sv; as usual in infinite dimension,
such an action should not be taken for granted, and one has to construct it explicitly
case by case. The result is given by the following.

Theorem 3.2. The coadjoint action of SV on the affine hyperplane sv} is given by
the following formulas: letting (¢; (o, B)) € SV,

Yo cS(p) + (n 0 ) ()
AdX(@: (0.0 | 1 | = | (rioe)@)2 (3.17)
V2 (r209)¢'
Yo
Adc* (Id; (0{, :B)) Y1
V2
3 ! 3 "
vo + =y + Ny 4 B — &(30{’2 +ad”) — Zyjaa’ — %2
— 2 2 2 2 4 (3.18)
“ | i+ 200 + e :

V2

Proof. The first part (3.17) is easily deduced from the natural action of Diff(S') on
a 7/ 2

sb, = vit} ©.F_3,,®.F_,. Here S(p) := % -3 (‘Z—/) denotes the above-defined

Schwarzian derivative of ¢.

The problem of computing the coadjoint action of («, 8) € H may be split into
two pieces; the coadjoint action of H on h* is readily computed and one finds:

Ad:f(a,,B) (yl) — ()/1 + ZVZO( + ]/ZO{)
V2 V2

The most delicate part is to compute the part of coadjoint action of («, ) € H
coming from the adjoint action on Vect(S'), by using:

Yo Yo
<Ad:< (Idv ((X, :3)) 2W B fa> = < 4W B Ad(ld, ((X, ﬂ))_l(fas 07 O)>
V2 V2
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Exponentiating the Lie bracket, one finds

Ad(1d; (. )7 (f9,0,0)

= (fa, fo/—%ocf/,fﬂ/ + %(foz”oc+ f?ao/ —%Zf//—fa/2+ J;oco//)).

Now, using an integration by parts, one easily finds the formula (3.18) above. O

3.2 Coadjoint Orbits of sv

Yo
Let | y; | be an element of sv: we shall determine its isotropy algebra Gy, y, ) —
V2
and in some cases its isotropy group Gy,.y, ,) — under the coadjoint representation
of sv. By definition,

Yo Yo
Gioprgn) =18 ESVIAdIg. | i | =|n (3.19)
V2 Y2
and g(VOsVIvVZ) = Lie(G(Vos)/lﬁyz))'
One has to solve the following equation
Yo Yo
ad; (ZLp) | i | = ad (@, + Ap) | 1 (3.20)
V2 V2

When (3.20) is satisfied, £, — %y, — . 1, belongs to Gy, 11.4,)-
The formulas in Theorem 3.1 above yield easily the following system of
differential equations:

3 1

cfe" +2f5v0 + fovi = Ej/lf{—i-zyffl—yzfz/ (3.21)
3

Jovi + 5 fovi =2l + nhi (3.22)

fova+ fova =0 (3.23)

Note that ¥y, ,, ,,) always contains My = .#, since M is in the center of sv.

We shall use techniques analogous to the case of the Virasoro group (see again
[43], Chap. VI, cf. also [3, 92]). The discussion will be split into different cases,
depending essentially on the set of zeros of y,.
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Case a): p, is everywhere non vanishing Equation (3.23) implies (foy2) =
so fo = Ay; ! for some constant A. One may then solve (3.22) using the classical
method of variation of parameters. One finds:

A
fi =5y22y1+/w22

Then (3.21) may be solved by a mere integration:

_ 3 1 "
=y (EJ/lf{ + E)’l/fl —cfy —2fovo— foJ/(/))

which gives:
/ —5/.,/\3 3 —4_ 7,2
Sy = 6chy; " (r)” — A 6CV2 Vsz + 2)’2 VoV

-3 " / ’ 3u -3 Ho-3,
tAr (C)’z +2VzV0+V1)/1)— T v A+ T Y

4
(3.24)
So one obtains:
3 _ _ )/ ,LL _3
fo==Sheys ) + Ay ( ot C)’z) Aytvo+ v T v
We may now summarize our results as follows:
G = 1 Lh + P + Mp, Ao 11,0 € R} (3.25)
where:
Jo= fo(h) =
A _1
Si= @A p) = ) 'yi—uy,?
_ A A —4 2 yl A W %
fH= A pv) = —c V2 ()" = 2+CV2 +Ay;? Yo SV ity
(3.26)

So the integration constants determine an isomorphism of Lie algebras:

3
R — g(yo,yl,yz)

A, p,v) — (gfo + gf} + ///fz)

where ( fo, f1, f2) are given by formulas (3.26) above.



3.2 Coadjoint Orbits of sv 39

Subcase a’): y, # 0 constant Under this stronger hypothesis, we shall now
determine the isotropy group Gy, y,.y2)-

Following the formulas of Theorem 3.2, one has to find y € Diff(S') and
(a, B) € H such that the following system is satisfied

3 /
A0@) + (00 9)¢” = yo + 2yid + Do+ 1, — % (3a? +ad”) (3.27)

2 2
(109)@)? =y + 2y (3.28)
(r200)¢ =m (3.29)

Since y; is constant, (3.29) implies that ¢ must be a rotation, so ¢ = Ry and ¢’ = 1.
In order to solve (3.28) we shall work on the universal covering of Diff(S 1) (see
[43], Chap.1V)

0 —> Z —> Diff,,z(R) —> Diff (S') — 0

where Diff,,7z(R) denotes the group of diffeomorphisms of R such that F(x +
2wn) = F(x) 4+ 2zm. So one has 2x-periodic functions I, : R — R for k =
0, 1,2 such that y; (e’*) = €'/ and analogously Rg(e’*) = e!“ 9 Set Ih(x) =

122 constant, then (3.28), when lifted to R, gives:

Nx+60)—rnx) = Cle/()C)

where A is the lift of «.
Let us denote by Iy the difference operator:

(IgI)(x) = I(x + 0) — I1(x)
One finds A(x) = é fdx (IoI)(s)ds+ u (note that the condition A(x+2m) = A(x)

is satisfied).
One then obtains for (3.27) lifted to R:

3 r/ I ,
Ily==-NA+-1A+ LB ——=(34%+ 44"
oo = SNA'+ S A+ T 2( n )

or
311
# =000 B (,n o)
az az
1 X
+ﬁ (3(19F1 =2 1o + (11 —2F1/) (/ 191“1))
2 0

So A is uniquely determined up to an integration constant.
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Summarizing our results, one finds the following expression for the elements of
the isotropy group after lifting from S' to R : let Gy 5,.,) C SV = Diff(S') x H

and G (, ;) C SV = Diffy,z(R) x H be its lifting. Then
Gyoyrym = {10. A, B} (3.30)
where
T(x) = x + 0, A(x) = Pp(x) + 1. B(x) = Yo(x) + puép(x) +v  (3.31)

and explicit expressions for @y, ¥y and & may easily be deduced from the above
formulas. It is an easy exercise to check that those mappings form a group for
composition.

We have just proved:

Proposition 3.2. If y» # 0 is a constant, then the isotropy group Gy, y, .y, is
isomorphic to a direct product S' x R x R, so the coadjoint orbit O(yy.y, y,)
is isomorphic to a product of a generic orbit Diff(S')/S' of the Virasoro group
by H/R?.

Case b): y, has only isolated zeros Relation (3.23) still implies ( foy2)" = 0 so
Jfoy2 constant, but here, since y, vanishes at some point, one has fyy, = 0. So fo
must vanish where y; is non zero. Since the zeros of y; are isolated, one has y, # 0
almost everywhere so f; = 0 almost everywhere, whence f, = 0 by continuity.

From (3.22) one gets 2y, f{ + 73 /1 = 0,50 y» f{* is constant and ;2 f;> vanishes
by the same argument, hence f; = 0. Finally (3.21) leads to f; = 0,0 f, is a
constant. So

Doy = (Mo) = {(0,0,v)} C sb = Vect (S') x b (3.32)

is one-dimensional.

Note that the isotropy group may be non-trivial though: some discrete subgroups
of PSL(2,R) C Diff(S') may show up (such examples have been worked out by
Laurent Guieu, see [43], Chap. VI).

Case c): y, vanishes on some interval but y, % 0 In order to avoid pathologies
(recall the famous theorem by Whitney which states that any closed subset of R”
can be the zero set of a smooth function), we shall assume there exists a finite union
of closed intervals I C S' on which y, = 0, while on S' \ 7, y, has only isolated
zeros. One still deduces y, fo = 0 from (3.23) so fo = 0 on S' \ 7, while f; is a
priori arbitrary on /. One gets from (3.22) (f’y?)’ = 0so f;'y? is a constant.

In all subcases considered below, we shall find the same conclusion, namely,

Yoo = (Mo) (3.33)

as in case b).
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Assume first y has isolated zeros on I. One deduces fy = 0 on [ as above, so f;
vanishes everywhere. By (3.21) one gets (y1f13)’ =0,s0 fi=0on/.

If y, has at least one zero on S' \ 1, one deduces from (yzflz)’ = 0((3.22)) that
fi = 0o0n S'\ I, soboth fyand f; vanish identically. One finds f> = constant
from (3.21). S0 ¥yy.91.7») = R, exactly as in the previous case b) where the zeros of
¥, were isolated.

=

Suppose now y; is nowhere vanishing on S' \ 7. Then f; = ky, > should be a

_1
solution of (3.22), but since | y, *(t) |—> oo when ¢ tends to some point of 97, this
solution cannot be globally defined, so one has once more f; = 0.

Assume y) vanishes identically on I or on some subinterval. Then one gets the
same conclusion.

Wi

Assume now Yy is everywhere non-vanishing on I. Then (3.22) admits fo = k )/1_
as a possible solution on 7, but unfortunately, one easily sees that it is impossible to
link it continuously with f; = 0 on S'\ 1, so necessarily f, = 0 everywhere. In
order to find f, one has to solve

3nfi+yifi=0 onl
2y f{ +v5fi=0 onS'\ [

So: y fi is constant on I and y; f12 is constant on S' \ 7. These two equations are
incompatible for the same reasons as in the preceding arguments, so one necessarily
gets f; = 0, and the conclusion is the same as above.

Let us summarize the results for case b) and c):

Proposition 3.3. If y, has some zero without being identically zero, then the
Lie algebra of the isotropy group Yy .y, is one-dimensional, 9, ., =
{(0,0,a) | a € R}. One gets an analogous result for the isotropy group
G(yon.2), Save for a possible discrete subgroup of PSL(2,R) on the Diff(S1)-
component.

Case d): y, = 0. Equation (3.22) yields (f’y?)’ = 0. We shall now distinguish
three subcases.

Assume first that y; is identically zero. Then one is led to (3.21) with right-hand
side identically zero, cfy” + 2fyvo + foy, = 0, which is precisely the equation
defining the isotropy algebra for the coadjoint orbits of the Virasoro group (see [43],

Chap. VI), while fi and f> may be arbitrary.

Assume now y; has isolated zeros. Then fy = 0. Also, (3.21) yields (fy1)’ = 0,
hence for the same reason f; = 0, while f, may be arbitrary. So ¥,1,.,) =
(M,,,n € Z). The isotropy group may once more contain some discrete subgroup
of PSL(2, R), obviously impossible to detect on the Lie algebra level.

Wi

Assume finally that y\ is nowhere vanishing. Then one gets fy = Ay, ° for some

coefficient A. Equation (3.21) yields:
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"

3nfl+yifi = 2(cf0 +2fyvo + foyo’) =F (yl,y{,yl Y ,)fo,)fé)

_1
So using the method of variation of parameters, one gets: fi = uy, * + AK(y1. )
where K is some differential expression in y; and yp. Once again that there is no
condition on f5, so finally:

G(V(),Vlvo) = 5" ([R X COO(SI)) . (3.34)



Chapter 4
Induced Representations and Verma Modules

The results of this chapter may be found in an earlier electronic version of [106], see
http://www.arxiv.org/abs/math-ph/0601050, but have not been published elsewhere.
For related algebraically minded results, one may also refer to the recent papers by
the Chinese school [81,82,112].

4.1 Introduction and Notations

There are a priori two different ways to define induced representations (or Verma
modules) of sv, corresponding to the two natural graduations (see Definition 2.3):
one of them (called degree and denote by deg in the following) corresponds to the
adjoint action of Ly, so that deg(X,) = —n for X = L,Y or M itis given by —§;
in the notation of Definition 2.3. The other one, corresponding to the graduation
of the Cartan prolongation (see Chap. 5), is given by the outer derivation &,. The
action of both graduations is diagonal on the generators (L,); the subalgebra of
weight 0 is two-dimensional abelian, generated by Ly and M), in the former case,
and three-dimensional solvable, generated by Ly, Y% , M in the latter case.

Since Verma modules are usually defined by inducing a character of an abelian
subalgebra to the whole Lie algebra (although this is by no means necessary), we
shall forget altogether about the graduation given by 8, in this section and consider
representations of sv that are induced from (L, M).

Let svy,) = {Z € sv|adLo.Z =nZ} (n € %Z), 5950 = @y>089(), SV« =
B <059(n), SV<0 = 500 D 50(q). Define Cp, ,, = Cy (h, u € C) to be the character
of s = (Lo, My) such that Loy = hyr, My = p. Following the usual
definition of Verma modules (see [66] or [87]), we extend Cj, ,, trivially to sb<o by
putting sv.9.%y = 0 and call ¥, , the induction of the representation Cj, ;, to sb:

7/}1,# = %(50) ®?/(5u§0) Ch,u‘ 4.1)

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 43
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_4,
© Springer-Verlag Berlin Heidelberg 2012
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In simpler words, ¥}, , is generated by the vector v, and the elements X, (X =
L,Y, M, n <0) act freely on ¥}, ,, while the action of the elements X,,,n > 0 may
be understood by commuting them to the right and applying the rules X,,.3y = 0
(n > 0), Lo.yy = hyr, Mo.y = u.y. Notice that with this choice of signs, negative
degree elements L,,, Y,,, M, (n > 0) applied to i yield zero.

The Verma module ¥}, ,, is positively graded through the natural extension of deg
from sb to % (sv), namely, we put (¥}, ) () = Hn) = % (59-0)(n) @ Ch -

There exists exactly one bilinear form ( | ) (called the contravariant Hermitian
form or, as we shall also say, ’scalar product’, although it is neither necessarily
positive nor even necessarily non-degenerate) on #; ,, such that (y | ) = 1 and
X=X, nc %Z (X = L,Y or M), where the star means taking the adjoint
with respect to the bilinear form (see [66]). For the contravariant Hermitian form,
{7y | Ywy) = 0if j # k.Itis well-known that the module ¥}, ,, is indecomposable
and possesses a unique maximal proper sub-representation ., ,,, which is actually
the kernel of Hermitian form, and such that the quotient module ¥, /%, is
irreducible. When %, , # {0} is not trivial, the induced representation is called
a degenerate Verma module, of which finite-dimensional representations of simple
Lie algebras and unitary minimal models for the Virasoro Lie algebra (see Preface)
are foremost examples.

Hence, in order to determine if ¥}, , is irreducible and to find the irreducible
quotient representation if it is not, one is naturally led to the computation of the Kac
determinants, by which we mean the determinants of the Hermitian form restricted
to Yuy X ¥ for each n.

Let us introduce some useful notations for partitions.

Definition 4.1 (partitions). A partition 4 = (a',a?,...) of degree n = deg(A) €
N* is an ordered set a!, a2, ... of non-negative integers such that Zizl ial =n.

A partition can be represented as a Young tableau: one associates to A a set
of vertical stacks of boxes put side by side, with (from left to right) a' stacks of
height 1, a? stacks of height 2, and so on.

The width wid(A) of the tableau is equal to Y, a’.

By convention, we shall say that there is exactly one partition of degree 0,
denoted by @, and such that wid(9) = 0.

Now any partition A defines elements of % (sv), namely, let us put X4 =
Xfiné (X stands here for L or M) and Y4 = YﬂY_AE2 ..., so that

2 2

deg(X~*) = deg(A) and

1. . 1
deg(Y ™) =) (i —=)A" = deg(A4) — ~wid(A
g >§( 5) g(4) = Swid(4)
(we shall also call this expression the shifted degree of A, and write it agé(A)).

Definition 4.2. We denote by #(n) (resp. 2 (n)) the set of partitions of degree
(resp. shifted degree) n.
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By Poincaré-Birkhoff-Witt’s theorem (PBW for short, see for instance [16] or
[60]), ¥, is generated by the vectors Z = L™4Y "8 M ~Cy where A4, B, C range
among all partitions such that deg(A4) + agé(B) + deg(C) = n. On this basis of
). that we shall call in the sequel the PBW basis at degree n, it is possible to
define three partial graduations, namely, deg; (Z) = deg(A), &Egy (Z2) = agé(B)
and deg,,(Z) = deg(C).

It is then of course easy to express the dimension of #{,) as a (finite) sum of
products of the partition function p of number theory, but we do not know how to
simplify this (rather complicated) expression, so it is of practically no use. Let us

rather write the set of above generators for degree n = 0, %, 1, % and 2:

Yo = (¥)
Yy = (Y_1y)

Yy = (M=), (V249 L1yp))
Ty =AM Y_ ), (V2 9, Yoy, Ly Yoy 9)
Ty = ((M2yy, M—oy), (Mo Y2 9 Moy Ly ),
VWY Y g9 L Y2, 9, Loy, L2,9)). (4.2)

The elements of these Poincaré-Birkhoff-Witt bases have been written in the
M -order and separated into blocks (see below, Sect. 4.2 for a definition of these
terms).

The Kac determinants are quite easy to compute in the above bases at degree
0, %, 1.If {x1, ..., Xdim(y,)} is the PBW basis at degree n, put

A,‘:’U = det((x,-|xj)),-,j=1 ..... dim(¥)-

Note that A" does not depend on the ordering of the elements of the basis

X150y Xdim(%) §-
Then
AP =1
AP =(Y_ . Y 1y) =p
2 2 2

00 u

AP =det| 0242 p | = —2u.
mop 2h

For higher degrees, straightforward computations become quickly laborious:
even at degree 2, one gets a 9 x 9 determinant, to be compared with the simple
2 x 2-determinant that one gets when computing the Kac determinant of the Virasoro
algebra at level 2.
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The essential idea for calculating this determinant at degree n is to find two
permutations o, T of the set of elements of the basis, xi, ..., Xdim(%,), in such a way
Ar?, as computed in the basis {x, . .., Xdim(¥;)}, is equal (up to a sign) to the product
of diagonal elements of that matrix, which leads finally to the following theorem.

Theorem 4.1. The Kac determinant A" is given (up to a non-zero constant) by

A = Mzof,gn Y pes) WidB)+2 0z <u—j Pn—j ) (X aemq) wid(4))) (4.3)

where p(k) := #2(k) is the usual partition function.
The same formula holds for the central extension of sv.

The proof is technical but conceptually easy, depending essentially on the fact
that h contains a central subalgebra, namely (M,,),cz, that is a module of tensor
densities for the action of the Virasoro algebra. This fact implies that, in the course
of the computations, the (L, M )-generators decouple from the other generators (see
Lemma 4.10).

As a matter of fact, we shall need on our way to compute the Kac determinants
for the subalgebra (L,, M,),ez ~ Vect(S') x %, or vit x .%,. The result is
very similar and encaptures, so we think, the main characteristics of the Kac
determinants of Lie algebras Vect(S') x £ or Vect(S') x £ such that £ contains in
its center a module of tensor densities. To the contrary, the very first computations
for the deformations and central extensions of Vect(S') x .%, obtained through the
cohomology spaces H?(Vect(S'), %) and H?(Vect(S')X.%, C) (denoting by X
any deformed product) show that the Kac determinants look completely different as
soon as the image of (M, ),cz is not central anymore in £.

We state the result for vit x .% as follows.

Theorem 4.2. Let vit, be the Virasoro algebra with central charge ¢ € R and let
YV = 7//1/;1 = U ((vire X Z0)0) @ ((vieewFo) <o) Chw T Vi be the Verma module
representation of vit. X % induced from the character Cy, ,, with the graduation
naturally inherited from that of Vj ;..

Then the Kac determinant (computed in the PBW basis) AV¥*70 of 4//,1’ L at
degree n is equal (up to a positive constant) to

Azitul’(g() — (_l)dim(y/ﬂ/)ﬂz Z(Jsisn P(n_i)(ZAEW(i) Wid(A))' (44)

It does not depend on c.

4.2 Kac Determinant Formula for Vect(S') x .%

We first need to introduce a few notations and define two different orderings for the
PBW basis of Vect(S') ® .%.
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Definition 4.3. Let A, B be two partitions of n € N*. One says that A4 is finer
than B, and write A <X B, if A can be obtained from B by a finite number of
transformations B — -+ — D — D’ — ... 4 where

D"=D'4+C" (i#p), D?=D -1,

C = (C") being a non-trivial partition of degree p.

Graphically, this means that the Young tableau of A is obtained from the Young
tableau of B by splitting some of the stacks of boxes into several stacks.

The relation < gives a partial order on the set of partitions of fixed degree n,
with smallest element (1, 1, ..., 1) and largest element the trivial partition (7). One
chooses arbitrarily, for every degree n, a total ordering < of &?(n) compatible with
<,i.e. such that (A < B) = (4 < B).

Definition 4.4. If A is a partition, then X4 := (X~4)* is given by X4 =
... X2A2X1Al (where X stands for L or M).

Let n € N. By the Poincaré-Birkhoff-Witt theorem, the L=4 M ~C (A partition
of degree p, C partition of degree ¢, p,q > 0, p + g = n) form a basis &' of ¥/,
the subspace of ¥’ made up of the vectors of degree n.

We now give two different orderings of the set %', that we call horizontal
ordering (or M-ordering) and vertical ordering (or L-ordering). For the horizontal
ordering, we proceed as follows:

— we split ' into (n + 1) blocks A, . .., A, such that
B, ={L™" M~y | deg(A) = j,deg(C) =n— j}; (4.5)

— we split each block # into sub-blocks %', - (also called j-sub-blocks if one
wants to be more explicit) such that C runs among the set of partitions of n — j
in the increasing order chosen above, and

B = (L M~y | deg(4) = j}.
— finally, inside each sub-block %’}’C, we take the elements L™ M~ ¢, 4 ¢ & i, 1n

decreasing order.

For the vertical ordering, we split %' into blocks
By =AL"M ™y | deg(4) = n — j.deg(C) = j}.

each of these blocks into sub-blocks @’] 4 Where A runs among all partitions of

n — j in the increasing order, and take the elements L=4M ~€ ¢ @’] 4 according to
the decreasing order of the partitions C of degree ;.

As one easily checks, L=C€ M =44 is at the same place in the vertical ordering
as L=4M =€ in the horizontal ordering. Note that the vertical ordering can also be
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obtained by reversing the horizontal ordering. Yet we maintain the separate defini-
tions both for clarity and because these definitions will be extended in the next para-
graph to the case of sv, where there is no simple relation between the two orderings.
Roughly speaking, one may say that, for the horizontal ordering, the degree in
M decreases from one block to the next one, the (M C)CG 2(n—j) are chosen in the
increasing order inside each block, and then the L4 are chosen in the decreasing
order inside each sub-block; the vertical ordering is defined in exactly the same
way, except that L and M are exchanged.
We shall compute the Kac determinant A/ := AP"*% relative to %’ by
representing it as
A, = Edet), o = (H;|Vi))i (4.6)

where the (H;); € %' are chosen in the horizontal order and the (V;); € %' in the
vertical order.
The following facts are clear from the above definitions:

— the horizontal and vertical blocks %’; , @’] (j fixed) and sub-blocks f%’},c, @’]C
(J, C fixed) have same size, so one has matrix diagonal blocks and sub-blocks;

— diagonal elements are of the form (L™ M ~Cy | L=C M ~4y);

— define sub-diagonal elements to be the (H|V), H € %),V € %; such that
i > j;thendeg; (V) < deg,,(H);

— define j-sub-sub-diagonal elements (or simply sub-sub-diagonal elements if one
doesn’t need to be very definite) to be the (H|V), H € %) .,V € & o, with
C, > Cy. Then deg; (V) = degy,(H) =n—jand H = L™ M~V =
L= M =2 for certain partitions A4, A, of degree j;

— define (j, C)-sub*-diagonal elements to be the (H|V), H,V € '%)},c» such that
H=L"Y"M"C V=L M""with 4, > A,.

Then the set of sub-diagonal elements is the union of the matrix blocks situated
under the diagonal; the set of j -sub-sub-diagonal elements is the union of the matrix
sub-blocks situated under the diagonal of the j-th matrix diagonal blocks; the set
of (j, C)-sub’-diagonal elements is the union of the elements situated under the
diagonal of the (j, C)-diagonal sub-block. All these elements together form the set
of lower-diagonal elements of the matrix .27,

Elementary computations show that

o = (28
1 0 m
with horizontal ordering (M ~'v, L™'v);

2u? 2 2 (1 4+ 2h) 6k 4h(2h + 1)
0 2u 3u 4h +c/2 6h

= 0 0 w? 3 2u(1 +2h)
0 0 0 21 21
0 0 0 0 2%
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with horizontal ordering ((M2,y, M), (L.iM_1¥), (L2, L2 y)) (the
blocks being separated by parentheses). Note that the Kac determinant of vir,
at level 2 appears as the top rightmost 2 x 2 upper-diagonal block of <7/, and hence
does not play any role in the computation of A/,.

So «7|, 4y are upper-diagonal matrices, with diagonal elements that are (up to
a coefficient) simply powers of ;.. More specifically, A} = —det.o/| = —u? and
Al = detoy = 16ub.

The essential technical lemmas for the proof of Theorem 4.2 and Theorem 4.1
are Lemma 4.5 and Lemma 4.6, which show, roughly speaking, how to move the
M’s through the L’s.

Lemma 4.5. Let A, C be two partitions of degree n. Then:

(i) IfA£C,then (L™y | M~Cy) = 0.
(ii) If A <X C, then
(L™ | M~Cy) = a. p™9© (4.7)

for a certain positive constant a depending only on A and C.

Proof of Lemma 4.5. We use induction on n. Take A = (a;), C = (¢;) of degree n,

then ) — <I/f | (lli[o L?,-) (lj Mﬁf,-) 1Zf>.

We shall compute (L =4y |M =€) by moving successively to the left the M_;’s,
then the M_,’s and so on, and taking care of the commutators that show up in the
process.

e Suppose ¢; > 0. By commuting M_; with the L’s, there appear terms of two
types, modulo positive constants:

— either of type
k+1 , p 1 oo
: a a . — .
(v (T2 ) (enras®) (TT 2 )mes (TT ) o)
=00 i=k—1 i=2

with a,’C + al’g = aj — 1 (by commuting with L, k > 2). But this is zero since
commuting Mj_ (of negative degree 1 — k) to the right past the L’s can only
lower its degree.

— or of type

2 00
(v (T2 ) (et (T ) )
i=00 i=2

with a} + a = a; — 1 (by commuting with L;). Since the central element
My = p can be taken out of the brackets, we may compute this as p times a
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scalar product between two elements of degree n — 1. Removing one M_; and
one L_; means removing the leftmost column of the Young tableaux C and A.
Call C’, A’ the new tableaux: it is clear that A £ C = A’ Z C’. So we may
conclude the proof by induction.

* Suppose thatall¢y = ... = ¢;—; = 0 and ¢; > 0. Then, by similar arguments,
one sees that all potentially non-zero terms appearing on the way (while moving
M_; to the left) are of the form

1
o . <1ﬁ| (1_[ L?i) Mf’;l HMfi 1//>,

ij

S i(ai —a)) = j, with « defined by

i=oo!
1
(l—[ (adLi)“i_“f) . M_j = aM,.

i=00

Without computing o explicitly, it is clear that « > 0. On the Young tableaux,
this corresponds to removing one stack of height j from C and (a; — a;) stacks
of heighti (i = oo,...,1) from A. Once again, A Z C = A’ Z C’. So one
may conclude by induction. O

Lemma 4.6. Let Ay, Ay, Cy, C; be partitions such that deg A1 +deg C; = deg A, +
deg C,.Then:

(i)
(™M™ Ry | 7M™y =0

ifdeg A < deg A».
(ii) Ifdeg A; = deg Ay, then

(LM ™0y | LMy = (L™ MOy N MRy [ L4 y).
(4.8)

Remark. The central argument in this Lemma can be trivially generalized (just by
using the fact that the M’s are central in h) in a form that will be used again and
again in the next section: namely,

(W |ULCVL™ AWM Cy)y =0 (U V,W € %(h))

if deg(Cy) > deg(C»).

Proof. Putting all generators on one side, one gets

(L=EM ™2y | LM~ y) = (¢ | MELEL™ M™y).
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Assume that deg(41) < deg(45) (so that deg(C,) < deg(Cy)). Let us move M~
to the left and consider the successive commutators with the L’s: it is easy to see
that one gets (apart from the trivially commuted term M €' L=41) a sum of terms
of the type M —CIL= with

deg(C|)+deg(A}) =deg(Cy)+deg(A1), deg(C|)>deg(C),deg(A})<deg(A4)).

Now comes the central argument : let us commute M - through L. Tt yields
terms of the type M42M ~C' MC" LC with deg(Cy) — deg(C]) = deg(C)) +
deg(C|") — deg(CY).

If C/" # 0, then M~C" commutes with M 42 and gives 0 when set against (y/;
so one may assume C;” = @. But this is impossible, since it would imply

deg(C)") = deg(C2) — deg(Cy) — deg(C) (4.9)
< deg(Cy) — deg(C)) (even < if deg(Cy) < deg(C))) (4.10)
< 0. (4.11)

So
(L™OM ™y | LM Cy) = (y | MELOM O L™ y).
Moreover, the above argument applied to M ~¢! instead of M =C1, shows that
(Y I MELEM™ LN y) = (¢ | MM TOLE) L™ y) =0
if deg(C,) < deg(Cy). So (i) holds and one may assume that deg(A4;) = deg(A4,),

deg(Cy) = deg(C») in the sequel.
Now move M “ to the right: the same argument proves that

(Y | MALEM™ L™y = (y | (LOM )M L™ y).
But M 42 L~41 has degree 0, so
(W [ (LEM™YM2L)y) = (Y | LOMCy)(y | MPL™My)  (4.12)
= (L7Cy | M~y MRy | LNy). (4.13)
U

Corollary 4.7. The matrix <7, is upper-diagonal.

Proof. Lower-diagonal elements come in three classes: let us give an argument for
each class.

By Lemma 4.6, (i), sub-diagonal elements are zero.
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Consider a j-sub-sub-diagonal element (L~CM =42y | L= M~C1y/) with
deg(Cy) = deg(Cy) = n — j, deg(A;) = deg(A4z), C; > C,. Then, by Lemma
4.6 (ii), and Lemma 4.5 (i),

(L™EM ™0y | LT M™y) = (L% | M~y ) (Mg | L™ y) = 0.

Finally, consider a (C, j)-sub*-diagonal element (L=C M =42y | L= M ~C )
with A} > A,. By the same arguments, this is zero. O

Proof of Theorem 4.2. By Corollary 4.7, one has

dim(%;))
A;L — (_1)dim(’7/n/) l—[ (%/)”‘

i=1

By Lemma 4.6 (ii) and Lemma 4.5 (ii), the diagonal elements of <7, are equal (up
to a positive constant) to u to a certain power. Now the total power of u is equal to

DY D (wid(A) +wid(C) =2 Y pir—j) | D wid(4)

0<j<n A€ P(j) CEP(n—j) 0<j<n AEP(j)
(4.14)
O

4.3 Kac Determinant Formula for sv

Letn € %IN. We shall define in this case also a horizontal ordering (also called M -
ordering) and a vertical ordering (also called L-ordering) of the Poincaré-Birkhoff-
Witt basis

B ={L~ Y PM~Cy | deg(A) + deg(B) + deg(C) = n}

of 7/(,[ ).
The M -ordering is defined as follows (note that blocks and sub-blocks are
defined more or less as in the preceding sub-section):

— split & into (n + 1)-blocks %, ..., B, such that B; = {L™1Y BM~Cy €
P | deg(C) =n—j}

— split each block 4, into sub-blocks Z;¢ such that B;c = {L™1Y BM~Cy €
A}, with C running among the set of partitions of n — j in the increasing order;

— split each sub-block Z;c into sub?-blocks % icx (for decreasing «) with
LAY BM~C € Bic, & LY BM~C € B¢ and deg(B) = k;

— split each sub?-block % iC« into sub®-blocks # ic«p Where B runs among all
partitions of shifted degree « (in any randomly chosen order);
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— finally, order the elements L=4Y "B M ~Cy of Bjc.p (A € P(n — deg(C) —
agé(B)) = (j — «)) so that the A’s appear in the decreasing order.

Then the L-ordering is chosen in such a way that L=CY =8 M =4 appears
vertically in the same place as L=4Y ~# M ~C in the M -ordering. From formula
(4.2) giving the M -ordering of ¥y, it is clear that the L-ordering is not the opposite
of the M -ordering.

These two orderings define a block matrix 7, whose determinant is equal to
A

We shall need three preliminary lemmas.

Lemma 4.8. Let B = (b;), B’ = (b)) be two partitions with same shifted degree:
then

(Y By |y Fy) =spp | [[O127 — D) | B, (4.15)
j=i

Proof. Consider the sub-module # C?% generated by the Y "M%y (P, Q
partitions). Then, inside this module, and as long as vacuum expectation values
(V| Y:I:(jl—%) . Yi(jk_%)l//> are concerned, the (Y_(j_%), Yj_%) can be considered
as independent pairs of creation/annihilation operators with [¥ j—1ys Y_- 1 ) =
(2j — 1) M,. Namely, other commutators [Yy, Y;] with k 4+ # 0 yield (k — ) My 4,
which commutes with all other generators Y ’s and M ’s and gives 0 when applied to
) or ¥ according to the sign of k + . The result now follows for instance by an
easy application of Wick’s theorem, or by induction. O

Lemma 4.9. Let By, By, Cy, C, be partitions such that Cy # @ or Cy # @. Then

Y BM Oy |y M Cy) =0.

Proof. Obvious (the M *C’s are central in the subalgebra ) C sv and can thus be
commuted freely with the Y ’s and the M ’s; set against (i or ¥) according to the
sign of their degree, they give zero). |

Lemma 4.10. Let Ay, Ay, By, By, C1,C, be partitions such that deg(A;) +
deg(B;) + deg(Cy) = deg(A») + deg(B) + deg(C»). Then

(i) Ifdeg(A;) < deg(Ay) ordeg(C,) < deg(Cy), then
(L=CYyPM "y | LY M ~Cy) = 0.

(ii) Ifdeg(A;) = deg(A,) and deg(Cy) = deg(C»), then
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(L=Cy=Bapp~A2yy | L=y =Bipr=Cy)
= (Y Py | Y By My | LMY Ly | MTCY). (4.16)

Proof of Lemma 4.10. (i) is a direct consequence of the remark following Lemma
4.6. So we may assume that deg(A;) = deg(A4,) and deg(C;) = deg(C>). Using the
hypothesis deg(A4;) = deg(A,), we may choose this time to move L~4! to the left
in the expression (y | M A2y B2 C2 [ =Ary =Bi p=Ciq)r) . Commuting L~ through
L and Y 22, one obtains terms of the type

(Y | MLy B LC)y ~Bi g —Cry),

with deg(A4]) < deg(A4;), and (deg(A}) = deg(4,)) = (4] = A1, B, = B,,C; =
C,). So, by the Remark following Lemma 4.6,
(L_CZY_BZM_A2»¢/ | L_AIY_BIM_Clw>

=(y | MPYyB O My =By —Cy)

=(y | YBRLOMPL My By —Cy)

= (Y IMEL™ Yy | YRLOY TRM ™y, (4.17)

Moving L to the right in the same way leads to (ii), thanks to the hypothesis

deg(C;) = deg(C,) this time. |
Corollary 4.11. The matrix <7, is upper-diagonal.

Proof. Lower-diagonal elements f = (L=CY = B2p~42y, | L=Ary =Bipr=Cryy)
come this time in five classes. Let us treat each class separately.

By Lemma 4.10 (i), sub-diagonal elements (characterized by deg(C,) <
deg(C))) are zero.

Next, j-sub?-diagonal elements (characterized by deg(C,) = deg(Cy) =n — j,
C, > C)) are also zero: namely, the hypothesis deg(C;) = deg(C,) gives as in the
proof of Lemma 4.10

f=(y | MRYBRLOL My Bipy—Ciy) (4.18)
= (Y | LM y)(y | MRy Ly Py (4.19)
= 0 (by Lemma 3.1.1). (4.20)

Now (j, C)-sub3-diagonal elements (characterized by C; = C, := C, agé(Bz) <
deg(B))) are again zero because, as we have just proved,

S o= LMy (| My LY Py

and this time (y | MA2Y B2 =41y =Biy)) = 0 since
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deg(A;) = j —deg(B1) < j — deg(B,) = deg(Ay).

Finally, (jC, K)-sub4-diag0nal elements (with C; =C, =C, deg B = deg B,
deg A, = deg A,, B; # B,)are 0 by Lemma4.10 (ii) and Lemma 4.8 since (Y ~52¢
| Y~Biy) = 0, and (jC, k B)-sub’-diagonal elements (such that B; = B, but A, <
Ay) are 0 by Lemma 4.10 (ii) and Lemma 4.5 (i) since (M 42y | L=41y) = 0. O

Proof of Theorem 4.1. By Corollary 4.11, A?® = :I:]_[?:nlm"))(%),-i. By

Lemma 4.10 (i), Lemma 4.5 (ii)) and Lemma 4.8, the diagonal element
(L=CY " BM~4y | L=AYBM~Cvy) is equal (up to a positive constant) to
pMAAFWid(B)+wid(C) 5o (see proof of Theorem 4.2) A = ¢, u* (c, non-zero
constant, a, € N) with

ay= Y, D (wid(B)+a,_;).

0=/=nBed(j)

1 g
where a),_ ; is the power of u appearing in AZC_C;(S %70 Hence the final result. [



Chapter 5
Coinduced Representations

In order to classify ‘reasonable’ representations of the Virasoro algebra, V.G.
Kac made the following conjecture: the Harish-Chandra representations, those for
which L (see Sect. 1.1.2) acts semi-simply with finite-dimensional eigenspaces, are
either highest- (or lowest-) weight modules, or tensor density modules. As proved
in [85] and [86], one has essentially two types of Harish-Chandra representations of
the Virasoro algebra:

— Verma modules which are induced to Vect(S') from a character of Vect(S'); =
(Lo, Ly, ...), zero on the subalgebra Vect(S')>; = (Lj,...), and quotients of
degenerate Verma modules.

— Tensor modules of formal densities which are coinduced to the subalgebra
of formal or polynomial vector fields Vect(S')s—; = (L_;,Lo,...) from a
character of Vect(S!)>o that is zero on the subalgebra Vect(S')>1. These modules
extend naturally to representations of Vect(S1).

Verma modules for the Schrodinger—Virasoro algebra have been constructed in
the previous chapter. The purpose of the present chapter is to introduce a natural
generalization of the tensor density Vect(S')-modules to the Schrodinger—Virasoro
case. Contrary to the previous chapter, the natural graduation here is given by &,
which is associated to the polynomial degree of the coefficients of the vector fields
in the vector-field representation d7z defined in the Introduction. The Lie algebra sv
appears actually as a natural prolongation (called: Cartan prolongation) of its finite-
dimensional Lie subalgebra made up of vector fields with affine coefficients (see
Sect. 5.1). This supplementary structure makes it possible to obtain explicit formulas
for the coinduced representations in Sect. 5.3. We give examples in Sects. 5.2
and 5.4, including the vector-field representation and the linearization of an action
on an affine space of Dirac-Lévy-Leblond operators.

Contrary to the case of the Virasoro algebra, it appears that there are representa-
tions which are neither of highest-weight type nor are coinduced: for instance, the
coadjoint representation. All explicit realizations of sv arising from symmetries of
physical equations are of coinduced type, while the coadjoint representation is of

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 57
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_5,
© Springer-Verlag Berlin Heidelberg 2012
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a totally different nature. The reason is that coinduced representations are instead
closely related to the adjoint representation.

Section 5.2 may be skipped in a first approach. The main results are Theorem 5.1
in Sect.5.1 (yielding the Cartan prolongation structure of sv) and Theorem 5.3
(explicit formulas for the coinduced representations).

The contents of this chapter are adapted from [106].

5.1 The Lie Algebra sv as a Cartan Prolongation

As in the case of vector fields on the circle, it is natural, starting from the
representation di of sv given by formula (1.20), to consider the subalgebra fsv C s
made up of the vector fields with polynomial coefficients, also called formal vector
fields. Recall from Definition 2.3 that the outer derivation 8, of sv is defined by

1 1
8,(Ly) =n, 5(Yy,) =m— > 6(M,) =n—1 (n eZ,me 3 + Z). 5.1)

and that 6, is simply obtained from the Lie action of the Euler operator ¢9d; + rd, +
{0 in the representation d7r. The Lie subalgebra fsv is given more abstractly, using
8y, as

foo = @Z’;’ilsnk (5.2)

where sty = {X € sv |8 (X) = kX} = (Lg, Yk+%, M. +1) is the eigenspace of §,
corresponding to the eigenvalue k € Z.

Note in particular that so_; = (L_;,Y_ 1 M) is commutative, generated by
the infinitesimal translations 9;, 0, d; in the vector field representation dr (see
Introduction), and that svy = (L, Y%,Ml) = (Lo) x (Y%, M) is solvable.

We shall now proceed to define the notion of Cartan prolongation. For that we
need first some algebraical and geometrical preliminaries. For basic constructions
and properties of Cartan prolongations, see [108].

Let E be a finite-dimensional real vector space with dual E*, and g C gl(E) be
a subset of gl(E). Define the Lie algebra of formal vector fields on E as follows:

Vect(E) := @,2,STE* ® E, (5.3)

where S”E* stands for the space of symmetric covariant p-tensors on E. Its
naturally defined Lie bracket is graded of weight (—1) with respect to polynomial
degree. Then gl(E) ~ E* ® E is naturally embedded as a subalgebra of Vect(E).
For any z € E one has a naturally defined inner product i(z) : S’E* ® E —
SP~'E*® E (in terms of the Lie bracket on Vect(E) one has simply i (z)u = [z, u]).
One may then define the p-prolongation of g inductively as:
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0O=E gV=g ¢g”¥={ue STE*QE|Vz€E. i(Queg’ "}
(5.4)
One easily checks that > := @52,g'7) is a Lie subalgebra of Vect(E).

Definition 5.1 (Cartan prolongation). The Lie algebra g is called the Cartan
prolongation of g.

The classical families of examples exhibited by E. Cartan are Vect(n), the
Lie algebra of polynomial vector fields on R”, and its following subalgebras:
SVect(n) (divergence-free vector fields, exponentiating into volume-preserving
diffeormorphisms); Sympl(2n) (Hamiltonian vector fields, exponentiating into
symplectomorphisms, i.e. diffeomorphisms preserving the canonical symplectic
form w of R?"); ConfSympl(2n) (vector fields X such that X *w is proportional to w,
exponentiating into “conformal symplectic” diffeomorphisms, i.e. diffeomorphisms
preserving the symplectic form up to a constant); and finally, Cont(n) (contact
vector fields, exponentiating into diffeomorphisms preserving the kernel of a contact
form).

Now fsv may be obtained by this construction.

Theorem 5.1. The Lie algebra fsv is isomorphic to the Cartan prolongation of
s0_| @ svg where sv_| >~ (L_l, Y_%, M()) and svy ~ (L(), Y%, Ml)

Proof. Letsv, (n = 1,2,...) be the n-th level vector space obtained from Cartan’s
construction, so that the Cartan prolongation of sv_; @sv is equal to the Lie algebra
sv_1 @ svg & PB,>159,. It will be enough, to establish the required isomorphism,
to prove the following. Consider the representation d7 of sv. Then the space b,
defined through induction on n by

by = di(svo_1) = (8,.8,.9;) (5.5)
bo = di (svo) = (19, + éra,,ta, + rde. td;) (5.6)
Dr+1 = {X € Zp41 | [X,h=1] C be}, (kK = 0) (5.7

(where Z is the space of vector fields with polynomial coefficients of degree k) is
equal to d7n (sv,) forany n > 1.
So assume that X = f(¢,7,8)0, + g(t,r,§)0, + h(t,r, {)0; satisfies

1 1
[X,h-1] C 7(sv,) = <t”+18, + E(n + Dt'ro, + Z(n + 1)nt”_1r23;,t”+13,
+(n + 1)t”r3;,t”+13;>. (5.8)

In the following lines, C;, C;, C; are undetermined constants. Then (by compar-
ing the coefficients of d,)
ft.r.¢)=Cit"t2
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By inspection of the coefficients of d,, one gets then

c
dgt,rl) = 71(;1 + D +2)t"r + Co(n + 2)¢"H!

SO
C
g(t,r,0) = 71(;1 + )"+ Ct" 2 4+ G (1, 0)

with an unknown polynomial G(r, {). But
Cl n+1
[X, Y_%] = 7(n+2)t +0,G(r,¢) ) 9, mod 0¢

s09d,G(r,¢) = 0.
Finally, by comparing the coefficients of d¢, one gets

1
[X.L_i]=(n+2)Ci[t""', + E(n + Dt"rd,] + Ca(n + 2)t" 10, + 9,k 3¢
)

G n—1,2 n n+l1
ah(t,rt) = T(n +2)(n+ Dnt"re 4+ Co(n +2)(n + Dt"r + Cs(n + 2)¢
whence

G w2 n+l n42
ht,r,0) = T(n +2)(n+ Dt"r" + Co(n + 2" r + C3t" + H(r, {)
where H (r, {) is an unknown polynomial. Also
G n+l1 G n n+l1
X, Y_%] = 7(71 + )"0, + 7(71 +2)(n + Dt"rd; + Co(n + 2)t" 7 0¢
+ 9, H(r,§)d;,

so H = H () does not depend on r; finally

dG dH
X, M) = dé&)arJr d;&)

d¢

soG =H =0. O

Remark. by modifying slightly the definition of sv, one gets related Lie algebras.
For instance, substituting L := —10d; — (1 + &)rd, — (1 + 2¢){d, for Ly leads to
the ‘polynomial part’ of sv;42, (see Theorems 5.2 and 5.4 for explicit realizations
of 50142).
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5.2 About Multi-Diagonal Differential Operators and Some
Virasoro-Solvable Lie Algebras

This section may be skipped in a first approach. We introduce new wave equations
and related realizations of sb — and, more generally, of its family of deformations
sv,, see Chap. 2 — that will also appear as a particular case of the general
construction of Sect. 5.3.

The original remark that prompted the introduction of multi-diagonal differential
operators in our context (see below for a definition) was that a certain ‘constrained’
Dirac equation is sv-invariant. Namely, consider the space R? with coordinates r, 7, ¢
as in Proposition 1.10 or 1.11. We introduce the two-dimensional Dirac operator

~ (0, —20;
Do = (8, 5, ) (5.9)

acting on spinors (zl) € (C*(R%)2. It can be obtained from the Dirac-Lévy-
2

Leblond operator 7, (see Sect.8.3) by taking a formal Laplace transform with
respect to the mass, so that .# goes to d;. The kernel of % is given by the equations
of motion obtained from the Lagrangian density

(92(0r b1 —20:2) — 1(d:p1 — 0, ¢2)) di dr d.

Let dn{ be the Laplace transform with respect to .# of the infinitesimal

2
representation d ¢ of sv given in Sect.8.3. Then dn{(sch) preserves the space
2 2

of solutions of the equation @0 (zl) = 0, ¢1.¢pp € C>®(R%. Now, by
2

2
it clearly appears (do check it!) that if one adds the constraint d;¢py = 0, then

computing 7 (dﬁ‘f(X) (Zl)) for X € sv and (Zl) in the kernel of ,
2 2

@0 (dﬁ‘l’ (X) (gl )) = 0 for every X € sv, and, what is more, the transformed
2 2

spinor (51 ) = dn 1 (X) (gl ) also satisfies the same constraint d;y; = 0. (See
2 2

also Definition 6.11 and Theorem 6.4 for a quantized version of this spinor field).
One may realize this constraint by adding to the Lagrangian density the Lagrange
multiplier term (h8;¢_>1 — ﬁ@;d)l) dt dr d¢. The new equations of motion read then
—h/2
VI ¢ = 0, with
—¢1
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20; 0, 9,
V= 20; 0, |. (5.10)
20,

This is our main example of a multi-diagonal differential operator. Quite
generally, we shall say that a function is multi-diagonal if it is a function- or

operator-valued matrix M = (M; j)o<i j<a—1 such that M; ; = M,y jvx for
every admissible triple of indices i, j, k. So M is defined for instance by the
d independent coefficients Moy, ..., Mo ;,..., Moqa—1, with M ; located on the

J -shifted diagonal.
An obvious generalization in d dimensions leads to the following definition.

Definition 5.2. Let V¥ be the d x d matrix differential operator of order one, acting

ho
on d-uples of functions H = : on R? with coordinates ¢ = (to, ..., ta—1),
ha—1
given by
atd—l 3141—2 e atl E)lo
O - . 3[1
vd = s : (5.11)
atd—z
o .- 0 9,
So V4 is upper-triangular, with coefficients V,.‘{j = 8,1._]. pamr L =), The

kernel of V¢ is defined by a system of equations linking Ay, ..., hs—;. The set of
differential operators of order one is of the form

d—1

X=Xi1+A4= (Z f,-(t)f)ti) ®d+A, A=) e Matgxq (C*®(RY))
i=0
(5.12)
preserves the equation V¢ H = 0, forms a Lie algebra, that is much too large for
our purpose.

Suppose now (this is a very restrictive condition) that A = diag(Ao, ..., As—1) is
diagonal. Since V is an operator with constant coefficients, [X;, V¢] has no term
of zero order, whereas [A, V"],-,j = Aia,i7f+d71 — 3@,7!.“71/1]' (i < j) does have

terms of zero order in general. One possibility to solve this constraint, motivated
by the preceding examples (see for instance the representation d7z, in Chap. 1),
but also by the theory of scaling in statistical physics (see commentary following
Proposition 1.5), is to impose A; = A;(#p), i = 0,...,d — 2, and A,—; = 0.
Since [X, V9] is of first order, preserving KerV? is equivalent to a relation of the
type [X, V9] = AV?, with A = A(X) € Matyxq(C*®(R?)). Then the matrix
operator [X|, V¢] is upper-triangular, and multi-diagonal, so this must also hold
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for AVY — [A, V¥]. By looking successively at the coefficients of d;, , , on the
[-shifted diagonals, / = 0,...,d — 1, one sees easily that A must also be upper-
triangular and multi-diagonal, and that one must have A; (o) —A; +1(f) = A(¢) fora

d—-1A
certain function A independent of i, so A = - . Also, denoting
A
0

by ap = Aoo,...,as—1 = Ao.qa—1 the coefficients of the first line of the matrix A,
one obtains:

90, f;=0 (@ >)) (5.13)

ap = atofO + (d - 1)A = af] fl + (d - 2’)A = ... = atdflfd—l; (514)

a; = 8,0]’,» = 8f1ﬁ+1 =...= a,dﬂ,flfd_l (l = 1, .. .,d — 1) (515)

In particular, fy depends only on .
From all these considerations follows quite naturally the following definition. We
d—1
let Ay € Matyxq(R) be the diagonal matrix Ay = )
0
Lemma 5.3. Let mbf (¢ € R) be the set of differential operators of order one of
the type

d—1
X = (fo(lo)ato + Z fi(l)ar,-) ® Id — &y (10) ® Ao (5.16)
i=1

preserving KerV<.
Then md, forms a Lie algebra.

Proof. Let 2 be the Lie algebra of vector fields X of the form

d—1

X=X +X= (fo(to)fim + Zﬁ(x)a,,.) ®Id+ A,
i=1

A = diag(A;)io..a—1 € Matgxq(C®(R?))
preserving KerV¥. Then the set {Y = Y20 £i(1)d, | IA € Matgxa(C®(RY)),
Y + A € 2} of the differential parts of order one of the elements of 2~ forms a
Lie algebra, say .Z]. Define

d—1 d—1
27 = {Zﬁ(z)an —eff () ® Ag| Y fi(1)d; € %1}

i=0 i=0
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LetY = (3 fi(1)0,) @ Id —efy (1) ® Ao. Z = (3_gi(1)d;,) @ 1d — eg( (1) ® Ao
be two elements of Z°: then

[Y. Z] = ((fog) — fo80)(10)dy, + ...) ® 1d — e( fog — f580)' (to) ® Ao

belongs to 27", so Z|° forms a Lie algebra. Finally, mbf is the Lie subalgebra of
Zf consisting of all differential operators preserving KerV?. O

It is quite possible to give a family of generators and relations for md?. The
surprising fact, though, is the following: for d > 4, one finds by solving the
equations that f;’ is necessarily zero if ¢ # 0 (see proof of Theorem 5.2). So in
any case, the only Lie algebra that deserves to be considered for d > 4 is mag.

The algebras md? (d = 2,3), mag (d > 4) are semi-direct products of a Lie
subalgebra isomorphic to Vect(S'!), with generators

L0 = (— folto)dy + ) ®1d — £ (1) ® Ao

(0) 07 _ 0 : . . .
and commutators [Efo Ll =2 o= fog)’ with a nilpotent Lie algebra consist

ing of all generators with coefficient of 9;, vanishing. When d = 2, 3, one recovers
realizations of the familiar Lie algebras Vect(S') x .% 4. and sv, (the latter being
defined in Definition 2.2).

Theorem 5.2 (structure of maf ).

1. (cased = 2). Putt = to,r = t;: then md? = (Zj(,o),fél))ﬁgecoo(sl) with

L = (=f0)3 — (L + ) f'(t)rd,) @1d+ef'(1) ® (1 0), (5.17)

L = —g(1)d,. (5.18)
It is isomorphic to Vect(S') x Z 4.
2. (case d=3) Putt = to,r = 11, é‘:l‘z.' then mbg’=($;o), Z;l), "%1(2)>f;g,h€C°°(Sl)
with ‘

2
+ef'Oy| 1 | (5.19)
0

L) = —g(0)d, — g O)rde, (520)
L2 = —h(1)d,. (5.21)
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The Lie algebra obtained by taking the modes
0 1 2
Li=2L Yu=L o My =200, (5.22)

is isomorphic to $9y2.. In particular, the differential parts give three indepen-

. . ~ _ _l
dent copies of the vector field representation dix of 50 when & = —5.

3. (case e = 0,d > 2) Then md? ~ Vect(S') ® R[n]/n? is generated by the

d—1—k
L = —g0)d, — Y gV

i=1
d—i—k

1 1 |
x| S0+ - ; 00y, | g €CP(SY) (5.23)

k=0,....d — 1, with commutators [Zg(i),.,fh(j)] = féf;__jgh, ifi+j<d-1,
0 else.

Proof Let X = — ( Folto)d, + X! ﬁ(t)a,,.) ® Id + ef](1) ® Ay : a set of
necessary and sufficient conditions for X to be in md? has been given before Lemma
5.3, namely
0, fj =0ifi > j,
(1+e(d—1)) fo (o) = 9y, fi(to, 1) +e(d=2) fo (o) = ... = By, fu—1(to, - - - ta=1)
and
atoﬁ:aflﬁ-'rl:---:atdfif]fd—l (121,,d—1)

Solving successively these equations yields

filtor. .o t5) = (L +ei) fl(t0) . 1 + Mo, ... tim)). i =1 (5.24)

ti—1
FWGo. . timy) = 8, f00) - i+ (1) £ (1) / ndt; 1+ [P, .. 1i):
0

(5.25)
At the next step, the relation 9, f> = 9y, f3 yields the equation

(14 28) £y (10) - 12 + (A" (o) - 11 + 21+ &) £y (20) - 11 + (f3™) (ko)

= (L+ &) f'(t0) - 12 + 0, £ (10, 11)

which has no solution as soon as ¢ # 0 and f;’ # 0. So, as we mentioned without
proof before the theorem, the most interesting case is ¢ = 0 when d > 4.

The previous computations completely solve the cases d = 2 and d = 3. So let
us suppose thatd > 4 and ¢ = 0.
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Then, by solving the next equations, one sees by induction that fy,..., fa—

may be expressed in terms of d arbitrary functions of 7y, namely, fo, =

0[0], 1[1], 2[2], e d[‘:l], and that generators satisfying fi[” = 0 foreveryi # k,

k fixed, are necessarily of the form

d—1—k

k
B + Y gerjton 1)y,
j=1

for functions gy 4 ; that may be expressed in terms of fk[k] and its derivatives.

One may then easily check that .# (];)[k] is of this form and satisfies the conditions
"k

for being in maf, so we have proved that the f}k), k=0,....d—1, f e C®(S",
generate mbf.

All there remains to be done is to check for commutators. Since .Zj(,i) is
homogeneous of degree —i for the Euler-type operator ZZ;(I) k0, , one necessarily
has [f;vi),fg(j )] = £t for a certain function C (depending on f and g)

C(f8)
of the time-coordinate #y. One gets immediately [,2”(-0 ),fg(o) | =2 O . Next

) ) f'e—rg
(supposing [ > 0), since
-1
L0 = =3 EXNg)d,, — (&' (to)ty + F(to.....1-1))dy + ..
i=0
where E(g),i =0,...,] — 1 do not depend on #;, and

L0 = —h(to)d, + ...,

one gets [.,fg(o),fh(”] = (gh’ — g'h)(1%)d, + ..., so [.,iﬁg(o),,flf”] = o0

> . g'h—gh’*
Considering now k, ! > 0, then one has
-1
L8 == " ENQ,,, — (W)t + Ff (o, ... 1)y,
i=0
where Elk (g),i =0,...,] —1,donot depend on ¢;, and a similar formula for .Zh([),
which give together the right formula for [.,ng(k), fh([)]. O

Let us come back to the original motivation, that is, finding new representations
of 5v arising in a geometric context. Denote by d >? the realization of sv given in
Theorem 5.2.

Definition 5.4. Let d 7V be the infinitesimal representation of sv on the space
AV ~ (C*(R?))? with coordinates 7, 7, defined by
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—1

a2 = (~fon -3 100 st 0w -2 (5.26)
0
1 010 1 001
+=f"re| o1 |+-f"Or*e| 00| (5.27)
2 0 4 0

010 001
dp @) = —f(1)d, @Id+ /(1) ® ( 0 1) + " ()r ® ( 0 0); (5.28)
0 0

001
dp(y) = f(1) ® ( 0 o) : (5.29)
0

Proposition 5.5. For every X € sv, dnV(X)oV —Vodn®0(X) = 0.

Proof. Let X € sv; putd (X)) = —(fo(1)d, + fi(t,7)d, + fo(t,7,0)d¢) ®Id—
1

, 1
fi@)® 5
0

The computations preceding Lemma 5.3 prove that [dz®0(X),VI] =
A(X)V?, A(X) being the upper-triangular, multi-diagonal matrix defined by

A(X)oo = ¢ fo, A(X)o1 = 0rfo, A(X)o2 = 0 fo.

. 010\ 001
ALy =20 o1 [+ /"o ool
0 0

010 001
A%) =g’(r>( 0 1) +rg”(r>( oo),
0 0

001
A(AMy) = f’(t)®( 00).
0

Hence the result. O

Hence one has

and
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Remark. Consider the affine space

8o &1 &2
AT =1V + 2081 | 180,81,8 € C®(S' x RY)}.

80
Then one may define an infinitesimal left-and-right action do of sv on %”éff by
putting

do(X)(V+V)=da"(X)o(V+V)=(V+V)oda®(X),

but the action is simply linear this time, since d7¥ o V = V o d739(X). So this
action is not very interesting and doesn’t give anything new.

5.3 Coinduced Representations of sv

We shall generalize in this paragraph this second type of representations to the case
of sv. Note that although we have two natural graduations on sv, the one given by
the structure of Cartan prolongation is most useful here since sv_; is commutative
(see [2]).

Let dp be a representation of svy = (Ly, Y% , M) into a vector space .7Z;. Then
dp can be trivially extended to sby = @;>50; by setting dp(D_,_,5v;) = 0. Let
fsb = @;>_15v; C sv be the subalgebra of *formal’ vector fields: in the vector field
representation d7, the image of fsv is the subset of vector fields that are polynomial
in the time coordinate.

Let us now define the representation of fsv coinduced from dp.

Definition 5.6 (coinduced representations). The p-formal density module (A,
d p) is the coinduced module

A, = Homy (s, )( (fs0), ;) (5.30)
={¢ : % (fsv) — A, linear | $(UoV) = dp(Up).¢(V),
U € |% (s0)|V € U (fsv)}} (5.31)

with the natural action of % (fsv) on the right

dpU).p)(V) = p(VU), U,V € %(fsv). (5.32)

By Poincaré-Birkhoff-Witt’s theorem (see for instance [16] or [60]), this space
can be identified with
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Hom(% (sv+.) \ % (fsv), .7;) ~ Hom(Sym(sv—,), 7)

(linear maps from the symmetric algebra on sv_; into .77;), and this last space is in
turn isomorphic with the space 77, ® R[[t,r, {]] of JZ,-valued functions of ¢,r,{,
through the application

7, @ R[[t, r,{]] — Hom(Sym(sv_;), 7,) (5.33)
F(t,r,8) — ¢r : (U = 9y Fli=0,r=0¢=0) (5.34)

where dy stands for the product derivative d,; i« . = (—9,)7 (—0,)* (—3;)1 (note
—1 1 0
-2

our choice of signs!).

We shall really be interested in the action of fsb on functions F(z,r, {) that we
shall denote by do,, or do for short.

The above morphisms allow one to compute the action of fsv on monomials
through the equality

8/ ok oL
(f r ) 2o moc=o(do(X).F) =

(_1)j+k+l

e @A@Y, M)

JUEL T
(5.35)
(= 1yi R .
W"SF(L—lY_%MoX), X efsv.
(5.36)
In particular,

8] 3 9 li=0.r=0.¢=0(do (L—1). F) = =3 1359} =0, —0.¢=0 F

sodo(L—y).F = —0, F; similarly, do(Y_%).F = —0,F and do(My).F = —0; F.
‘So one may assume that X € svi: by the Poincaré-Birkhoff-Witt theorem,
L7, Y¥ M!X can be rewritten as U + V with
2

U € sv-0% (fsv)
and
V =W, Vi € %(500), V, e %(50_1).

Then ¢r(U) = 0 by definition of ji;j,, and ¢ (V) may easily be computed as
dr(V) = dp(V1) ® v, |i=0.r=0¢=0F -

Theorem 5.3. Let f € R[t], the coinduced representation d p of sv is given by the
action of the following matrix differential operators on functions:
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dp(Z) = (—f(r)a, 1w, - if"(l)rzag) ®1dy, + f(1)dp(Lo)
5 £ Ordp(Yy) + 4 O dp(My: (537

dp(@y) = (~fO)d, — f1(Orde)®Tdy, + 1 (O)dp(Y)+ 1" (O)r dp(M)): (5.38)
dp(My) = —f(1)d @ 1dog, + /(1) dp(M)). (5.39)

Proof. One easily checks that these formulas define a representation of fsv. Since

(L—y, Y_%, My, Lo, Ly, L,) generated fsv as a Lie algebra, it is sufficient to check

the above formulas for Ly, L, L, (they are obviously correct for L_;, Y_ 1 My).
Note first that M, is central in fsv, so

3:(do(X).F) = do(X).(3, F).

Hence it will be enough to compute the action on monomials of the form ¢/ ® v,
v e .

We shall give a detailed proof since the computations in % (fsv) are rather
involved.

Let us first compute do (L) : one has

(—01) (—=0,)"1=0.=0(do (Lo).F)
= ¢F(L]_1Yf% LO)

= (PF(LJ_ILOYE - ELJ_IYE%)

= gr(LoLl YA — (G + DL vy
= oty (o) =+ H-ay ot | Fo
SO 1
do(Ly) = —t1d, — 5rd +dp(Lo).
Next,

. . . Kk —1) .
R R R A )

= ¢ ((=2LoLy" + G = DL ) YA ) = ko (vy L2 viT)
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_ k(k —1
+jk¢<L’_11Yf%)+ (2 )

¢ (Lf; lYf;zMo)
= [(—Zj)(—f?r)k(—3t)j_ldP(L0) +j( = D=0 (=) !

—e(=0,) (=0,) " dp(Yy) + jh(=0,) (=)

k(k—1 :
S Dacay a2 Fo
hence the result for do (L1).
Finally,
A , 3. _ k(k—1) ; -
¢ (L’_lYf%Lz) =¢ (L’_leYfé —SkLL Yy Yot 43 3 L’_lMlYféz)

= ¢ ((-3/LLIT 43 (=D Ll = G- D G- L) YE, )
3 . i—1 _ PN j—2
- Sk (=257  LITYRT 4 G = DLIPYE)

3 T A
+ Skik =g (MlLf_lYff - JMoLf_llYff)
2 2

= [ (37 =Ddp(Lo)(=3:)) 7= j(j =1 (i =2)(=8:) ) (=8,)*
3 . .
— Sk (=27dp(r) (077 (=0 4 G =D (0 =0,)Y)
+ %k(k_l)(dp(Ml)(_at)j(_ar)k_2+j 35(—3t)j_1(—3r)k_2)}
x F(0).
Hence
3 35 3.5 2 35 35
do(Ly) = —t0; — Et ro, — Etr dc +3t°dp(Lo) + Et r dp(Y%) + 37 dp(M,).

O

Remark. The formulas for the coinduced representation may be generalized to the
family of deformed Lie algebras sv, (see Sect. 2.1). Let us simply state the results:

Theorem 5.4. Let f € R[t], the coinduced representation d p. of sv. is given by
the action of the following matrix differential operators on functions:
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42y) = (~F 08 =5 10t = of 060~ 510 ) 1,

FOdp(Lo) + 1 fOrdp(Yy)

(St et ) oo (5.40)

ABE)) = (~f 08, — 1)) @1, + £ (1)dp(Y)) + 1 (0)r dp(M):
(5.41)
dp(My) = —f(1)d ® 1dy, + ['(t) dp(M)). (5.42)

5.4 Examples of Coinduced Representations

The Schrodinger—Virasoro Lie algebra is shown in various places in the present
work to act on the space of solutions of several partial differential equations: multi-
diagonal differential operators (see Sect.5.2); more interestingly, Schrodinger or
Dirac operators (see Chap. 8). The action on Schrddinger operators is actually
derived in a very straightforward way from that of the vector field representation
dm, (see Introduction) on functions.

All these representations are instances of coinduced representations. This is
also the case for the Harish-Chandra modules of the intermediate series studied
in [81]. On the other hand, looking for representations which are not coinduced
representations (leaving aside of course the Verma modules of Chap. 4, see
introduction to Sect. 5.3), one encounters the coadjoint representation of Chap. 3.
This is actually the only example we know.

Let us show how all these examples fit (or do not fit) inside the general theory.

Example 3. Take 57, = R, dpy(Lo) = —A, dpA(Y%) =dpy(M;) =0 (A € R).
Then d p, = dn; (see Introduction for a definition of the vector field representation
dmy).

Example 4. The linear part of the infinitesimal action on the affine space of
Schrodinger operators (see Chap. 8) is given by the restriction of d p—; to functions
of the type go(1)r* + g1(t)r + g2(2).

Example 5. Take A, = B2, dpy(Lo) = (1/ 4 1 /4) — A, dpa(Yy) =
10

of Dirac operators, see Sect. 8.3, is equal to d p; (up to a Laplace transform in the
mass).

— (0 O), dp; (M) = 0. Then the infinitesimal action dzj on the affine space
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Example 6. (action on multi-diagonal matrix differential operators) Take /7, = R3,

-1
dp(Ly) = —% , d,o(Y%) = dp(M;) = 0 on the one hand;
0
- 010
Ao =R dp(Lo) = | —- | dp(¥p=| 01
0 0
001
and dp(M,) = 00 | on the other. Then d7®? = dpand dn¥ = d& (see
0

Sect.5.2).

Counterexample. The coadjoint representation is not a coinduced representation, as
follows easily by comparing the formulas for the action of the ¥ and M generators
of Theorem 3.1 and Theorem 5.3: the second derivative f” does not appear in
ad* (Y ), while it does in d p(Y ) for any representation p such that dp(M,) # 0; if
dp(M;) = 0, then, on the contrary, there’s no way to account for the first derivative
Sf/inad*(My).

Remark. The problem of classifying all coinduced representations is hence reduced
to the problem of classifying the representations dp of the Lie algebra (L, Y 1 My).
This is a priori an intractable problem (due to the non-semi-simplicity of this
Lie algebra), even if one is satisfied with finite-dimensional representations. An
interesting class of examples (to which examples 1 through 4 belong) is provided
by extending a (finite-dimensional, say) representation dp of the (ax + b)-type
Lie algebra (Lo, Y%) to (Lo, Y%,Ml) by putting dp(M;) = dp(Y%)z. In particular,
one may consider the spin s-representation do of s[(2, R), restrict it to the Borel
subalgebra considered as (Lo, Y%), ‘twist’ it by putting do* := do + Ald and
extend it to (Lo, Y% , M) as we just explained.



Chapter 6
Vertex Representations

Two-dimensional conformal field theory — as explained in the Introduction — is a
language introduced by A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov in
the 1980s to describe the interactions between the physically relevant quantities of
models at equilibrium and at the critical temperature. It rests fundamentally on the
assumption that these interactions are invariant under conformal transformations.
In two dimensions, this is translated into the following axioms for a vertex algebra,
extending the Wightman axioms [110] (see [64] for a thorough introduction to vertex
algebras):

1. Following the usual framework of quantum statistical physics, correlations are
evaluated in terms of vacuum state expectations,

(X1(x1) . Xu(x0)) = (01X (x1) ... X, (x)]0), (6.1)

where X 1(x1), .. .,Xn(xn) are quantum operators, and |0) is a vacuum state
belonging to a Fock space.

2. The physically relevant quantities may be rewritten in terms of tensor products
X(2)®Y (z), where X (z) = >, ez Xuz ", tesp. Y (z) = >, ez YnZ " are chiral
operators, resp. anti-chiral operators, depending only on z, resp. z. Then the
causality property for chiral operators translates into a commutation relation
[X1(z), X»(Z)] = 0 for z # Z, while chiral operators commute with anti-chiral
operators.

3. The above support hypothesis for the Lie bracket of the operator-valued distribu-
tions X 1 )22 may be rewritten as a finite sum

N
[X1(2), X2()] = Y ()" Nz —2), (6.2)

n=1

in terms of derivatives of the §-function. Equivalently, the following operator
product expansion (OPE for short) holds:

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 75
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_6,
© Springer-Verlag Berlin Heidelberg 2012
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— B,

X1 X&) ~ Y —— 6.3)

n=1 ( )
where the symbol “~” means: up to O|,_|—o(1).

4. The two Virasoro algebras, vit = (L,,n € Z) and vit = (L,,n € Z) act on
the Fock space; the central generator acts as a constant, ¢, called the central
charge. The generators L_i, Lo, L;, corresponding to the finite subalgebra
5[(2, R) which generates projective conformal transformations, leave invariant
the vacuum state |0). Hence n-point functions (X (x;) ... X,(x,)) are invariant
under projective conformal transformations. This fixes already (up to a constant)
the value of two- and three-point functions, as explained in Sect. 2.4.

5. Chiral operators belong to the algebra generated by primary operators, i.e. chiral
operators whose commutation relations with viv define a tensor-density repre-
sentation as in Chap. 1. To be precise, a primary operator X = > X,z
has conformal weight p if its components satisfy the commutation relations
[Ly, Xm] = ((u—1Dn— m)X,H_m, or equivalently, if they generate the tensor-
density module .% ,_;. Note that the Virasoro field L(z) = Y., L,z "% is not a
primary field unless ¢ = 0.

Primary fields in conformal field theory are usually constructed by means of
creation and annihilation operators, or by means of vertex operators e/ @ where the
primary operator a is the derivative of the free boson,! with OPE a(z)a(w) ~ ﬁ
This holds true in particular — after suitable generalizations though — for the primary
operators corresponding to the famous unitary minimal models which describe a
number of physical systems at criticality (see Preface).

Let us consider now the case of a physical theory which would be invariant under
the action of the Schrddinger—Virasoro group. Then the previous constructions may

be generalized, with the following modifications:

1. The couple of variables (z, 7) disappear in favor of a single variable  representing
the time coordinate, playing the same role as z in conformal field theory, so fields
are automatically chiral. OPEs are written by considering Laurent series in the
time coordinate.

2. Primary operators are assumed to behave covariantly under a coinduced repre-
sentation of sv, or more precisely 50 D sb (see below).

3. The vacuum state must be invariant under the Schrodinger group. The associated
covariance of correlators still fixes two-point functions, but leaves one undeter-
mined scaling function for three-point functions, as explained in Sect. 2.4.

It turns out to be difficult to find primary operators X with fixed mass ., i.e.
such that [My, X(¢)] = —.# X(t). On the other hand, using a Laplace transform

'Mind that some authors call free boson the field [ a — whose logarithmic covariance is a Green
kernel for the two-dimensional Laplacian —, others its derivative a, because it is primary, contrary
to [a.
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with respect to the mass (see Preface and Introduction) so that formally .# ~> 9/0;,
one finds primary operators that are polynomial in {. However, as noted in
Appendix A, considering ¢ as an independent coordinate releases constraints on n-
point functions due to covariance under the finite-dimensional Schrédinger group,
which is bothersome. Hence it is natural to assume covariance under the generator
Ny in the Cartan subalgebra of conf(3), which writes in the representation by
conformal transformations —rd, — 2{d; (see Sect. 2.2). Considering the brackets of
this new vector field with the generators of sv in their Fourier vector-field realization
(see formulas at the end of the Introduction) leads to an extended Lie algebra sv
which is introduced below.

Here is a summary of the most important results of the chapter.

We introduce the extended Schrodinger—Virasoro algebra in Sect. 6.1. It contains
a new current N(z) which has conformal weight 1, i.e. whose components behave
as functions in .%. This new algebra has three independent central extensions,
including the natural extension of the Virasoro cocycle, and the natural extension
of the usual cocycle of .%, which turns N(z) into the derivative of a free boson.

We construct a Schrodinger—Virasoro field and Schrodinger—Virasoro primary
fields (defined in Sect. 6.2) in Sect. 6.3, out of the derivative of a free boson a,
and a pair of charged symplectic bosons (5+, E‘). For this reason we call this
construction the ab-model. These primary fields @, polynomial in a and b, and
are called polynomial fields; the generalized polynomial fields ,®; y also include a
vertex operator e*/a We compute their two- and three-point functions in Sect. 6.4.
The correlators are polynomial in the dual coordinate {. Hence, after an inverse
Fourier transform, they define singular non-massive fields, which is unsatisfactory
from a physical point of view.

Finally, we write out in Sect. 6.5 a conjectural construction of massive fields as
an analytic continuation of series of polynomial or generalized polynomial fields,
whose two-point and (in one case at least) three-point functions are shown to be
those of a Schrodinger-covariant massive field.

Some tensor-invariant computations (see Sect. 2.4) are collected in Appendix A.

This chapter is adapted from [114].

6.1 On the Extended Schrodinger—Virasoro Lie Algebra sv
and its Coinduced Representations

As is known from Chap. 2 (the ‘no-go’ theorem), there is no ‘reasonable’ Lie algebra
including both the extension of the Schrodinger algebra sch by the conformal
algebra conf(3) and the extension of sch to the Schrodinger—Virasoro algebra sv.
Yet sb may be extended by adding to the currents (%, .#) another current .4/
whose component Ny (see Sect. 2.2) comes from conf(3). This extra generator is
known to fix the two-point function for Schrédinger-covariant fields in the Laplace-
transformed coordinates (¢, r, £), see Appendix to Chap. 11. It turns out that the
covariance under the N -current for (quantized) primary fields is a reasonable addi-
tional requirement (in our construction, Ny simply counts the charge of the states).
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The definition of the extended Schrédinger—Virasoro Lie algebra sv is rather
straightforward.

Definition 6.1 (extended Schrodinger algebra). o
Let sch D sch be the semi-direct product Lie algebra sch >~ (Ny) x sch, where
Ny acts as a derivation on sch, namely,

[N()vLO,:l:l] = Os [NOst:%] = Yj:%v [N()vMO] = 2M0 (64)
One obtains thus a 7-dimensional maximal parabolic Lie subalgebra of conf; (see
[54D).

Definition 6.2 (extended Schrodinger—Virasoro Lie algebra).
Let 50 D sv be the (abstract) Lie algebra generated by L,, M, N, (n € Z) and
Y, (m € % + Z) with the following additional brackets:

[Li,Np] = =pNugp, [Na. Ny =0, [Ny, Yyl =Yusp, [N, Mp]=2M, 4+, (6.5)

Note that the N,,, n € Z, may be interpreted as a second L-conformal current with
conformal weight 1.

Lemma 6.3. /. Let
1
h:<Ym|me§+Z>€B(Mp|peZ) (6.6)
and

h=(N,|neZ) . 6.7)

Then b and 6 are Lie subalgebras of v and one has the following double semi-
direct product structure:

h=(N,|neZ)xh, 50=Vect(S')xh. (6.8)

The Lie algebra 6 is solvable.

The Lie algebra sch = (Ny) x scb is a maximal Lie subalgebra of 0.

3. The Lie algebra sv has three independent classes of central extensions given by
the cocycles

o

1
C1 (LI‘H Lm) = En(nz - 1)8n+m,0; (69)
CZ(an Nm) = n8n+m,0; (610)
¢3(Lu, Ni) = 18, 1m0 (6.11)

(the zero components of the cocycles have been omitted).

Proof. Points 1 and 2 are straightforward. Let us turn to the proof of point 3 (see
introduction to Chap. 7 for prerequisites on cohomology if needed).
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The Lie subalgebra sv is known (see [50] or Chap. 7) to have only one class
of central extensions given by the multiples of the Virasoro cocycle cy; it extends
straightforwardly by zero to sb. Then any central cocycle ¢ of sb which is non-
trivial on the N -generators may be decomposed by Ly-homogeneity (see [43]) into
the following components

C(Nmy Np):am8m+p,07 C(va Mp) = bm5m+p,07 C(Lmv Np):Cm5m+p,0 (612)

The b,, are easily seen to vanish by applying the Jacobi relation to [N,, [V, Y]]
where n +m + p = 0. The same relation applied to [L,, [N, N,]], respectively
[Lu.[Lm. N,]l, yields pa,, = ma,, viz. (n + m)(c, — ¢y) = (n — m)cy4m, hence
a, = km and ¢,, = am?+ Bm for some coefficients «, , B. The coefficient 8 may
be set to zero by adding a constant to Ny. Finally, the two remaining cocycles are
easily seen to be non-trivial and independent. O

Definition 6.4. Let sv.,, be the central extension of sv corresponding to the
cocycle ccy + K¢y + acs, i.e. such that

1
[Ly. L] = (n —m)Lyym + Ecn(n2 — D8tmo; (6.13)

[Ny, Nl = kn8pmo: [Ln. Nl = —=mNygm + an’8,smo. (6.14)

The Lie algebra sv is provided with a graduation § (extending 8, for sv, see
Definition 2.3) defined by

8(Ly) =nL,, §(N,) =nN,, §(Ynn) = (m - %) Yo,
S(My,) = @n—1)M, (n eZ,me % + Z) (6.15)

Note that § = ad(—3 No — Lo) = —3[No..] — [Lo. .].
Setsv, = {X €50 |8(X) =nX} = (Ln,Nn,YH%,M,,H) forn =0,1,2,...
and sv_; = (L_;,Y_1, My). Note that we choose to exclude N_; from sv_;

2 —~
although 6(N—;) = —N_;. Then fsv := @,>_50, is a Lie subalgebra of sv. The
subspace sb_; is commutative and the Lie subalgebra suy := {X € sv | §(X) = 0}
is a double extension of the commutative Lie algebra (Y’ L M) = R? by Ly and Ny

as follows:
509 = ((Lo) ® (No)) x (Y1, M1) = (No) x 500 (6.16)

Namely, one has
1
[Lo, Y%] = _EY%s (Lo, M\] = —M;;

[No. Lo] = 0. [No, Y1] = Y1. [No, My] = 2M,. (6.17)
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Note that Ny acts by conjugation as —2L¢ on sb. Also, the adjoint action of st
preserves sb_j, so that 0y @ s0v_; = §bj X 50_ is a Lie algebra too. Actually, fsv
appears to be the Cartan prolongation of svy x s0_; (see Sect. 5.1): if one realizes
50) X 50_ as the following polynomial vector fields >

Loy =, Y.y = —d,, My=—0, (6.18)

1

2
1

Lo=—10, — Era,., Ny = —ro, —2;3;, Y% = —t0, —ra;, M, = —t3§ (6.19)

then the Lie algebra sv_; @ sby @ sv; @ ... defined inductively by
sv, (= {2 € P, |[Z,504] Cs0,}, n=1 (6.20)
(where &, stands for the vector space of homogeneous polynomial vector fields

on R3 of degree n + 1) defines a vector field realization of fsb which extends
straightforwardly into a representation of sv. Namely, let f € C[¢,7™"]: then

L =~ F W~ 5 1 Oy — O 6.21)
JVf =—f(t)(rd, + 2@'3;) — %f’(t)rzag (6.22)
gf = —f(t)ar — f/(t)rf); (6.23)
My = —f)0; (6.24)

One recognizes the extension to sv of the vector field representation d7 of
Chap. 1. ~

Let us now give the coinduced representations of jsv. The work was done in
Chap. 5 for the Lie algebra sv. The generalization to sb is only a matter of easy
computations. Hence we merely recall the definition and give the results.

Let p be a representation of svg = ({Lo) & (Np)) x (Y%, M) into a vector space
#€,. Then p can be trivially extended to 50 = @;>05b; by setting p(}_,_,50;) =
0. Standard examples are provided:

(i) either by choosing a representation p of the (ax + b)-Lie algebra (L, Y% ) and
extending it to 5b, by setting

p(No) = =2p(Lo) + nld (1 € ). p(My1) = Cp(Y1)* (C € R): (6.25)

Note that this realization was originally obtained in [54], where the generator denoted by N
(reintroduced in Chap. 11) coincides with Ly — % = —td, + {0;.
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(ii) or by choosing a representation p of the (ax + b)-Lie algebra (Lg, M) and
extending it to 5b, by setting

p(No) = =2p(Lo) + pld (e € R),  p(Y1) = 0. (6.26)

Actually, one may show easily that finite-dimensional indecomposable represen-
tations of (L, Y% ) or (Lgy, M) are given (up to the addition of a constant to L) by

restricting any finite-dimensional representation of sl(2, R) to its Borel subalgebra
(i.e. to strictly upper-triangular matrices). (On the other hand, the classification
of all indecomposable finite-dimensional representations of sv is probably a very
difficult task).

It happens so that all examples considered in this monograph are obtained as in
(1) or (ii). ~

One may now realized the coinduced module (%;j), p) = Homy ) (% (fsv),
;) (see Theorem 5.3 for more details) in the following explicit way.

Theorem 6.1. The p-action of fsv on the coinduced module f%;j) is isomorphic to
the action of the following matrix differential operators on functions:

52 = (~F 08 = 31 0t = 11" ) ©1as,
1 Op(Lo) + 5 1Oy + 4 1O p(My);
1
FA) = (000, + 2000 = 3 10F ) @ T + S0P

1@+ (37708 42670 ) o)

By) = (=100, — £/ ()rde) ® 1ds, + 1/Op(Yy) + £/ p(M);
Bt) = — (0 ® 1dy, + £1(0) p(M)). (6.27)

It may be extended into a representation of 50 by simply extrapolating the above
formulas to f € R[t,t71].

The representations of sb thus obtained will be called coinduced representations.

6.2 The Schrodinger—Virasoro Primary Fields
and the Superfield Interpretation of sv

Just as conformal fields are given by quantizing density modules in the Virasoro
representation theory, we shall define in this section sv-primary fields by quantizing
the coinduced representations p introduced in the previous section.
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6.2.1 Definition of the Schrodinger-Virasoro Primary Fields

Our fundamental hypothesis is that correlators of sv-primary fields (®; (t1, 71, 1) - ..
@, (t,, rn, ¢y)) should be singular only when some of the time coordinates coincide;
this is confirmed by the computations of two- and three-point functions for scalar
massive Schrodinger-covariant fields (see [50] or [54], or also Appendix, Chap. 12).
Hence one is led to the following assumption:

A sv-primary field @ (¢, r, {) may be written as

B(.r.b) =Y OV (. r.0ep (6.28)
w

SV (1, 0) =Y dWE1 )t (6.29)
§

where £ varies in a denumerable set of real values which is bounded below (so that it
is possible to multiply two such formal series) and stable with respect to translations
by positive integers. It may have been more logical to decompose further @4 (¢, ¢)
as Y, ®WE9(1)¢0, as we shall occasionally do (see Sect. 6.3.2), but this leads to
unnecessarily complicated notations and turns out to be mostly counter-productive.
In any case, @£ (¢, ) is to be seen as a {-indexed quantum field in the variable ¢,
the latter playing the same role as the complex variable z of conformal field theory,
implying the possibility of defining normal ordering, operator product expansions
and so on. Note that the Z,-components of the field @ are written systematically
inside parentheses in order to avoid any possible confusion with other indices.

Suppose now that sb (or any of its central extensions) acts on @ by the coinduced
representation p of Theorem 6.1. This action decomposes naturally as an action on
each field component @ W€ as follows (where Einstein’s summation convention is
implied):

§

[Lyn, @W5(2,0)] = — " 19,041, ¢) — S m+ Dem@WE (1, ¢)

1
- Dmt™ 19,572
+ (m + D" p(Lo) @4 (1, 0)
1
+50m+ Dmt™! p(Y%)ff@(”)’E_l(Z, 0)

+ %(m + Dm(n — D" 2p(M)E@YE72(1,0); - (6.30)
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[N @41, 0)] = = 1§ +200) PV (1. ) = Ta" 30U 1. )

+ 1" p(No)y @M (1, ¢) + mtm_lp(Y%)’v‘@(””g_l(h 9)

m(m2 ) = Zp(Ml)CL@(V),E—Z(t’é-)
+2mt" " ep(M)E @ (1, 8); (6.31)

¥ @51, ) = =14 (5 + DOV (1.0 - (m + %) ("0 (1)

+(m3) ooy
+ (m + é) (m - %) ML (10 (632)

(M, @005(2,0)] = =179 @W(1,0) + mt" ™ p(M) @4 (1,0). (6.33)

In order to define sv,. . ,-primary fields, one needs first the following assumption:
there exist four mutually local fields

L) =Y L2 Y@) = Y Y "2 M@) =Y My,

neZ neZ-i—% neZ

N@) =Y Ny

neZ

with the following OPE’s:

oL (tl) 2L(t) c/2
L(t1)L(t2) ~ G T € R (6.34)
so that L is a Virasoro field with central charge c;
3Y(t2) 2Y(12) 8M(t2) M(1)
L)Y (12) ~ oL LM~ ooy ©39
and M Iy
LN ~ 212y T, (6.36)

(h—1)?  (h—1)

sothat Y (resp. M) is an L-primary field with conformal weight 5 (resp. 1) and N is

primary with conformal weight 1 up to the term W due to the central extension;
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V) Ye) ~ o T Y M@) ~ 0. MO)M() ~0 (630
and
M Y
N(rl)M(t2)~2tl _(tt22)7 N(tl)Y(zz)Nt1 (_fzt)z’ N(n)N(tz)fvm

(6.38)
which all together yield in mode decomposition the centrally extended Lie algebra
50 k0-

We may now give the definition for a p-sv-primary field. Note that we leave aside
for the time being the essential condition which states that the values of the index &
should be bounded from below; we shall actually see in Sect. 6.3.2 that our free field
construction works only for fields @) =}, @4 r¢ such that @5 = 0 for all
negative indices &. For technical reasons that will be explained below, we shall also
define sv-primary fields and (Nyp) x so-primary fields.

In the following definition, we call (following [64]) mutually local fields
a set Xp,...,X, of operator-valued formal series in ¢ whose commutators
[Xi(t1), X (t2)] are distributions of finite order supported on the diagonal #; = f,. In
other words, the fields X, ..., X,, have meromorphic operator-product expansions
(OPE).

Definition 6.5 (primary fields).

1. (sv-primary fields)
Let p : svg — £ (5%,) be a finite-dimensional representation of svy = (L) X
(Y%,Ml). A p-sv-primary field @(t,r,{) = ZM @MW (t,r,L)e, is given (at least
in a formal sense) as an infinite series

<D(")(t, re) = Z @(M)f(t’ ;)ré
£

where & varies in a denumerable set of real values which is stable with
respect to integer translations, and the @£ (¢, ¢) are mutually local fields with
respect to the time variable — which are also mutually local with the sv-fields
L(t),Y(t), M(t) — with the following OPE:

DWW (15, 0) n (36)PWE(12,8) — p(Lo)y (12, 8)
h—b (1 —1)?
30,0215, 8) — p(YDE O (12, 0)
(1 — 1)?
2p(My)y V2 (1)
(t — t)*

L(t)@"E (1, ) ~

(6.39)
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(1+ 5" (1, 0)

Y(11)PWE (15, 0) ~

Hh—un
0@ (13, £) — p(Y1 ) DS (12, 0)
(11 — )?
2p(My)y @711y, )
3 6.40
(t1 — )3 (040
3 PWE (1., M)W (1,
M(t1)45(“)’5(t2, £) ~ ¢ . _522 9) _ p( l()l‘1 — 12)2( 2,8) (6.41)

2. ({No) x sv-primary fields) Let p : 509 = (No) X 509 — Z(J,) be a finite-
dimensional representation of 5v¢, and p be the restriction of p to svg. A p-{Ng) X
sv-primary field @(t, r, ) is a p-sv-primary field such that

[No. @15 (2, 0)] = (€ +2L3) W (2.8) — BN @4 (1,0).  (6.42)

3. (sv-primary fields) Let p : sby = (No) x s09 — £ (57,) be a finite-dimensional
representation of svy and £2 : %, — JZ, be a linear operator such that
[p(Lo), 2] = 2, [p(Y1), 2] = [p(M1), 2] = [p(No), 2] = 0. Then a (p, £2)-

sv-primary field is a p|sy,-sv-primary field @(z, r, {), local with N, such that

(§ + 280) @Y (12, §) — p(No)y @4 (12, §)

N @ (1.) ~ —
1=

1
0@, 8) = p(Y )y @O (12, 8) = 2p(M)y @ (1, §) — 272 (12, 0)

(1 —12)?

_p(M)y @21, )
(1 — 1)}

(6.43)

In the case £2 = 0, we shall simply say that @ is p-sb-primary.

Remark. Bear in mind that in these OPE and in all the following ones, { is
considered only as a parameter, as we mentioned earlier.

The operator §2 for sb-primary fields does not follow from the coinduction
method. However, it appears in all our examples, including for the superfield .Z
with components L, Y, M, N with the adjoint action of sv on itself (see Sect. 6.2.2
below).

Proposition 6.6. Suppose @ is a (p, §2)-sv-primary field. Then the adjoint action
of 50 on @ is given by the formulas of Theorem 6.1 except for the action of the
N -generators which are twisted as follows:
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AN ) = (=000, + 2600 = 5700 ) @1, + FWp(No

7@y + (37708 42670 ) p00) + /02 644

Proof. Straightforward computations. One may in particular check that the twisted
representation is indeed a representation of sv. |

Note that the usual conformal fields of weight A are a particular case of this
construction: they correspond to p-sv-conformal fields @ with only one component
& = &), commuting with A, %, .#, such that p is the one-dimensional
character given by p(Lg) = —A4, p(Ny) = p(Y%) = p(M;) =0.

6.2.2 A Superfield Interpretation

Similarly to the case of superconformal field theory (see [64], Sect. 5.9), one may
consider the fields L(¢), Y (¢), M(t), N(t) as four components of the same superfield
Z(t). To construct Z(t), we first need to go over to the ‘Heisenberg’ point of view
by setting

L(t,r,0) = M 3 L(rye b emtMo (6.45)

and similarly for Y, M, N, the quantum generators Y_ 1, Tesp. M corresponding to

the infinitesimal generators of space, resp. {-translations.
In the following, the sign d alone always indicates a derivative with respect to
time. Differences of coordinates are abbreviated as t1o, = t| — tp, Fio = 1 — I'2,

tn="0—-0.
Lemma 6.7. 1. The Heisenberg fields L,Y , N, M read

2
Ltr) = L) + %ram) n %BZM(Z);

Y(t,r)=Y(t)+roM();

M(t) = M(1);
N(t,r,) = N@t)—rY(t) — %ZE)M(Z) —2eM(2). (6.46)

2. Operator product expansions are given by the following formulas:

i, L(t2,72) n 2L(t2,15) — irlzarzf’(fz, r2)

L(n,m)L(ta, r2) ~ == 4 (6.47)
12 12
37 - S 3 M(t
TRy 4 2RI,
21, )
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oY (t2, 12) N 3Y (62, r2) — 311205, Y (2. 12) T2

L(t1.r)Y (ta,12) ~ _2"2 7).

ot~ 1 M
v i 0r, L (82, 3V(tar)  2raMt
Y(ti,r)L(t2, 12) ~ == 2, 72) + = (ZZFZ) _ r123 (2);

) 2t A
F v IM(t) M o M
L, r)M (1) ~ ®) 22), M (t1)L(t2, 12) ~ 52);
f2 4P tl2

- _ N (t2, 12, N(ty, 12, — 14150, N (t2, 12,
Lt r)N (1. 1. &) ~ (2 2§2)+ (2,72, 82) — 57120, N (12,12, )

2 th
1712284‘]\7(12,"2, &) |«
2 1 ty’
- - F20n Lty 1)) —3r12Y (t2,12) — 202 M (1)
N(t1,r1,§) L(t2,12) ~ (— 2t ( + 2 =
12 12

3 P ;
) P

+r122M(t2)) n N(t2,12.0)

Y (1. r)Y (62, 12) ~ , Y(t,r)M(12) ~ M (1) M (1) ~ 0;

oM () 2M ()
+ 2
t 1

1120,V (02,12) + Y (12,72)  2roM ()

3

N(t1,r1,8)Y (62, 12) ~

5} 1122

—Y (12, 12) n 2rpM (6)

’

Y (t1,r)N(t2,72,52) ~

12 1122

N(t1,r1, L) M (t2) ~ 2]‘;152), M (t))N (12,72, 2) ~

84‘21\7(12,"2, )
2 '

—(28120z, + 11205, N (t2, 72, £2)
5}

N(t1,r. 5N (62,12, 8) ~ (

173,04 N (t2, 72,
1 170 N ita. 1 éQZ)) + = (6.48)

2 2
2 I I

3. A field ® = ZM @We, is a (p, $2)-sv-primary field if and only if the following
relations hold (we omit the argument (t,, 12, 2) of the field @ in the right-hand
side of the equations):
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8,205(“) B lr123r2q§(u) B o(Lo) @™
2 2 th

L(t1,r)@ W (ta, 12, 5) ~

. %@+ rop(e @™ 342 (M)

; 6.49
1y 2 th (049
7 (1) 0,@%  ripde@W Py e
Y(tlvrl)¢M(Z25r25§2)N - 2 - 2
tin i I
2rp(My) D)
_,_M; (6.50)
%)
_ 9 @™ M) o™
M)W (12, 12, 8) ~ =2 LD ; (6.51)

5} l‘122

—(r120r, + 2£120,) @ — p(No)y @)
5}

N(t1,711,)@W (12,12, &2) ~

1
E”lzzaéz‘p(m+712P(Y%)IVL¢(V)+2§12P(M1)5¢’(”)+95¢’(V) ~ rZp(My)k o™

+
3 3
I i

(6.52)

Putting all this together, one gets:
Theorem 6.2. Setc =« = a = 0. Then:

(i) The four-dimensional field

Z(t,r,t) = t,r?) (6.53)

= El ~h

is p-sv-primary for the representation p defined by:

-2 0-3 00-10
Lo=| 2 (Y)= 2| =] °
IO 0)— _1 ’ p % - 0 ’ p 1)— 0
-1 0 0
(6.54)

(ii) It is not p — sv-primary.
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Proof. Straightforward computations. Note that p(M;) is proportional to ,o(Y% )2,
see the remarks preceding Theorem 6.1.

0
So what happened? Setting p(No) = B ) , one gets a representation

0
of svy = ((Lo) & (No)) X (Y%, M) and Z looks p — sv-primary, except for the

last term % in the above OPE N .L. Fortunately, a supplementary matrix £2 as in

12
Definition 6.5 (3) allows to take into account this term:

Theorem 6.3. Set ¢ = « = a = 0. Then Z is (p, $2)-sv-primary if one sets
000 -1
0
0
0

Q:

Proof. Straightforward computations.

6.3 Construction by U(1)-Currents or ab-Theory

Now that the definition of what is intended by sv-primary has been completed, we
proceed to give explicit examples. The rest of the article is devoted to the detailed
analysis of a vertex algebra constructed out of two bosons (called : ab-model)
containing a representation of sv and sv-primary fields of any L,-weight.

6.3.1 Definition of the sv-Fields

We shall use here a classical construction of current algebras given in all generality
in [64]. Let V. = V; @ V7 be a (finite-dimensional) super-vector space, with even
generators a’,i = 1,..., N for V and odd generators b+, b= i = 1,..., M for
Vi (supposed to be even-dimensional).

Definition 6.8. 1. The bosonic supercurrents associated with V (see [64],

Sect. 3.5) are the mutually local N bosonic fields a'(z) = Y.,z alz""!
and the 2M fermionic fields b+ (z) = 3,7 bz~ with the following

non-trivial OPE’s: .
o i
a' ()a’ (w) ~ (6.55)

— W)Z

iJj

i (A B Fd (1)
PE @D ) ~ E

(6.56)
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or equivalently, with the following non-trivial Lie brackets in mode decomposi-
tion o N
[l al)]— = n8" 8, gmo (6.57)

(b5 by 14 = 18" 8o (6.58)

2. The fermionic supercurrents associated with V' (see [64], Sects. 2.5 and 3.6) are
the mutually local N fermionic fields a'(z) = Y,z &Lz_”_% and the (2M)
bosonic fields b+ (z) = 3", .7 bt 2™"~1 with the following non-trivial OPE’s:

a'(z)a’ (w) ~ - :j

(6.59)

i.j

bE ()b (w) ~ iz(g (6.60)

-w
or equivalently, with the following non-trivial Lie brackets in mode decomposi-

tion
i

[@}.a],)+ = 8" 8utmo (6.61)

b, by 1= = 8™ 84 tmo. (6.62)

Remark. The bosonic supercurrents b+ (with unusual parity considering their half-
integer weight) are sometimes called symplectic bosons in the physical literature, see
for instance [12, 30].

Proposition 6.9. (see [64], Sects. 3.5 and 3.6) Consider the canonical Fock
realization of the superalgebra generated by a',b"* (obtained by requiring that
a', b=, i >0, vanish on the vacuum vector |0)). Then

(0]a'()a’ (w) | 0) =8 (z—w)2, (0] bF()bT7 (w) | 0) = £8™ (z—w)~2
(6.63)
and

(0]a @a’ w)|0)=87@—w)™" (0]bF @bT/(w)]0) = £87(z—w)".
(6.64)

One may build Virasoro fields out of these supercurrents, one for each type of
current:

L,(t) = % ca? i (t), Ly(t)=:btTh™ 1 (1) (6.65)

with central charge 1, viz. —2;

(:670b™ 1 (t1)—:b™0bT 1 (1)) (6.66)

N =

Lz(t) = —% Zﬁ(ac_l) : (l‘), LE(I) =

with central charge %, viz. —1.



6.3 Construction by U(1)-Currents or ab-Theory

91

For the appropriate Virasoro field, the bosonic supercurrents a',b' are primary
with conformal welght 1, while the fermionic supercurrents a bi’ are primary
with conformal welght 5. The simplest way to construct a Lie algebra isomorphic to

an appropriately centrally extended sv with these generating fields is the following:
Definition 6.10 (ab-theory).

Let V = V5@ V; with V5 = Ra and V; = Rb™ & Rb™. Then 509 —1 )-fields L,
N, Y, M may be defined as follows:

L = L, + L; with zero central charge; (6.67)

N =—:b%b™: with central charge — 1; (6.68)

Y =:abt:; (6.69)
1 -

M = 3 (bM)?*:. (6.70)

Let us first check explicitly that one retrieves the OPE (6.34), (6.35), (6.36),
(6.37), (6.38) with this definition:

&) abt (1) ~ 2: a(t1)5+(2t2) D2 ab™ : (th) 2:dab™ : (6)
(thh — 1) (th —12) h—rnt
- - bt (t)an) abt () :adbt ()
chtOb™ i (ty) rab™ (1) ~ ~ :
() 2™ )~ =y (t— 1)’ -1
- - b : :0bTa:
b0bT (1) abt (1) ~ — 00 A : | c9bTa: (1)
Hh—un nh—n
3
so L)Y (1) ~ 12 4 270
Similarly,
a: (1) (b)Y () ~0;
- _ 2:bF ()b 2:(bt)? bt
. b+3b_2(2‘1) . (b+)2:(1‘2) ~ (tl) (;2) ( ) (;2) (fz)’
(h — 1) (th — 1) h—n
abtht
thT0bT (1) () : (1) ~ —27@
11—

M)
h—n)?

M)

-t

so L(t))M(t2) ~
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Finally,
: . (b ()bt (1)
Y)Y () = :ab™ i (1) :ab™ : (1) ~ #
N c(bT)Y () | thTObT () 2M(n) | OM(n) 671)
(ll—lz)z Hh—=0n _(ll—l2)2 Hh—=0n '

and Y(¢1;)M(t;) ~ 0, M(t;)M(t;) ~ 0, so one is done for the sv-fields L,Y, M.

Then
1

N(t)N(tp) =: bth™: ) : b*h™ (1) ~ _m

(the terms of order one cancel each other);

20(bThT) () i bhtThT (1)

cbYObT i (t) bThT (1) ~

h—nh (th —12)?
B0bt (1) hYh (1) ~ — Ab*hT) () 1hTh (1)
. - U1) - -\ PR (ZI_ZZ)Z
hence L(t)N(t2) ~ %2 4 G finally,
Sir - Yt
NEDY(R) = = 54D (1) @b () ~ - (23
1—h
and | o
T+ - t
N@)M(t2) = =5 bTh™:(t) : (bT) i (1) ~ ﬁ
1—h

Definition 6.11. The constrained 3D-Dirac equation (or: constrained Dirac equa-
tion for short) is the set of following equations for a spinor field (¢, ¢,) =

((Pl(tv r, ;)’ ¢2(t7 T, é‘)) on R*:

0,0 = 0,9 (6.72)
8,¢>1 = 3g¢>o (6-73)
degp = 0. (6.74)

It is the same constrained Dirac equation as the one defined in Sect. 5.2. We shall
now quantize this sv-invariant classical equation, and show that quantized spinors
define a sv-primary field.

Theorem 6.4. 1. The space of solutions of the constrained 3D-Dirac equation is
in one-to-one correspondence with the space of triples (hy , hg’ , hy) of functions
of t only: a natural bijection may be obtained by setting
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2
Po(t.r.8) = (b (1) + Eh () + rha(0) + TS (1) (679)
o1 (t,r,0) = / hi(u) du + rhf (1) (6.76)
0
2. Put )
OO, r,8) = (b~ (1) + b (1)) + ra(t) + %azﬁm (6.77)
and
oV, r0) = (/ a) (1) + rbT (1) (6.78)
where _
/a = —Zan% +aglogt + my, [ag,mo] =1 (6.79)
n#0

oM
is a p-sv-primary field, where p is the two-dimensional character defined by

(0)
is the logarithmic bosonic field defined for instance in [19]. Then @ := (® )

1

p(Lo) = (‘5 0), p(No) = (1 0), p(Yy) = p(M) = 0. (6.80)

3. The two-point functions E€""(t;,r1,1:t2,72,8) = (0] @W(t;,r, L)
(t2,72,82) 10), w,v = 0, 1, are given by

2

wheret =t —ty, 1 =11 — 13,0 = {1 — (5.

Remark. The free boson [ a is not conformal in the usual sense since it contains a
logarithmic term, contrary to the vertex operators built as exponentials of [ a that
we shall use in the following sections. In this very particular case, one needs to
consider ag, 7y as a pair of usual annihilation/creation operators in order for the
scalar product (0| (/ a)(t1)([ a@)(t>) |0) to make sense, so that ao and 7o are adjoint
to each other. The usual definition of the void state |0) is different.

Proof. 1. Let (¢, ¥) be a solution of the constrained Dirac equation. Then 82y =
0;0:¢¥ = 0so
V(. r.8) = Yo(t) +ryn(). (6.82)
On the other hand, 3?(]5 = 0;0,% = 0,0:¢ = ¥y and 9,¢ = ;Yo + ro; Y1,
hence, by putting together everything,

2
P.r.5) = ") + YO+ YOr +YIOT. (683)
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Now one just needs to set iy = ¢, hf = ¢y and by = ¥,
2. This follows directly from Definition 6.5 once one has established the following
easy relations

- Pbt () 3 bt (1) bt (1)
+ ~ —
L{)ob™ (t2) h—n 2(th—n)?  (h—h) (689
- - b~ bt
NG (1) + 55+ () ~ ) (6.85)
N(t)a(n) ~0 (6.86)
r b™ () b+ (t2) b* (1)
+ ~ =
N(1)db™ () ~ 9y, (m — [2) P— + 0 (6.87)
V()30 + 85" 1) ~ 2 (6.88)
b+ (1) b* (1)
Y(t)a(t) ~ —n T oo (6.89)
Y()b* (1) ~ 0 (6.90)

together with the fact that b=, resp. a, are L-conformal with conformal weight %
(resp. 1).
3. Straightforward.

In particular, the classical constrained Dirac equation is sv-invariant, as already
pointed out in Sect. 5.2. Unfortunately, one can hardly say that this is an interesting
physical equation.

We give thereafter two other examples. They exhaust all possibilities of sb-
primary linear fields of this model and are only given for the sake of completeness.

Lemma 6.12. [. The trivial field bt (1) isa p-Schrodinger-conformal field, where
p is the one-dimensional character defined by

1
p(Lo) = — p(No) = =1, p(Y1) = p(My) = 0. (6.91)

The associated two-point function vanishes.
- - (0)
2. Put ®O(t,r,8) = a(t) + rob™ and ®V(t,r,{) = —b™. Then ® = (g(l)) is
a p-sv-primary field, where p is the two-dimensional representation defined by

1 —
oo =72 ) = (") = (5g) pom=o.
(6.92)
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The two-point functions of the field @ are given by

€0 =17, ¢ =" =" = (6.93)

Proof. 1. Straightforward.
2. Follows from preceding computations. O

6.3.2 Construction of the Generalized Polynomial Fields 9P ;

We shall introduce in this paragraph more general fields. Take any polynomial P =
P(b=,b",0b",a, [ a) where

[—n
(/ a) (1) = _ZG”T + aplogt + my, [ap, mo] =1 (6.94)
n#0

is the usual logarithmic bosonic field of conformal field theory from which vertex
operators are built. Since [b;, b;;] = 0if nm > 0 and similarly for the commutators
of any of the fields b=, b*,9b™, a, [ a, the normal ordering is commutative and the
field : P :is well defined.

Let us introduce first for convenience the following notation for the coefficients
of OPE of two mutually local fields.

Definition 6.13 (operator product expansions (OPE)). Let A, B be two mutually
local fields: their OPE is given as

— C
A BB~ Y % (6.95)

k=0 "12

for some fields Cy(¢), C1(¢), ..., C,(¢), ... which vanish for p large enough.
We shall denote by Ay B, k =0, 1,... the field Cy.

Theorem 6.5. Let P be any polynomial in the fields bE, 8b*, a and fa. Then
D 0P (lz)
12

. (%(5_35_ +B+35+) “+ %al;+aab_+ +aau + %3}61) P : ([2)

L(t): P : () ~

" 1

+Z (5+885+ + afaau) P : (1) n l: (8421 + 85,83};+)P 1 ()
t 2 t
12 12

(6.96)
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D (bt 054 + 06T g5 —b735-) P (1)
2
L (b+0y54 + 05-054) P : (82)
1
L (a,;,aa,;)P L (1)
12

N(t) : P(ty) : ~

(6.97)

(ad;_+0bT9,+bTd,) P : (bt 4+ 0- )P (1
Y(t): P: () ~ (a9 + +b7014) (t2)+( +05-07,) P 1 (12)

tio 1
10,07 P :
+bf@ (6.98)
5P
chTa_P (¢ 1:02 P:(t
M) : P: () ~ =P i) 1% ®2) (6.99)

3% 2 l122

Proof. Consider the monomial P = Pjy,, = (b7)/ (b)) (db*) a” ([ a)". Let us
compute L,y : P :, n > O first. Apart from the contribution of the logarithmic
field f a which has special properties, one may deduce the coefficient of the terms
of order tl_zl and t1_22 directly from general considerations (see [64]): the field

(b™)/ (b))% (0bT) a™ is quasiprimary with conformal weight <% + 3L 4 . The
2 2
contribution from the field f a reads

L(ty)): P:(t) ~ % ca? (t1) = Pjriooa™ (/ a) N (Z)

" Pjriooa™ ' ([ a)y"" (12)+n(”—1) : Pjriooa™ ([ a)""":(12)
30 2 1122

Pjriooa™ " (fa)"™ i (1) n
1

+ mn- (6.100)

in accordance with the Theorem. So, if we prove that L, : Pjrino : agree with
(6.96) for n > 2, we are done. One gets (leaving aside the poles of order 1 or 2)

% a’(n)a" (i) ~ %m(m — 1)(b_)j (b+)k(a€+)lam—2 : (1)
I

+ ... (double contraction);
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(b)Y (bHR @b e : (1)
1

% cbObT (1) (b (1) ~ 1

+ ... (simple contraction);

i(g_)j_l(5+)k_l(35+)’a’” 2 (1)
2 5

% cbYabT (1) (D) (D (1) ~

(double contraction);

x (BT T B @) e (1)

1 b ObT (1) (b)Y (BT (1) ~ 7y
2 Y3

(double contraction);

jk (7)Y 7O @b am (1)
2 3,

—% ShObT (1) (BT (BT (1) ~

(double contraction);

— .- s i (b)Y L (bR (9h T g -
L bt sy s Gy @B ¢ () ~ — LD T D@ T @)
2 2 2
(double contraction)

hence the result.
Let us consider now the OPE of N with P. The fields a and [a giving no
contribution, one may just as well assume that m = n = 0. Then

(k — j)(b™)/ (bH)k (@bt

2

B ) G GHEEEY - () ~ (

LG B 6 () :)

2
I

VL U G G S G0 S ) IO ) VA A W CLZA0 S )
+ 3 +Jl 3
4! 1y
adding the terms coming from a single contraction to the terms coming from a

double contraction. Hence the result. The OPE of M with P follows easily from
the same rules. Finally,
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Y(): P :(t) =:ab™ : (1) : (b7) (b (@b a™ (/ a)n : (1) (6.101)

5P

N (j (0TI @b @ ([ a)" - (1)

' (b)) (b @b am(f a)"" - (1)
2
o’ b () (b)) (b (bT) a" ' ([ a)" : (1) :>

3
I

(nj: (b)Y B @b ([ @) (1)

P}
)

+

(NP —=l LNk rar+N\ m— n .
Gt Lo @b a7 ([ a) -(’2)) (6.102)

3
)

(separating once more the terms coming from a single contraction from the terms
with a double contraction) hence (6.98). O

In any case, the sv-fields preserve this space of polynomial fields. The reason
why we chose not to include powers of db~ or da for instance, or higher
derivatives of the field T, will become clear in a moment. Take a p-Schrodinger-
conformal field ® = (W) « and suppose it has a formal expansion of the type
>e, @UE(1)rfe as in Sect.2.1, with o varying in a set of real values of the

same type as for &, while the @£ are polynomials in the variable f a, b* and
their derivatives of any order. Suppose ® W% £  for a negative value of £&. Then

Pws—lo 1
QUL = Y(O)—S = g(aag, + .. )pWETle (6.103)

hence @ "W-$~19 must include a monomial P ikimn With m strictly less than for all the
monomials in @£ But this argument can be repeated indefinitely, going down
one step § — £ — 1 at a time, and one ends with a contradiction if negative powers
of a are not allowed. The same goes for o since

@ w.§.0—1

1-. -
PUWET = M, = —bT b~ Wi, (6.104)
o

A moment’s thought proves then that if the @47 are to be polynomials,
then the indices & and o should be positive integers and all the terms @ ()£
may be obtained from the lowest degree component fields &0 by using
Definition 6.5; in particular, Y(5)®" = 9, @ and M o®™ = 9,®*): by applying
the operators Y(g) and Mg to @00 one retrieves the whole series @ =

Y= @i



6.3 Construction by U(1)-Currents or ab-Theory 99

Now @09 may contain neither powers of db* (otherwise Theorem 6.5 gives
L@ 00 =£ 0 and formula (6.39) proves that this is impossible) nor powers of a,
except, possibly, for fields of the type (l;+)k a (otherwise Theorem 6.5 shows that
Yoy@W00 £ 0 or Lpy@™W-00 £ 0 or L3 @W00 =£ 0, and this is contradictory
with formula (6.39) or (6.40)). Higher derivatives of the previous fields would
yield higher order singularities in the OPE with L for instance. Note also that
powers of [ a may be freely included under the previous conditions and entail no
supplementary constraint.

Hence (discarding fields such that @)-00 is linear in a, which are not very
interesting, as one sees by considering the rather trivial action of the sv-fields on
them and their disappointingly simple n-point functions), one is led to consider
the following family of fields, where we make use of the vertex operator V,, :=
expa [ a (o € R), see [19] for instance. Vertex operators are known to be primary;

with our normalization, V, is L-primary with conformal weight %-.

Definition 6.14 (polynomial fields).
Setfora € C, j,k =0,1,...

wbiu (@) =1 (b)Y (b)Y Ve 1 (1) (6.105)

and

Giu(t) = odju(t) =: (b)Y (B = (0). (6.106)

All these fields appear to be the lowest-degree component fields of p-sv-primary
fields. The operator p(Y%) is trivial if @ = 0; in the contrary case, p(M;) may

be expressed as a coefficient times (,o(Y% ))2, in accordance with the discussion
preceding Theorem 6.1. Since p is quite different according to whether o # 0 or
o = 0, and also for the sake of clarity, we will state two different theorems.

Theorem 6.6. (construction of the polynomial fields &; ;)

1. Set '
J
qs;f’,j*o(z,;) =y (’7) (b)Y TR (1) (6.107)

m=0

and define inductively a series of fields @;i)’g (n, & =0,1,2,...) by setting

1
U0 = =E 2 oW (1.0 (6.108)

and ]
U (10) = 5 (ady +0bT9) DV« (1.0) (6.109)

Then CDJ%) = 0foru > |j/2] (| .]| =entire part), and
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D= (DI opzripn. OYLEr.0) =Y @@ rf (6.110)
£>0

defines a p-(Ny) x sv-primary field, p being the representation of sv defined by

L/2
o(Lo) = — Id Z HE! (6.111)
L/2
p(No) = — | (k= DId+2>  uE! 6.112)
n=0

p(Y1) =0 (6.113)
Lj/2-1

o(My) = Z ElL, (6.114)
=0

where El is the (|j/2] + 1) x (|j/2] + 1) elementary matrix, with a single
coefficient 1 at the intersection of the ju-th line and the v-th row.

2. Set® = (45( &) ik=01... Then @ is a (p, $2)-sv-primary field if p, §2 are defined
as follows:

P(Lo)qj,('gz - ;kd%(o}
pYNPY =0; p(M)®Y) = ——J(J ~ Do,
PN = (j — k)@Y

Qo) = jko\? . (6.115)

Remark. 1. Both representations p are of course the same; the passage from the
first action on the qb,('i) to the action on @ is given by the relation

" .

dﬁj(.ffc) = (_5) jG=D...(j —2u+ 1)45(_21”C (6.116)
The second case in the Theorem is an extension of the first one when one wants
to consider covariance under all N -generators (not only under Ny), which makes
things more complicated.

2. Formally, one has

o) =: expr(ad;- +9bT0,).0)" (6.117)
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since Y() = 8,_5 aa_}} +3b*d, when applied to a polynomial sv-primary field
of the form P(bi, 9b™, a). Hence, by the Campbell-Hausdorff formula

1
exp(4 + B) = exp E[B Alexp Aexp B, (6.118)

valid if [4, [A, B]] = [B, [A, B]] = 0, one may also write
() oy (1).0
o = exprad;— exp ?8b 05— . D (6.119)

Proof. 1. First of all, ®WE is well-defined only because the operators 812;_ and

adj— + abTa, (giving the shifts &4 — @ + 1 and £ — £ 4 1) commute. Let us
check successively the covariance under the action of M, Y, Ny, L.

¢ One finds from (6.99)

i,
M@0, ) = b+ 95- 0O, 0) = ) (fia) (j —m)

m=0
. (l;—)j—m—l(l;+)k+m+l . (t)é—m
— 3§(p(0),0(t’§); (6.120)

1
M@0t 6) = S35 @00, ) =~ ) (6.121)

which is coherent with formula (6.41) and the definition (6.114) of p(M;).
The field @; ; is M -covariant if b+357®(“)*5(t, ) = 3, @WE (2, ¢) for every
(., & > 0. But this is true for p, & = 0 and [p+d;-, ;-] = [bTd;-,ad;— +
db*d,] = 0. Hence this is true for all values of 1, £ by induction.

* The action of Y(g) on @WE is correct by definition - compare with formulas
(6.98) and (6.109). One has Y(;)®*"® = 0 because 3,&*° = 0, which
is in accord with (6.40) if one sets p(Y%) = 0. To prove that Y(l)dﬁ(")f =

b+, 0ME coincides with 9, @71 = pT9;_@UWE1 one uses induction

on £ and the commutator relation [b*9,,@d;— + (9b7)d,] = b+;—. If this
holds for some & > 0, then

1

5+3u4§(u)~§+1 —
1+ ¢

(b0,)(@dz— + (3b™)d,)@ W<

1 _ _ _

= 13F [(@dj— + (0bT)0,) (BT 05— )P 4 hTo;_ U]
1 _ _ _

=1z [(b705-)(ad;— + (06T)d,)PW4" + bt o, U04]
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1
b+8 q§(u)é+b+a W&
- il |
=bTo; 0w (6.122)
by (6.109).
¢ One has Y,@™W° = 0 by (6.98) and, supposing that Y@ =
35—341@(")’5 coincides with —2@ #tD4-1 — —23§@(M)s¥—1 = 3%745(#),5—1

for some £ > 0, then

950, @WETT = ﬁ(ag_ 0a)(@dy— + 0b+0,)PWE = 97_@WE
(6.123)

by a proof along the same lines, since [0;— 04, a05— + 0;+04] = 3%7.

 Since N acts as bt 05+ —5‘35_ on @0 it simply measures the difference
of degrees in bt and b~ (for polynomial fields which depends only on b* and
not on their derivatives). Hence one sees easily that Noy@*"0 = (2¢0, — j +
k+24)@ "0 which is formula (6.43). Then Yo = ad; _—l—(ab )d, increases
by 1 the eigenvalue of N, see (6.97), which is also in accord with (6.43).

e There remains to check for the action of L), i = 2,3. Supposing that
Lpy@WE = b+, @UWE coincides with 19, @M% = Lh+g; @2
for some £ > 0, then

- 1 T1 - - o
b+33};+®(/‘)’5+1=m [E(aag+8b+8a)(b+35)<15(“)*5 2+bTo, 0t

(6.124)
since (as we just proved) Y(;)®@W¢ = hto,@WE = 5*’85_45(")*5_1, one
gets L@t = 29,1,

Finally, supposing that 2L 3 ® "¢ = (32 + 05— 0,5+ )@ coincides with
—3pW+li—2 — %82_@“)*5_2, then, using the commutator relation [02 +
05— 0y5+,a0;— + (0b1)d,] = 30;- 09, and the above equality YooWs =
05— 0, W< = 812;_05(“)*5_1, one finds

3 -
(8 4 85— 0,54 ) W = —— [E(aa,;+ +0bT0,)07_ P2 4 30, aaqw)f]

§+1

3
= Eaf;_cp(*‘)f—l. (6.125)
2. First note that

35+3b—<1§() Z(J —m)(k +m)( )(b )=l yk+m=1

m=>0

— jk Z (]n_,l 1) (5—)j—m—l(5+)k+m—l

m=>0
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+iG -1y ( ,2121) (b))

m>1
= jko _ +5iG - D,
= -0 — 2p(M) D) (6.126)

by Remark 1. following Theorem 6.6.

Hence one has identified the action of N(j) on @;33’0 as the correct one.
Suppose now that N®@©¢ = (l;+33b+ + 954 0;-)@ ¢ coincides with
%ag(b(o)f_z +¢j(j — 1)05(0) Sk + kqu(o)fk , for some £. Then, by commuting
b+ d,54+ + 954 95— through Yo = ad;— + dbTd,, one gets

1 _ 1
T4+ (0), E-‘rl _ + _ 0).6—2
(b7 0, + 05+0;-)P; T E [(aab + 0b aa)(zagcp
+ 4G = DY5 + jko0F, 1) + 15+aa<p<0>,s] (6.127)

and Y;,®©¢ = I5+aa¢;?12’5 = 8;@15](,33‘5_1 as we have just proved, hence
Nay@ @€+ is given by the correct formula.

Finally, Noy®{¢ = 09,5+ ®©¢ must be identified with —0; @}
(which is certainly true for & = 0). Supposing this holds for some £,

05— 0,54 @O = —— —(8;_0,74)(ad;— + 9bT3,)0O¢

1+§

1 -
m [—(aa,;f + 8b+aa)8g¢(0)‘5_2 + a};iaad)(O),E]
(6.128)

since [0;-,54,ad;— + 0b+d,] = 9;-9,; we now use the previous result
Yo, @ W< = 8;_0,0W* = —29,®@4~1 and conclude by induction.

Theorem 6.7. (construction of the generalized polynomial fields ,®; ;)
1. Set '
J .
@(0)0( 0 = Z (] ) o (5—)j—M(5+)k+mVu . (6.129)
m=0 m

and define inductively a series of fields 4@ = afbﬁ)’s (u, & =0,1,2,...)
by setting

JOBEFDEGy £) = \/l_i 05— @ (w,0) (6.130)
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and

LDWE (4 £y = Jlrg (@0 + 053, +abt)  @WE : (w,0)  (6.131)

Then

o®ik = (@M )ozizj. @V (1) =) (@WEW. O (6.132)
£>0

defines a p-(Ny) X sv-primary field, p being the representation of sv defined by

p(Lo) = — m ZMEM (6.133)
J
o(No) = — | (k — j)Id+Z WE,. . (6.134)
n=0
j—1
p(Yy) = V2 "y (6.135)
n=0
M—lle—jE 6.136
p(M1) = == (—p(Y})) —Z w2 (6.136)

2. Set @ = (a¢j('?k))j,k=0,l,...- Then @ is a (p, §2)-sv-primary field if p, 2 are
defined as follows:

[(UR
2 qjj =2k’

p(Lo) @) =
0 0

p(Y NPT = —ajo” : p(M), @jk’———m 1)@,
0 0

p(No) @) = (j — k) u®'):

240 = jko@?

= - (6.137)

Remark. The coherence between the two representations is given this time by:

. k
1 ..
aqu‘.f;’z(ﬁ) JG =D (G —k+D2? (6.138)
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e One may write formally
u(p,('i) =:expr(ad;— + T3, +ab™) .@;fz)‘o :
=:exparbt . exprad;— . exp ;854'85_45%)’0 : (6.139)

Proof. The proof is almost the same, with just a few modifications. We shall follow
the proof of Theorem 6.6 line by line and rewrite only what has to be changed.

¢ Onehas Y1) o @WO(¢) = adj— o @W0(0), to be identified with —p(Y%)ff @0,
Hence one must set, in accordance with (6.135)

LPUWHLO = \’—58;;7 $ @10 (6.140)
S0 ,@WT20 — —%812;7 « @9 ag in Theorem 6.6, with a double shift instead in

the indices 7. B
Suppose now Y1) @ W = (b1, + ad;—) «@W* coincides with

I o @WET /2, @WTLE = pHy-  @WET g2, @WTLE L (6.141)

then the commutator relation [b9, + adj—,ad;— + b+, + ab*] = b 05—
yields

1 - _
Yy o @WET! = m{(aag, + (3bT)d, +ab™) (6.142)

b+ (@ — ia/2, @WFLE) | T a@(#)f}
=bt9;_ (@WE — g2 FIEH (6.143)

Then Y5y = 0;-9, and [0;- 04, Y(0)] = 812;_ as in Theorem 6.6, so covariance
under Y(3) holds true.
s The action of N, Nq1y, N2y on @™ or a@flz is exactly as in Theorem 6.6

since N = — : b*h~ : does not involve neither the free boson a nor its integral.
* One must still check for L (nothing changes for L3)). Suppose that
Ly G @WE = b+335+ + «d, coincides with

%amcp(mf—z — /2, @UTDETT = %15+a};_ (@WE2 g2, @ TLETT
Then, using

[bF 0554 + 0da.ady— + (9bF)0y + abt] @ WE
= (bT 0, + ;) o@WE = 8 @ WET —ig /20 FDE  (6.144)
b ¢
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(see computation of Y(j) @< above) one gets

1

b0,y 4+ ady) (@WEH =
(b7 0,5+ ) 11 ¢

[(aa,; + (31, + ab™)
Glﬁa,;_ pE=2 iaﬁa¢(u)+1,s—1)
+3§@(M)~§—1 _ iaﬁa@("”l’é]

1-
= §b+85_ @WET g /2 @pWtLE (6.145)

O
We shall now start computing explicitly the simplest n-point functions of the
sv-primary fields we have just defined.

6.4 Correlators of the Polynomial and Generalized
Polynomial Fields

We obtain below the two-point functions of the generalized polynomial fields , @ x
(see Propositions 6.15 and 6.16) and the three-point functions in the case « = 0, see
Proposition 6.17 (computations are much more involved in the case o # 0).

Proposition 6.15. (computation of the two-point functions when o« = 0) Ser
t =1t —th,r =r—ry{ = — & for the differences of coordinates. Then the
two-point function

0 0
C(t.r. 0.2, 0) = (0] @) (1111, 8D DY, (12.72.0) | 0)

is equal to

. . - 2 J1—k>
C(1.7.8) = 84k otk (1) 1 Ui ! (Iﬁ)t Uitk (§ - Z) (6.146)

if j1 = ky and 0 else.

Proof. We use the covariance of ¢ under the finite subalgebra p;x(L+10),
pix(Yy 1 ), Pk (No). In particular, % is a function of the differences of coordinates

t, r, ¢ only. Covariance under

2 2 2
1 1 .
p(Lo) = — Zl (r,»af,. + Erfar,.) -5 Z;(Ji +ki), p(Y) = - gnan +rid.
(6.147)
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p(Ly) = thatl + 4,79y, + Zt (i + ki) (6.148)

i=1

yields quite generally (see [50], [54])

2
C = C.8ji1ky jothot TR f (g — E) (6.149)

for some function f.

S%ppose Jj1 + ki = j» + k,. Assuming the extra covariance under p(Ng) =
=2 i1 (ri 0y, 2805 )+ (i —k1) +(ja—k2) = —(rd, +289;)+2(j1 —k2), one gets
vf'(v) = (ji—kz) f,hence f(v) = v/'=k2 up to a constant (see also Proposition A.2

in Appendix A). The coefficient (—1)*2j,!k,! (liz) may be obtained from the
1

coefficient C of the term of highest degree in 7 (i.e. the least singular term in ) in
the formal series in 7y 2, {1 2. Since Y(g) = ad;— + db* 9, maps an L-quasiprimary
field of weight, say, A into an L-quasiprimary field of weight A 4 %, it is clear that
C can be read from

%o = (0] 2O, r1.0)®Oty. 15, 82) | 0)

= 3 g ( ) ( ,{jz) (O] : Gy B (1))

nmi,my
(BT (BTN (1)]0) (6.150)
For the same reason, %, must be equal to Ct=U1Fk)(¢ — £,)/17%2 One gets

immediately C = 0 for j; < k,. In the contrary case, one gets C by looking
for the coefficient of ¢; /7% Wwhich is given by

_1)/1—k2 (B (R . J2
i) (G En ) (2,
(U (i) (,2)) 0)

= (- 1)k2t_(]1+k1) (k )]l'kl (6.151)

|
Proposition 6.16. (computation of the two-point functions when o # 0)
Sett =ty —tr,r =ry— 12, = {1 — {; for the differences of coordinates. Write

(
cg(l;i ?fkl) (@2.2k2) * =01« ¢JfL/l€1 (1. 71.81) o ¢15i2 (12,12.82) | 0). (6.152)
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Then:
(i) the two-point functions vanish unless oy = —ay and j, > ko and j, > ky;

(ii) suppose that j1 = j, := j, ki =k, =0and a := oy = —ay. Then

Ghihe R 2’: o (iav/2) 1 (—iay/2) 12
e G- G — !

S=max(ju1,p42)

2 8—’”;”‘2 .2 =
(7) (; _ 5) (6.153)

12
where cf» = (—1)8%.

Remark. All the other cases may be deduced easily from formula (6.153) since, if
J1 = ko and j, > k; and (without loss of generality) (j> +k2)—(j1 +k1) = A >0,

1
(g(a,jl k1) (—a,j2.k2)

-1
J1+ ki J2+ka h (1)
=(a (P50 (255)) o [@ra o]

[(BFo5) ol o] 10)

. . ) —1
_ 71tk 2+ k2 (it ki+A
(kl( kl .kz. kz LAl A

O] [02BF 051 @D 0] 7050 @2, o] 10)

_ (i/2)% s
- / ' j Jatk2.0).(~ar j2 k2.0
e (SHRY (R )y (kA B e Ao
kl k2 A
(6.154)
thanks to the fact that 3;0(@]({2) = 5+3E— a@j(i) and ij]('f;fl) _ —JLE35— Oé@]('i)-

Proof. We only prove (ii) since (i) is clear from the preceding computations.
Applying Theorem A.l from Appendix A, with d = j + 1, A;p = a2; L
a1y = +ia+/2 and A1, = —Jj, one gets (6.153). There remains to find the

coefficients c({ . Let us first explain how to find cj One has

CH = (0] B —a® 10) =]

. 2j ' '
- (%) (0] ((8,;,)1 “qu(%) ((857)’ —aépj(»%) | 0) by Theorem 6.7
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= (=727 ()0 ] u®sg Py | 0)
= (=127 (NX0| exparihtVy(t)) ::exp—arbTV_g(t2) : | 0)
= (=727 (j ). (6.155)

By the same trick, one gets (by deriving j — ¢ times with respect to b™)

j—&,j—¢ j—¢ 2\ —e—a?
G = (¢ (é‘ - Z) + O(r)t
= (1) 270G =D e+ )0 ] (@0 @) 10) (6.156)

and one may identify the lowest degree component in r — which does not depend on
o, up to a multiplication by the factor - by setting r| = r»,

. . P 2
cg/—s,]—S(rl — i’z) — C; E;st—s—a

. . i1\ 2
= (~1)/ 727U (’—') “ 0] a0 | 0)
&

= (=1)/7°2~ <f—€>(( Dk );6 e (6.157)

by Proposition 6.15. O

Proposition 6.17. (computation of the three-point functions when o = 0)
The following formula holds:

0 0 0
(@ (11,71, L)@V (2. 72, 0P (1373, 83))
_ Jilj2!j3!
GG+ 3= NG G2+ 3= ) (E0GL+ j2— ja)!

$G1+—j3) $U1+i3—j2) 3 Gatja—j)

2 2 2

(512) (513) (523) (6.158)
2 113 13

2
5
2[,'/' :

where & 1= {;j —

Remark. All three-point correlators for the case @ = 0 can be obtained easily from
these results by applying a number of times the operator b*9;_ or equivalently 9;.

Proof. Denote by €'(t;,ri,8;) = (P, (t1,11,80)P), (62,12, L) P (13,13, (3)) the
three-point function. By Theorem A.2 in Appendix A,

¢ = Cfl_zatn 1y (5 5/283%/1 + F(§12,§13,§z3)) (6.159)
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where C is a constant, ¢ = W,ﬂ = j1+];_j2,y = j2+];_j1, and ' =
I' (12, &3, £13) is any linear combination (with constant coefficients) of monomials
g6l 8 with (o, B,y)) # (@.B.y) and o + B+ y' = L. Suppose 15 #
11,1, and look at the degree of the pole in i in € considered as a function of
t1,t,t3 and {1, &>, {3. Each term in the asymptotic expansion of @;, in powers
of r;, {; is a polynomial of degree j; in the fields a, 15_, b, 05+ . The covariance
¢ = (1D,P;3) may be computed as any polynomial of Gaussian variables by
using Wick’s theorem; calling a;; the number of couplings of &; with @;, an easy
argument yields j; = a2 + a3, jo» = a2 +azs, j3 = a3 + azs, hence in particular
ajp = o. Hence % has a pole in t of degree at most 2« and I may not contain any
term of the type éf‘z/ 553 £ 1/ with o’ > «. By taking into account the poles in tz% and

%, one sees that I" = 0.

There remains to compute the coefficient C. By rewriting ¢ as

¢ = Z Cor gy EBED (E1 + 23 + E31), (6.160)
o'+ A+ =02

and using &1 = (§12 + 23 + £31) — £12 — &23, one sees that C = Cy 5. Now a
minute’s thought shows that the coefficient of

ey O 1 (6.161)

in € is equal to (—1)”/2277 Cy.p.y- hence (using the asymptotic expansion of @1, &,

and @3 in powers of ¢;, ;) Cqy g, may be computing by extracting the coefficient of
B

2y —a H
1y "1, n

I3

1 G s@: (£) 676 o)

(adj— + 0bT,)¥ (,5,

p=)3=B(pt)P -
LR (B ) 6 o)

and multiplying by (—1)7/2277. Now the coefficient of 7> in exp r¥q) - ((5_)/3_‘3
(b*)P) is equal to

)V T a— B\ o oa i e -
i+2j=2y

= 3 =Pt @) a (b)P. (6.162)
14572, JUljs =g —i—=j!
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The terms with i > 0 do not contribute to Cy g, since a can only be found in the
field with the variable #3 and does not couple to the other fields. Hence

| . | N
Caprtis 1517 = (=D’ (f;) % ( e a) O (7Y (1)

(BB (12):(3bF) PP (5T - (13) | 0). (6.163)

The first field (15_)/ ! couples « times (resp. B times) with the second (resp. third)
fields, yielding (t12) ™ (¢;3) ™ times

(Q)a!(—l)“ﬁ!(—l)ﬂ. (6.164)

There remains the coupling of the second and third fields, namely,

O : (7)) : (b)Y 7P (1) (6.165)

which yields 75, times ( 7 S /3) (J/2—a — B)l(—1)2e.

All together one gets
Jilj2!js!
GG+ J3 = NG G2+ Js — JONG UL+ 2 — ja)!

Cupy = (6.166)

Hence the result. O

6.5 Construction of the Massive Fields

All the fields constructed until now involve only polynomials in the unphysical
variable (. Inverting the (formal) Laplace transform . : f, — Zf() =
fooo fwe™ d.# is apriori impossible since polynomials in ¢ only give derivatives
of the delta-function §_;; one may say that these fields represent singular zero-mass
fields, which are a priori irrelevant from a physical point of view.

However, we believe it is possible to construct massive fields by combining
the above polynomial fields into a formal series depending on a parameter & and
taking an analytic continuation. The status of this construction is yet unclear. Let us
formalize this as a conjecture:

Conjecture. Massive fields may be obtained as an analytic continuation for
E — 0 of seriesin @i, oPj of the form

_ itk _ itk
g Z aj 877 @u(t,r,0) or B Z ajrE 7 (@it r,f) (6.167)
J k=0 J k=0

for some exponent A, with a non-zero radius of convergence in Z~".
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The idea lying behind this is that the discrepancy in the scaling behaviours in
t of the fields @; (namely, -5 dﬁjk(z‘) behaves as (Z1)~ 5% Whent — oo
since @, has Lo-weight —) disappears in the above sums in the limit & — 0
(see details of the proofs for an explanation). As for the appearance of a massive
behaviour in the limit & — 0, it is reminiscent of the construction of the coherent
state e-#4’ |0), an eigenvector of the annihilation operator a in the theory of the
harmonic oscillator. We hope to make this analogy more precise in the future.

We introduce in Theorem 6.8 and Theorem 6.9 below good potential candidates
for massive fields. Theorems 6.8, 6.9 and 6.10 show that all two-point functions
and (at least) some three-point functions may indeed be analytically extended, and
give explicit expressions for the corresponding n-point functions of the conjectured
massive field. The missing part in the picture is a formal proof that all n-point
functions have an analytic extension to & — 0. An encouraging fact is that the
limit for & — 0 seems to be universal in some sense, i.e. it does not seem to depend
(up to a physically irrelevant overall coefficient depending only on the mass) on the
precise choice of the asymptotic series (compare e.g. Theorem 6.8, points 2. and 4.).

We made some attempts to prove the existence of the desired analytic extension
by constructing the n-point functions as solutions of differential equations coming
from the symmetries (for instance, the two-point function (Wfl 1//571), see below,
may be computed — up to a constant — by using the covariance under scl) and under
Ny, and it should be possible to compute more generally (1/fd:1 1//52 ) in the same
way by induction in dj, d»). This scheme may work, at least for the three-point
functions, but it looks like a difficult task in general, involving a precise analysis of
the singularities at Z = 0 of differential operators with regular singularities.

In the case of the polynomial fields @; x, one obtains (up to an irrelevant function
of .#') the heat kernel in any even dimension, which occurs of course in many
physical models (this is impossible for odd dimensions because the heat kernel then
involves a square root of ¢; —f, and one should use instead non-local conformal fields
in the first place instead of the bosons). In the case of the generalized polynomial
fields @, x, the two-point function is non-standard, which is not surprising since
the @, are themselves non-scalar. The exact form is new and involves a Bessel
function. There are (to the best of our knowledge) no known examples at the moment
of a physical model with a two-point function of this form.

Theorem 6.8 (massive fields).

1. Letd = —1,0,1,...and E > 0. Set

o7 J: ©
v Z o (G +d+ 1)|¢j+d+1,d+1- (6.168)

(=]

Then the inverse Laplace transform of the two-point function

CE(t.1,.0) = (0] ¢F (11,71, 87 (12.72.82) | 0),
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defined a priori for E > 1, may be analytically extended to the following
function:

(L '¢5\ (it r) = B =2 (6.169)

When E — 0, this goes to the standard heat kernel Kuqi,(t,r) =
(21—

2. Letd =0,1,...and & > 0. Set

s o0 ]+d .!
§7:=Y" ! Vi o© (6.170)

S G+ T

Then the inverse Laplace transform of the two-point function ((,55(];5‘ ) may be
- 2

analytically extended into the function M e”Z't=2e="%  When E — 0, this

2
goes to M times the standard heat kernel K4q(t,r) =t >¢e="x
3. (same hypotheses) Set

w

7—j—d—

‘/’2(1 = le =

= 250 6.171
il 2j+2d+12d+1° (6.171)

Then the two-point function (1[/5 1//5 ) has an analytic continuation to small =2
The inverse Laplace transform of its value for £ = 0 is equal (up to a constant)
to %2d+2K4d_2(l, r).

4. (same hypotheses) Set

gi—d=;

o0

TE N\ i ©)

Vg = le ;! Py r2d2d+1° (6.172)
Jj=0 '

Then the two-point function (1/}(}5‘ 1/}5) has an analytic continuation to small &
The inverse Laplace transform of its value for & = 0 is equal (up to a constant)
to MV Kyq(t, 7).

Remark. One may also define

v o= le

j=0

@ (0)

2j+d+1,d+1 (6.173)

for d odd, but similar computations (using a different connection formula for the
hypergeometric function though, see proof below) show that its two-point function
is equal (up to a constant) to that of wf 1> 1.€. (up to a polynomial in .Z) to Kzg4.
(Note however the strallge—looking but necessary shift by % in the powers of = in
the expression of the ¥ with odd index d with respect to those with an even index).
Hence the need for introducing 1/?55;,
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2
Proof. Note first quite generally that, if K, (#;t,r) := L is the standard heat
kernel in d dimensions, then

2t
(6.174)

n . n | .—ds2 r B nt1y),~d/2 P\
L(M"Ka (A 1,r)=0; |1 Z—;) =(-1) —— .

We shall use the notation £ := ¢ — r2/2t¢ in the proof.

1. The Laplace transform of the function g(Ed)(//l; t,r) = e?E 721, —5 s
equal to

1

(ZLg Nt r ) =—t2""——
& T B+ (-2

2

[ee} r J
— N1y 5= (e T
> (1) {—3;

=0

(provided that the series converges, or taken in a formal sense). Then Proposition
6.15 shows that the two-point function of the field ¢5 defined above is equal to
this series.

- r2
2. Set gt r) = MeF 1724 T : then

00 j—1
(28N r.0) = 0 L8 )1 0) = Zj(—l)fr—”—f—l(z—;—j)

J=1

is easily checked to be equal to the two-point function (q;f <;~S f ).
3. Set
IE = E2d+33:(2d+1)(t2d (wfwf))

where 9, = fot dt is the integration operator from O to 7. Then Proposition 6.15,
together with the duplication formula for the Gamma function, yield

~N
&)
Il

. a1 (8B
2 2d + 1) 7T L
;)( J+2d + Dl G2

2\ /
(£
1 YA [(j+d+ DI(j +d+§)( (:;))

N rG+1 j!

1 2d+1

_ AY
= rd+nrd+= )2Fl <d+1 d+— 1;— (5) ) (6.175)
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which is defined for Z > 1. The connection formula (see [1], 15.3.3) for the
Gauss hypergeometric function , F;

2Fi(ab,c;2) = (1—2) " yFi(c —a,c —b,c;2) (6.176)

yields
3 26 \? 26 \? ~2-3
2 F (d—i-l,d-i-—, 1;—(7) ): |:1 + (7) ]
2 &t &t
1 26\?
2F1 (—d,—d — E, 1,—(7—5;) ) (6177)

The hypergeometric function on the preceding line is simply a polynomial in
—~—1 —~—1

E ™" since —d is a negative integer. By extracting the most singular term in &',
one sees that

- g d! 3\ c2d43e—2d-3 2042
[Z ~go0 (D) 2T (d+ 5 ) BT e

2
Hence
8,8 (2d +2)!d! 3N
(Vivi) —a—0 (_l)dTF d + . g2d=3;1-2d
a1 4! 3\’ 2d+2
4. Same method. O

Theorem 6.9 (generalized massive fields).
Leta € Rand E > 0.

1. Set

s 1L o
W% =Y = o Py (6.178)
Then the two-point function

CE,1,0) = (0] o= (t1,71,01) —ad” (82,72, £2) | 0)

has an analytic continuation to small E, and its inverse Laplace transform at
E = 0is equal to

Cut.r) = —t"" e 2 [ Ola| /A r2]1) (6.179)
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where Iy is the modified Bessel function of order 0.
2. Set

P 1
m—j—1
g7/

Z( 1)/ o @3y (6.180)

Then the same results hold for the two-point function { o= _ =) (up to an
overall multiplicative constant).

Remark. if one replaces o with iw, then the two-point function involves this time
the Bessel function Jy (which decreases for long distances).
Proof. 1. By applying Proposition 6.16, one gets

§

—o? j! (2052)5 r2 P2\ 70
wern =% G Z( Vg —miar (7) (- 5)

Jjz0

2 §

_a oo _r2/2t n oo (}’l+8)|
G =0( Et ) XZ: n!(81)2 (E ) . (6.181)

n

The function

(n +8)
e’} n e’} +8)'
0 =Y =1 ”,W

is entire and admits a Laplace transform

[e.]

hd) =2 f) = [Ooo fe ™ dy =3 (” N 5) P

§=0

= %(1 — 1) t=ra=1)™!

which is given by a converging series for A > 1; by inverting the Laplace
transform, one gets
. (D"
1o = (S,
n!

An application of Leibniz formula gives

n ()= (2 () 5)

. . . 2.2
By putting everything together and setting y = “5, one gets
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n
—q2 00 2 k 2,2 22,2
o) ’E Z( ;/2’) Z_)( ) e

L ) Ry e A 1w
— — a7 182
5 ;k'[z(k)( 2t ) (Eﬂ) ¢ (6.182)

By comparing with the generating series

Z( (Z)a”)xk:Za"Z(Z)xk:Z[a(l—i—x)]”
n=0 n=0
1

(]

k=0 \n=k = k=0
o0 a k .
- l—az(l—a) o
k=0
one gets
g r? 1
Ctrl)=———F—— = —————|. (6.183
@.r.¢) §—r2/2t—EteXp[ 7 (;—rZ/Zt—Et)} ( )

One finds in [27] Z7'(A"'e*)(t) = Iy(2+/at), a > 0 (mind our unusual
convention for the Laplace transform with respect to the mass .#'!), where I is
the modified Bessel function of order 0. Hence

Cut,r) = —t1_“26%5’6_///’2/2t10(2|a| N AIN)

2. The method is the same but computations are considerably more involved. Set
Y= Oé;trz

—% . Applying Proposition 6.16 yields this time

Ct.r.0) = i 3 (_;2[/2[) )3

= =0 = §>0.54+n=0[2]

8

((n + §)? (azrz)
ACICE NI CHERNCIS

Let #(A) be the Laplace transform of 6 with respect to y. Formally, this is
equivalent to replacing y®/8! by A ~%~!. Separating the cases 1, § even, resp. odd,
and using the duplication formula for the Gamma function, one gets

o X xS TmAm ) 2\
W) = 5 [;O(—l) (2n)!£(—1) Tt mt (;)
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. 2n+1 o " F(n+m+%)2 2 2m+1
_Z( )(2 +1)! 4 Z( b I(m+ DI (m+3) (1)

1 ad x2n 1 11 4\ T'(n+1)y?
= === " F St i |
ENIG [2( IR 1(”+ 2" 2 12)

re)

. x2H 3 33 2 (n+ 32)?

_Z( DG +1)!2F1(”+z T3 A)A re) }
(6.184)

Hence h(A) = — \flmﬂ (T1(X) + T»(A)) where (using once more the duplication

formula and connection formulas for the hypergeometric function)
1 s —2n
’ (3)n 4
n=va (i) e S (G) (14 5)

1 4
X2 F —n,—n;i;—ﬁ

3

= (1) R G ()

3 4
X2F1 —n,—n,; E’_ﬁ .

These hypergeometric functions are simple polynomials since they have negative
integer arguments; however, the sum obtained by expanding these polynomials
looks hopelessly complicated. We use instead the following formula

and

Zn(‘c()Z;l 2)” 2F1(_n71—a—n;b;u2)
r'@r®

2a+b c—zul —b —C% a—l(W)Jb—l(I/lW) exp(_%)wc—a_b_FldW’
(6.185)

(see [48], formula (65.3.11)), validif Re (¢) > 0, Re (v) > 0, Re (% +iu) >0,
Re(a+b+c)> 0.
Hence
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Ti(A) = —2x"'"Vm (1 + Aiz) /000 dwJo(w) cosh (2TW)

X exp (—ZW)C_1 (1 + %)) (6.186)

and

Th(A) = —2x‘1\/;(1 + %)2 /000 dwJy(w) sinh (ZTW)

X exp (—2wx—1 (1 — %)) . (6.187)

By applying the following formula [38]
1
V14 p?

(Laplace transform of the Bessel function) and expanding the cosh and sinh
functions into exponentials, one gets

1 2\ ~3
4\?2 2 2 4
_ -1
T, = —J7mx (1+ﬁ) (14—(-14—;(14-?))

o0
/ dwe P Jy(w) =
0

2 2 4 \2\

+ (1 + (X + -+ ﬁ)) ) (6.188)
and
2 2 4\ !
Tz——ﬁx_l(l—i-ﬁ) <1+(—X+—(1+ﬁ))

2 2 4 \? 3

_(H(XJFE(Hﬁ )) (6.189)
Using

4\? 2 2 AN A
1+ —) |14 (-2+2 1+—)) =
( 12) ()L x( A \/(1+%)Az_§A+L§

(6.190)
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and the inverse Laplace transform

—1 ; JRE— a £_b_2
N ) = ”°<y riatrd L

one gets
-2 1
h(4) = gxte’ 8 16
g \/ 1+ 42— 81 4 1
hence
-2 16£/8t  or?
g2 .1262%22""4 1662/ 52> + 4 Et
8a%r?/E1?
Jo| —=5—
1682/ 52%t2 + 4
, o2r?
——t “ - 6.192
~em0 gt T ep(- ") (6.192)
which is (up to a constant) exactly the same expression we got for the two-point
function { ,¢% _o¢%). |
We did not manage to compute explicitly the three-point functions (i i v ;152 v i )
except in the simplest case d; = dy = d3 = —1 (see the remark after Theorem 6.8

for the definition of 1//‘_'51). One obtains:
Theorem 6.10. Let

E% = (Y2, (.11, SOV E (2, 12, )Y E (13,13, 83)) (6.193)

be the three point-function of the massive field

g . j o ©
VI = 21] (sz)o
defined in Theorem 6.8. Then
1
2
cg:‘: —> 550 C l_[ (ll’ —lj) l_[ (2(;,']'11']' — 7'12]) . (6194)
I<i<j<3 I<i<j<3

Remark. Up to the #-dependent pre-factor, this result coincides with the three-point
functions for conformally covariant fields in three dimensions (see Sect.2.4 for
comments).
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2
Tij - Eniats s £33 s Bikntn
=L and x| = 121832 1y, — 52352080 F e, — Sz
215 1 Mat3Eng* 2 031216318 73 1311326128

Proof. Let éij = é‘ij —

1
One must prove that CZ —z_, C (%) * . Proposition 6.17 yields

Jl Jz J3
X3

ST ALCA LD D

J1.j2=0 lj1=il<pa<i+i2
1+ j3 = D'+ 2 = j)Ga + j3 — j)!
Write
1 J3—i1—Jj2 1; ; ; P
Gt el = (=1 21_1)1(1)8F(j3—11 — j2 +é). (6.196)

This form of the complement formula for the Gamma function is valid whatever the
argument. Then

. R jlsz
¢" =& 1' .2, (2j)N2)2)! I3 (s Jas x3) (6.197)

J1.J2=0

where (by using also the duplication formula for the Gamma function)

I3(j1, j2s x3) =

. s T(js+3) T'(js—j1— j»+¢)
—D/N 2 lim e —4xs) I3 2 : : .3 J1 th )
8 e=>0 j3=%:—jzl( 2 Vo T(s+Gi—j2)+ DI (jz+(o—j)+1)
_ &= 1)“+“( fg) i Z (— 4x3)/ L+ ji—j2l+3) T (j—2min(j1, j2)+€)
Jr L(j+2|j1—j2l+1)

(—1)/1+2 Uimial 7 01 ) 1 I .
= ————(—4x)V" L Fi (|1 — ol + £ e = 2min(jy, j2); 2] ji— 2| + 1; —4x3)
Jr 2

(6.198)

The symbol , F; stands for Gauss’ hypergeometric function, except for a different
normalization, namely,

_ - T@I®b) L Ta+mro+n
2Fi(a,b,c;2) = —F(c) zFl(a,b,C,z)—g Fetn ok
(6.199)

Now the well-known formula connecting the behaviour around 0 with the behaviour
around infinity of the hypergeometric function, see [1] for instance, yields
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5o . 1 o ) .
2F1( 1 = ol + 56 = 2min(j1, j2): 201 = jol + 15 =4x3)

r ‘ ‘ 1 1 lj1—jal+3
= 8 —_— —_— [— _—
=275 )

A1) .|+11 T .I..+.+3. 1
dii( = plr g g == Rl 2+ 2=

I'(e = 2min(ji. )T Gi + 2 + 5) ( 1 )—meﬁf’z)

I'Cmax(ji, jo) +1—¢) 4x5

s N . 1
2 Fi | —2min(jy, f2), —2max(ji, j2); 5 — 1 — jos——— .  (6.200)
2 4)C3

In the limit ¢ — 0, only the second term in the right-hand side has a pole, I"(¢ —
2min(ji, j2)) ~e—0 FrEmmTy) ¢ hence

I:(4x3)j1+jz F(i+j2+3) Yy _2'-1_'_'-_L
FTUr T2l 2y T TR T AT
(6.201)
and
3 . .
g_ &2 (4x1x3)71 (4x2x3)72 A
J1.j2=0
. R . 1
2P| =2j1,—2ja s — i — i —— | (6.202)
2 4)C3

Kummer’s quadratic transformation formulas for the hypergeometric functions
give (see [1], 15.3.22)

1 1
Fil =272y = — iy — ip:—
2 1( J1 J2 5 J1—=J2 _4x3)

S 1)’
= |—ji.—juzs—h—jul—|1+-— ) (6.203)
2 2)(?3

Now for any S

yjl yjz yjl )
Y AT+ o+ B) =) =T GiB) (1 =y P
= Jit J2! : Ji:

J1,J2=0 Jj1=0

= I'(B)(1-y1—y2)~". (6.204)
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Applying this formula to each term in the series expansion of the above
hypergeometric function yields

N
o
Il

) k
2 1y
J Z (16x3X1x2 ((1 + 2X3) 1)) Z (4x1x3)11 (4XQ)C3)12

k! [11],!
VT k>0 11.l>0 1272

1
XF(ll + 6L+ (k+§))
) k
_ (16x32x1x2 ((H—ﬁ) —1))

=i/EZ k!

k>0

1
r (k+§) (1 —4x1x3 — 4XZX3)_k_%

1))
=53 (1 —4x3(x1 + x2) + 16x3x1 X2 (1 - (1 + —) ))
2X3

(1 — 4)C1XQ — 4X1X3 — 4XZX3 - 16)61)62)(3)_% (6205)

=

lw

——
= &

hence the limit when & — 0.



Chapter 7
Cohomology, Extensions and Deformations

Recall that we introduced in Chap. 2 a variant of sv with integer-value component
indices, sv(0), called twisted Schridinger—Virasoro algebra; two families of defor-
mations, sv, and sv,(0) such that the Y, resp. M field has conformal weight %,
resp. 1 +¢; two independent graduations, §; and §,, on each of these algebras, which
define inner or outer derivations, § 1 and 32. The Virasoro cocycle extends naturally
to these algebras, yielding centrally extended algebras 50,, 50, (0).

The purpose of this chapter is to search for deformations, central extensions and
outer derivations in a systematic way, using cohomological methods. Section 7.1
has been written for non-experts: we show the meaning of the lowest-dimensional
cohomology groups in terms of the Lie algebra structure, and give some hints on the
use of Hochschild-Serre spectral sequences to compute the cohomology of semi-
direct products.

Let us briefly summarize the upcoming results. We concentrate on sv(0) in
Sects. 7.2, 7.3 and 7.4, because the generators of sv(0) bear integer indices,
which is more natural for computations. The main theorem is Theorem 7.1 in
Sect. 7.2, which classifies all deformations of sv(0); Theorem 7.2 shows that all the
infinitesimal deformations obtained in Sect.7.2 give rise to genuine deformations.
One particularly interesting family of deformations is realized by the Lie algebras
sv.(0) (¢ € R), which were introduced in Definition 2.2. We compute their
central extensions (see Sect.7.3), and then (see Sect. 7.4) their deformations in the
particulary interesting case & = 1, for which sv; (0) is the tensor product of Vect(S!)
with a nilpotent associative and commutative algebra. Finally, in Sect. 7.5, we come
back to the original Schrédinger—Virasoro algebra and compute its deformations, as
well as the central extensions of the family of deformed Lie algebras sv,.

We shall use standard techniques for Lie algebra cohomology computations in
the infinite-dimensional setting, as developed in the book by D.B. Fuks [31]. Some
preliminary results on the cohomology of Vect(S') will be recalled when needed.

The contents of this chapter are taken from [106].

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 125
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_17,
© Springer-Verlag Berlin Heidelberg 2012
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7.1 Some Prerequisites About Lie Algebra Cohomology

To a Lie algebra g and a g-module M, we shall associate a cochain complex known
as the Chevalley-Eilenberg complex. The n-th space of this complex will be denoted
by C"(g, M). It is trivial if n < 0, and if n > O, it is the space of n-linear
antisymmetric mappings of g into M: they will be called n-cochains of g with
coefficients in M . The space of 0-cochains C (g, M) reduces to M . The differential
d" will be defined by the following formula: for ¢ € C"(g, M), the (n + 1)-cochain
d"(c) evaluated on xg, x1,...,X, € g gives:

d"(c)(x0, X1,...,xy) = Z (D" e, X)Xy X

0<i<j<n

+ ) (D)oo, K x) (7.1)
i=0

where X; indicates that the term corresponding to x; should be omitted.

One easily checks that d"*! o d” = 0 (the only difficulty lies in checking
properly the various signs).

The space of n-cocycles of g with coefficients in M is then naturally defined as
the kernel of the differential,

Z"(g:M) = {ceC"(g.M)|d"(c) = 0}. (7.2)

Since d"t'od" = 0, Z"(g; M) contains the subspace of n-coboundaries of g with
coefficients in M,

B"(g; M) ={ceC"(g,M)|c=d""(c) forsome ¢’ in C""' (g, M)}.
(7.3)

The n-th cohomology space of Lie algebra g with coefficients in M is then by
definition the quotient
Z"(g; M)/ B"(g; M), denoted by H" (g; M ).

We shall now recall classical interpretations of cohomology spaces of low
degrees.

1. The space H(g; M) ~ Invg(M) := {m € M;¥X € g, X -m = 0} is the space
of invariants.

2. The space H'(g; M) classifies derivations of g with values in M modulo
inner ones. This result is particularly useful when M = g with the adjoint
representation. In that case, a derivation is amap § : g — g such that

S([X.Y]) = [6(X), Y] + [X,8(Y)]
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while an inner derivation is given by the adjoint action of some element Z € g
(see also Sect. 2.1).

3. The space H?(g; M) classifies extensions of Lie algebra g by M, i.e. short exact
sequences of Lie algebras

0 — M — g — g — 0, (7.4)

in which M is considered as an abelian Lie algebra. We shall mainly consider
two particular cases of this situation which will be extensively studied in the
sequel:

(a) If M is a trivial g-module (typically M = R or C), H*(g; M) classifies
central extensions (M lying in the center of the extended Lie algebra)
modulo trivial ones. Recall that a central extension of g by R produces a
new Lie bracketon § = g @ R by setting

[(X.4), (Y, )] = ([X.Y].c(X.Y)) (7.5)

It is trivial if the cocycle ¢ = d4! is a coboundary of a 1-cochain /, in which
case the map (X,A) — (X,A — [(X)) yields a Lie algebra isomorphism
between g and g @ R considered as a direct sum of Lie algebras.

(b) If M = g with the adjoint representation, then H?(g; g) classifies infinitesi-
mal deformations modulo trivial ones. By definition, a (formal) series

(X,Y) > &u(X,Y) = [X. Y]+ A A(X.Y)+ A2 (X, Y)+ ... (7.6)

is a deformation of the Lie bracket [ , ] if @, is a Lie bracket for every A,
i.e. is an antisymmetric bilinear form in X, Y and satisfies Jacobi’s identity.
If one sets simply

[X.Y], = [X.Y] + Ac(X.Y), (1.7)

¢ being a 2-cochain with values in g and A being a scalar, then this bracket
satisfies Jacobi identity modulo terms of order O(A?) if and only if ¢ is a
2-cocycle. One thus gets what is called an infinitesimal deformation of the
bracket of g, which is trivial if ¢ is a coboundary, by which we mean (as
in the case of central extensions) that an adequate linear isomorphism from
g to g transforms the initial bracket [ , ] into the deformed bracket [, ];.
The infinitesimal deformation associated to a cocycle ¢ do not always give
rise to an actual deformation coinciding with the infinitesimal deformation
to order 1, i.e. such that f; = ¢, as one may check by looking inductively
for functions f>, f3, ... which satisfy Jacobi’s identity to order 2, 3, ...
Cohomological obstructions to prolongations of deformations are contained
in H3(g: g) (see below for details).

Let us finally say a few words on Hochschild-Serre spectral sequences. Assume
the following exact sequence holds,
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0—-h—-g—>go—0 (7.8)

(in particular if g = go X b, which is the case we are interested in). One has a
sequence of cochain complexes, the first terms of which may be written without too
many technicalities, namely,

E{* = C9(go, C"(h. M), E{"" = H(g0.C"(h, M)).
EPY = HP(h. H'(go. M))..... E}?. ... (7.9)

with differentials /¢ : EfY — E} +"’q_"+l, each one being the cohomology
of the preceding one, which in the good cases stabilizes for n large enough to a
complex EZ with trivial differential such that (non-canonically though)

H"(g; M) = ®p1q=n EL}. (7.10)

This gives in many instances, in particular in our case, an efficient way of computing
H"(g; M). The strategy is usually to compute some E!? with n as small as
possible, and prove that its cohomology is already trivial, so that EJ"? ~ EZL?.
In most computations below one may take n = 2.

7.2 Classifying Deformations of sv (0)

We shall be interested in the classification of all formal deformations of sv(0),
following the now classical scheme of Nijenhuis and Richardson: deformation
of a Lie algebra g means that one has a formal family of Lie brackets on g,
denoted [ , ];, inducing a Lie algebra structure on the extended Lie algebra
g ® k[[t]] = gl[t]]- As explained in Sect. 7.1, one has to study the cohomology of g

k
with coefficients in the adjoint representation; the degree-two cohomology H?(g, g)

classifies the infinitesimal deformations (the terms of order one in the expected
formal deformations) and H3(g, g) contains the potential obstructions to a further
prolongation of the deformations. So we shall naturally begin with the computation
of H?(s5v(0),sv(0)) (as usual, we shall consider only local cochains, equivalently
given by differential operators, or polynomial in the indices of the modes):

Theorem 7.1. One has dim H?(sv(0),50(0)) = 3. A set of generators is provided
by the cohomology classes of the cocycles cy, ca and c3, defined as follows in terms
of modes (the missing components of the cocycles are meant to vanish):

ci(Ly.Yy) = _% n+ms ci(Ln, My) = —nM 41,

c2(Ln, Yi) = Yyim c(Ly, My) = 2Mp 1,

63(Ln7 Lm) = (Wl - n)Mn+m
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Remarks. 1. The cocycle c¢; gives rise to the family of Lie algebras sv.(0) described
in Definition 2.2.

2. The cocycle c; can be described globally as ¢3 : Vect(S!) x Vect(S!) — %
given by
/g
e

This cocycle appeared in [31] and has been used in a different context in [43].

c3(f0,g0) =

Before entering the technicalities of the proof, we shall indicate precisely, for the
comfort of the reader, some cohomological results on g = Vect(S') which will be
extensively used in the sequel.

Proposition 7.1. (see [31], or [43], Chap. 1V for a more elementary approach)

1. Invg(F), @ F,) = Ounless p = =1 — A and 7, = F; then Invg(F) @ F,')
is one-dimensional, generated by the identity mapping.

2. H (g, 75 ® F,) =0if A # 1 — pand A or ju are not integers.

(1) and (2) can be immediately deduced from [31], theorem 2.3.5 p. 136-137.

3. Let W) be the Lie algebra of formal vector fields on the line, its cohomol-
ogy represents the algebraic part of the cohomology of ¢ = Vect(S') (see
again [31], theorem 2.4.12). Then H' (W, Hom (%, .%))) is one-dimensional,
generated by the cocycle (f9,adx™) —> f'adx™* (cocycle I) in [31],
p. 138).

4. Invariant antisymmetric bilinear operators %) x F, — %, between densities
have been determined by P. Grozman (see [39], p. 280). They are of the following

type:
(a) The Poisson bracket forv = A + u — 1, defined by

(fdx7h gdx ™y = (L fg — pf'g)dx~ 1D,

(b) The following three exceptional brackets :
Fijp X Fipp = Ty given by (f9'/7,g0'%) — 3(f¢" —gf")dx;
Fo X Fo — F_3 givenby (f,g) — (f”g/ - g”f/)dx3;
and an operator Fy3 X Fpj3 —> 9’_% called the Grozman bracket (see [39],
p 274).

Proof of Theorem 7.1. We shall use standard techniques in Lie algebra cohomol-
ogy; the proof will be rather technical, but we will spare the reader certain
difficulties. Let us fix the notations: set sb(0) = g x h where g = Vect(S') and
b is the nilpotent part of sv(0).

One can consider the exact sequence

0—h—gxh—g—0 (7.11)
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as a short exact sequence of g x h modules, thus inducing a long exact sequence in
cohomology:

coe —> H'(s0(0), g) — H?*(s50(0), h) — H?(s0(0), s0(0)) —> H>(s50(0), g)
— H3(s0(0),h) —> --- (7.12)

So we shall consider H *(sv(0), g) and H *(sv(0), ) separately.
Lemma 7.2. H*(sv(0),g) = 0for*x =0,1,2.

Proof of Lemma 7.2. One uses the Hochschild-Serre spectral sequence associated
with the exact sequence (7.11), as explained in the introductory Sect.7.1. Let us
remark first that H*(g, H*(h,g)) = H*(g, H*(h) ® g) since b acts trivially on
g. So one has to understand H* () in low dimensions; let us consider the exact
sequence 0 — n — h — g —> 0, where n = [h, h]. As g-modules, these
algebras are density modules, more precisely n = % and q = Z,,. So H'(h) =
q* = F_3)2 as a 9-module. Let us recall that, as a module on itself, g = .%#;. One

gets: Eé”’o = H”(g,g) = 0 as well-known (see [31]),
Ey' =H'(g. H'() ®9) = H' (8. T2 ® F1)

The determination of cohomologies of Vect(S') with coefficients in tensor products
of modules of densities has been done by Fuks (see [31], Chap. 2, Theorem 2.3.5,
or Proposition 7.1 (2) above), in this case everything vanishes and Ezl’1 =0.

One has now to compute H2(h) in order to get ES” = Invg(H?(h) ® g). We
shall use the decomposition of cochains on h induced by its splitting into vector
subspaces: h = n @ q. So C'(h) = n* @ q* and C%(h) = A’n* ® A%q* @ q* An*.
The coboundary 9 is induced by the only non-vanishing part 8 : n* — A2q* which
is dual to the bracket A>q —> n. So the cohomological complex splits into three
subcomplexes and one deduces the following exact sequences:

0—>n*—a>A2q*—>M1 —0
0 —> My — A%n* _a) Alg* @ n*
0— M3 — q*An* —8>A3q*

and H*(h) = M; @ M, @ M;. One can then easily deduce the invariants
Invg(H*(h) ® g) = élnvg (M; ® g) from the cohomological exact sequences

i=1
associated with the above short exact sequences. One has:

00— Ian(MZ [ g) —_— Invg(Azn* ® g) =0
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and
0 — Invg(M3 ® g) — Invg(q* An* ®g) =0

from Proposition 5.2;
e —> Invg(Azq* ®g) — Invg(M, ® g) — Hl(g,n* ® g)
2 H'(g, A%" @ g) —> -

From the same proposition, one gets Invg (A%q* ® g) = 0 and we shall see later
(see the last part of the proof) that d« is an isomorphism. So Invg(H 2 ®g) =0
and Eg 2 = (. The same argument shows that Eg ‘' = 0, which ends the proof of the
lemma. O

From the long exact sequence (7.12) one has now: H™*(sv(0),s0(0)) =
H*(sv(0),h) for x = 0,1,2. We shall compute H*(sv(0),h) by using the
Hochschild-Serre spectral sequence once more; there are three terms to compute.

1. First E;° = H?(g, H(h,h)), but HO(h, ) = Z(h) = n = .% as g-module. So

/g

e
or in terms of modes ¢3(L,, L,,) = (m —n) M, +,,. Hence we have found one of
the classes announced in the theorem.

2. One must now compute E,"' = H'(g, H' (b, b)). The following lemma will be
useful for this purpose, and also for the last part of the proof.

Lemma 7.3 (identification of H'(h,h) as a g-module)). The space H'(h,h)
splits into the direct sum of two 4-modules H'(h, ) = J6 & 6 such that

1. Invgst; = 0, H'(g,s6) = 0;
2. Invyg 4 is one-dimensional, generated by the ’constant multiplication’ cocycle
defined by

E22‘0 = H?(g,.%) which is one-dimensional, given by ¢3(f 9, gd) =

El

I(Y,) =Y, (M, =2M, (7.13)

3. H'(g, 7A) is two-dimensional, generated by two cocycles ¢y, ¢, defined by

ci1(f9,80%) = f'gd"?, ci(fd.g) =2f'¢g

and
2(f9,80"%) = fgd'%, ex(fd.8) =2/g.
4. H?(g, A4) is one-dimensional, generated by the cocycle ci» defined by

(.0, hd2y = | 1 &1 hal2 cia(£0. g0, ) =2 J{ &
g

fle :
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Proof of Lemma 7.3. We shall split the cochains according to the decomposition
h=q®n. SetC'(h,h) = C; ® C,, where:

C="@n®@ ®q CG=0"®q9® @G n).

So one readily obtains the splitting H'(h, h) = 54 & % where

0— i — (@@ ®q) —> 47" @n
O—>q—a>q*®n—>%—>0

d being the coboundary on the space of cochains on h with coefficients into itself.
?
Its non vanishing pieces in degrees 0, 1 and 2 are the following: ¢ — ¢* ®n, n*®

E 3 .
n— A2q*®n, ¢* ® ¢ — A%q* ® n. We can now describe the second exact
sequence in terms of densities as follows:

0— Fip— F 30 Fg— 56— 0 (7.14)

From Proposition 7.1, one has Invy(F_3/» ® Fy) = 0 as well as Hi(g, Fi)2) =
0, fori = 0,1,2, and H'(g, F_30 ® Fo) = 0. So the long exact sequence in
cohomology associated with (5.3) gives Invg(5%) = 0 and H'(g, 5%) = 0.

For .77, one has to analyse the cocycles by direct computation. So let [ € C,
given by [(Y,)) = a,(k)Y, 4+, [(M,) = b,(k)M,+x. The cocycle conditions are
given by:

al(Ym Ym) = l((m _n)Mn+m) =Y, 1Y)+ Yy - l(Yn) =0
for all (n,m) € Z>. So identifying the term in M, 4, +, one obtains:

(m —n)byym(k) = (m —n + k)an (k) — (n —m + k)a, (k)

$0 byym(k) = am(k) + an(k) + L (am(k) - an(k)) = f(n,m,k)

m-—n

One can now determine the a,(k), remarking that the function f(n,m,k)
depends only on k and (n + m). One then obtains that a, (k) must be affine in n
so:

an(k) = ni(k) + p(k)
bu(k) = nA(k) + kA(k) + 2 (k)

So, as a vector space 7] is isomorphic to @ C(A(k)) @ C(u(k)), two copies of

k k
an infinite direct sum of a numerable family of one-dimensional vector spaces.
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Now we have to compute the action of g on J#]; letting L, € g, one has

(Lp- DY) = ((n— §>an+p<k> —(n+k— §)an ()Yt pik

2
= (n(p —k)A(k) — (%l(k) + ku(k))) Yot ptk

So if one sets (L, - 1)(Y,) = (L, - A)(k + p) + (L, - w)(k + p))Yus pyi One
obtains:

(L Mk + p) = (p —kK)AGK)
2
(Ly - )l + p) = =Z-10) + ko)

Finally, 77 appears as an extension of modules of densities of the following type:
0 — F#y — ] — F —> 0, in which %, corresponds to @C(,u(k)) and
k

F1 o @ C(Ak)).
k

There is a non-trivial extension cocycle y in Exté (F1,. %) = H' (g, Hom(Z,,

o)), given by y(f9)(gd) = f g; this cocycle corresponds to the term in p? in
the above formula. In any case one has a long exact sequence in cohomology

o —> Hi(g, F0) — H' (9. 74) — H'(g.F)) — H't\(g, Fo) —> -

As well-known, H*(g,.%1) = H*(g,%) is trivial, and finally H' (g, .%) is isomor-
phicto Hi (g, 7). In particular H'(g, 24) = H°(g..%) is one-dimensional, given
by the constants; a scalar i induces an invariant cocycle as [(Y,) = uY,, [(M,) =
2uM,.

Moreover, H'(g,.%,) has dimension 2: it is generated by the cocycles ¢; and
C», defined by ¢1(fd) = f’ and c2(fd) = f respectively. So one obtains two
generators of H'(g,.74) given by

c1(f9.g0"%) = fgd"%  c(fd.g) =2f"g

and
c(f0.80"%) = g3, cx(fD.g) =2fg
respectively.
Finally H 2(9, %) is one-dimensional, with the cup-product ¢}, of ¢} and ¢, as
generator (see [31], p. 177),so0¢c2(f 9, gd) = J{, g/ , and one deduces the formula
g

for the corresponding cocycle c1» in H?(g, 74):
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cia(fd, 0. hd'?) = jf 2 en(fa go.h) =2 Jf ML
This finishes the proof of Lemma 7.3. O

So, from Lemma 7.3, we have computed Ezl'1 = H'(g, H'(h,b)); it is two-
dimensional, generated by ¢ and ¢,, while earlier we had H 2(g, H 0(f), h)) = Ef’o,
a one-dimensional vector space generated by c3. We have to check now that
these cohomology classes shall not disappear in the spectral sequence; the only
potentially non-vanishing differentials are Eg’l — Ef’o and Ezl’1 — E;”O. One
has E5° = H(g,h) = H3(g,n) = HX¥, Fy) = 0 (see [31] p. 177); here we
consider only local cohomology), then Eg’l is one-dimensional determined by the
constant multiplication (see above) and direct verification shows that Eg N E22 0
vanishes. So we have just proved that the cocycles ¢y, ¢; and c¢3 defined in Theorem
7.1 represent genuinely non-trivial cohomology classes in H?2(s5v(0), 5v(0)).

3. In order to finish the proof, we still have to prove that there does not exist any
other non-trivial class in the last piece of the Hochschild-Serre spectral sequence.
We shall thus prove that Eg’z = InvgH 2(h, h) = 0. As in the proofs of the previous
lemmas, we shall use decompositions of the cohomological complex of h with
coefficients into itself as sums of g-modules.

The space of adjoint cochains C2(h, h) will split into six subspaces according to
the vector space decomposition ) = q@n. So we can as well split the cohomological
complex

C'(h.b) —> C2(h.h) —> C3(b.h)

into its components, and the coboundary operators will as well split into different
components, as we already explained. So one obtains the following families of exact
sequences of g-modules:

(n*®n)€B(q*®q)—a>A2q*®n—>A1 —>0 (7.15)
0—>K—>(Azq*®q)€B(n*/\q*®q)—a>A3q*®n
0—n*®q— K —> 4y —> 0 (7.16)
0— A — 1" Aq* ®q—> (A" ®q) & (0" A 42%) @n
0—>A4—>A2n*®n—a>(n*/\A2q*)®n
0—>A5—>A2n*®q—a>(n*/\Azq*)®q®(A2n*/\q*)®n

The restrictions of coboundary operators are still denoted by 9, and the other arrows
are either inclusions of subspaces or projections onto quotients. Hence H?2(h, h) =
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5

@ A;, and our result will follow from InvgA; = 0, i = 1,...,5. For the last
tlhrlee sequences, the result follows immediately from the cohomology long exact
sequence by using Invg(n* Aq* ® q) = 0, Invg(A’n* @n) = 0, Invg(A*n* ®q) =
0: there results are deduced from those of Grozman, recalled in Proposition 7.1.
(Note that the obviously g-invariant maps n ® n — nand n ® ¢ — q are not
antisymmetric!) So one has InvgA; = 0 fori = 3,4, 5.

An analogous argument will work for K, since Invg(A%q*®q) = 0 and Invg(n* A
q*) ® q = 0 from the same results. So the long exact sequence associated with the
short sequence (5.5) above will give:

0 —> Invg(K) —> Invg(A2) — H'(g,n* ® q)

One has H'(g.n* ® q) = H'(g,.#—1 ® F1;2) = 0 (see Proposition 7.1). So
Invg(A;) = 0.

For A, we shall need a much more subtle argument. First of all, the sequence
(5.4) can be split into two short exact sequences:

0— I —> nWeInNd@*"®q — B—0

0— B— A’¢*®n— 4, — 0.
Let us consider the long exact sequence associated with the first one:

0 —> Invg i —> Invg(n* @ n) @ Invg (4™ ® q) —> InvgB —> -+
> H' (g, 74) — H'(g.n* @n) & H'(9.9* ®q) — H'(g. B) — -
o —> H*(g. ) — H*(g.n* ®n) ® H*(g.9* ® q) — H*(g. B) — -+

The case of H' (g, 54),i = 0, 1, 2 has been treated in Lemma 7.3, and analogous
techniques can be used to study H'(g,n* ® n) and H'(g,q* ® q) fori = 0,1,2.
The cohomology classes come from the inclusion .%, C n* ® n, q* ® q or 4, and
from the well-known computation of H*(g, .%y) (Remark: as regards the results of
Fuks [31], Chap. 2, one should keep in mind the fact that he computes cohomologies
for Wy, the formal part of g = Vect(S!). To get the cohomologies for Vect(S') one
has to add the classes of differentiable order O (or “topological” classes), this is the
reason for the occurrence of ¢, in Lemma 7.3).

So Hi(g,24) = H (g.n* ®n) = Hi(g.q* ® q), i = 0,1,2, and the maps
on the modules are naturally defined through the injection 4 — (n* ® n) &
(9* ® q): each generator of Hi(g,24),i =0,1,2, say e, will give (e, —e) in the
corresponding component of H' (g, (n* ® n) & (q* ® q)). So Invy B and H*(g, B)
are one-dimensional and H ! (g, B) is two-dimensional.
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Now we can examine the long exact sequence associated with:

which is:

a*
0 — InvgB — Inngzq* ®@n— InvgAd| — H'(g, B)

— H'Y(g. A’ q* ®n) — -

The generator of Invg B comes from the identity map n —> n, and Invg A%q* @ nis
generated by the bracket ¢ A ¢ —> n, so 9* is an isomorphism in this case. So one
has

0 — InvgA; — H'(g, B) LN H'(g. A’q" ®n)

The result will follow from the fact that this 0* is also an isomorphism. The two
generators in H'(g, B) come from the corresponding ones in H'(g,n* ® n) @
H'(g.q* ® y), modulo the classes coming from H (¥, .74); so these generators
can be described in terms of Yoneda extensions, since H l(g,yg‘ ® Fo) =
Ext)(Fo, F), as well as H' (g, Ty ® Fipp) = Exty(F1/2, F1)2)-

Let us write this extension as 0 — %y — E — .%; — 0; the action on E
can be given in terms of modes as follows:

e::(fu’ gb) = (afn+u + ngb+n7bgb+n)
or
e,%(fa, gb) = (afn-l—u + &b+n» bgb+n)-

The images of these classes in H'(g, A?q* ® n) are represented by the extensions
obtained through a pull-back

0—)&550 —> E —> jo — 0
| 1 T[]
0— Fop———>E ———> AF ) — 0

where [, | denotes the mapping given by the Lie bracket A2.%,, —> %. One
can easily check that these extensions are non-trivial, so finally 0* is injective and
Invg(A1) = 0, which finishes the proof of Eg’z = InvgH*(h, ) = 0 and the proof
of Theorem 7.1. O

Theorem 7.1 implies that we have three independent infinitesimal deformations
of sv(0), defined by the cocycles ¢y, ¢, and c3, so the most general infinitesimal
deformation of sv(0) is of the following form:

[, ]/\,/L,v =[, ]+ Aci + pca + ves.
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In order to study further deformations of this bracket, one has to compute the
Richardson-Nijenhuis brackets of ¢|, ¢, and ¢3 in H3(s5v(0), s0(0)). By definition,
the Richardson-Nijenhuis bracket [ £, g] of two antisymmetric bilinear mappings f
and g of a vector space E into itself is a trilinear antisymmetric mapping of E into
itself given by the formula [ f; g](a,b,c) = Z(Cycl) f(g(a,b),c) + g(f(a,b),c),
where the sum ranges over all cyclic permutations. Here, the cohomology classes
of the brackets [c;, c;] represent the obstruction to prolongation of corresponding
deformations.

One can compute directly using our explicit formulas and finds [¢;,c;] = 0 in
H?3(s0(0),50(0)) for i, j = 1,2,3; and even better, the bracket of the cocycles
themselves vanish, not only their cohomology classes. So one has the

Theorem 7.2. The bracket [, |y .0 = [, ] + Act + pea + ves where [, ] is the
Lie bracket on s9(0) and c¢;, i = 1,2,3 the cocycles given in Theorem 7.1, defines
a three-parameter family of Lie algebra brackets on sv(0).

For the sake of completeness, we give below the full formulas in terms of modes:

[Ln’ Lm])»,u,v = (m - n)Ln+m + U(m - n)Mn+m

An

n
[Ln7 Ym])»,u,v = (Wl - 5 - 7 + ,LL)Y,H_m

[Lns Mm]/l,;,c,v = (m —An + 2M)Mn+m
[an Ym] = (n —m)My 1,

All other terms are vanishing.
Let us comment on each of these three deformations.

1. The term with cocycle ¢3 has already been considered in a slightly different
context in [43].

2. The term with ¢, induces only a small change in the action on h: the modules
F12 and F are changed into %1/, , and %, (see [31], p.127), the bracket
on b being fixed. This is nothing but a reparametrization of the generators in
the module, and for integer values of u, the Lie algebra given by [, Jo 0 is
isomorphic to the original one. For half-integer values of w, one obtains the
original Schrédinger—Virasoro algebra, sv.

3. The term with ¢; changes the conformal weight of the Y and M generators, and
generates the family of algebras sv,(0) introduced in Chap. 2.

We shall focus in the sequel on the term proportional to ¢}, and denote by sv,.(0)
the one-parameter family of Lie algebra structures on sv(0) given by [, |, =
[, ]e0o0, in coherence with Definition 2.2 in Chap. 2. Inspection of the above
formulas shows that sv,(0) is a semi-direct product Vect(S!) x b, where b, is a
deformation of b as a Vect(S')-module; one has b, = F14+. @© %, and the bracket

2
F14e X F14e —> F, is the usual one, induced by the Poisson bracket on the torus.
2 2
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Now, as a by-product of the above computations, we shall determine explicitly
H'(s0(0), 50(0)).

Theorem 7.3. H'(sv(0), 50(0)) is three-dimensional, generated by the following
cocycles, given in terms of modes by:

ci(Ly) =M, c(L,)=nM,
(Y, =Y, (M) =2M,.

The cocycle | already appeared in Chap. 2, when we discussed the derivations of
50(0); with the notations of Definition 2.3, one has | = 2(8; — §;).

Proof. From Lemma 7.2 above, one has H ' (sv(0), g) = 0, and so H'(sv(0), sv(0)) =
H'(sv(0), ). One is led to compute the H' of a semi-direct product, as shall be
done in Sect.8.2. The space H'(sv(0), h) is made from two parts H'(g,h) and
H'(b, b) satisfying the compatibility condition as in Theorem 8.2:

c([X.a]) = [X. c(0)] = —[a. c(X)]

for X eganda €b.

The result is then easily deduced from the previous computations : H'(g, h) =
H'(g.n) is generated by f9 —> f and fd —> f’, which correspond in the mode
decomposition to the cocycles ¢; and ¢;. As a corollary, one has [, c(X)] = 0
for X € gand o € h. Hence the compatibility condition reduces to c¢([X,«]) =
[X.c(a)] and thus ¢ € Invg H'(h, ). It can now be deduced from Lemma 7.3 above,
that the latter space is one-dimensional, generated by /.

We shall now determine the central charges of sv,(0); the computation will shed
light on some exceptional values of ¢, corresponding to interesting particular cases.

7.3 Computation of H?(sv,(0), R)

We shall again make use of the exact sequence decomposition 0 — h, —>
50.(0) = g —> 0, and classify the cocycles with respect to their “type” along
this decomposition; trivial coefficients will make computations much easier than in

the above case. First of all, 0 —> H?(g. R) — H?2(sv,(0), R) is an injection. So
the Virasoro class ¢ € H?(Vect(S!), R) always survives in H?(sv.(0), R).

For b,, let us use once again the decomposition 0 — n, — b, — q. — 0
where n. = [b., be]. One has: H'(g, H'(h.)) = H'(g,q}) = H'(9, 7)) =

=

H' (g, ﬁ_( e )). The cohomologies of degree one of Vect(S'!) with coefficients in
densities are known (see [31],Theorem 2.4.12): the space H (g, ﬁ’_( 3fe )) is trivial,
except for the three exceptional cases ¢ = —3,—1, 1:
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H'(g,.%) is generated by the cocycles [ —> f and fo— f/;

H'(g,.%_) is generated by the cocycle {9 —> f "dx;

H'(g,.Z_,) is generated by the cocycle f9 —> f~ (a’x)2 corresponding to the
“Souriau cocycle” associated to the central charge of the Virasoro algebra (see [43],
Chap.1V).

In terms of modes, the corresponding cocycles are given by:

c1(Ly, Yy) = 8°

c(Ly,Yy) = n8®, fore = —3;

n+m> n+m

C(Lna Ym) =n 8 n+m fOI‘8 = —1’

c(Ly,Yy) =n8°

o fOr e = 1.

The most delicate part is the investigation of the term E;),z = InvgH 2(h,) (this
refers of course to the Hochschild-Serre spectral sequence associated to the above
decomposition). For H2(h,) we shall use the same short exact sequences as for b in
the proof of Lemma 7.2:

0 —> Kerd —> A%n* - A%q* An
0 —> Kerd — q: A} —8>A3q8
0 — n* — A%q* — Cokerd —> 0

(where n, stands for n, divided out by the space of constant functions). One readily
shows that for the first two sequences one has InvgKerd = 0. The third one is more
complicated; the cohomology exact sequence yields:

0 —> InvgCokerd — H'(4,n¥) — H'(g, &’qF) —> -
The same result as above (see [31], Theorem 2.4.12) shows that:
H'(g,n*) = H'(g, #(—1—¢) = Ounless e = 1,—1,0,

and one then has to investigate case by case; set c(Y,,Y,) = ap82+q for the
potential cochains on y,. For each n one has the relation:

(ad,c)(Yp. Yy) — (¢ — p)y(Ln)(Mp4q) =0 (5.6)

for some 1-cocycle y : g —> nZ, and for all (p,q) such thatn + p + g = 0; if

y(L,)(My) = by 8n+m+k, one obtains in terms of modes, using a, = —a_p:

_l’_
(p+9q) ( 5 ) (ap —aq) + qaq — pag — (g — P)b—(p+q) =0

Let us now check the different cases of non-vanishing terms in H'!(¥, n¥).
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For ¢ = 1 one has b, = n>, and one deduces a, = p3.
For ¢ = —1 there are two possible cases b, = n or b,, = 1, the above equation
gives
qap — pag = (¢ — p)(e(p + q) + B);

the only possible solution would be to set @, constant, but this is not consistent with
a, = —a_,.Fore =0, one gets b, = n? and the equation gives

(pTJrq) (ap +ag) +qa, —pag—(g—p)p+qg)7*=0

One easily checks that there are no solutions.
Finally, one gets a new cocycle generating an independent class in H?(sv(0), R),
given by the formulas:
c(Yn,Yn) = n38n+ma
c(Ly, M) = ”38n+m

Let us summarize our results:

Theorem 7.4. Fore # —3,—1,1, H*(sv.(0), R) ~ R is generated by the Virasoro
cocycle.

For e = —3,—1, H*(sv,(0), R) >~ R? is generated by the Virasoro cocycle and
an independent cocycle of the form c(Ly,Y,) = 82+m fore = =3 orc(L,,Y,) =
n?sY, , fore = —l.

For e = 1, H*(sv,(0), R) ~ R3 is generated by the Virasoro cocycle and the
two independent cocycles ¢i and c, defined by (all other components vanishing)

ci(Ly,Yy) =n’8°

n+m>

cr(Ly, M) = c2(Y,, Yy) = n8°

n+m

Remarks. The isomorphism H?(sv, R) ~ R has been proved in [50]. As we shall
see in Sect. 7.4, generally speaking, local cocycles may be carried over from sv(0)
to sv or from sv to sv(0) without any difficulty.

Let us look more carefully at the ¢ = 1 case. One has that h; = % @ % with
the obvious bracket %, x .#; —> Z; so, algebraically, h; = Vect(S') ® nR[n]/
(n”* = 0). One deduces immediately that sv;(0) = Vect(S') ® R[n]/(n* = 0);
so the cohomological result for sv;(0) can be easily reinterpreted. Let f,0d and g,0
be two elements in Vect(S') ® R[5]/(n* = 0), and compute the Virasoro cocycle
c(f30.79) = [ fnmg,,dt as a truncated polynomial in n; one has f;, = fo +

nfi + n*f> and g, = go + ng1 + 1°g> so finally:

c(f49.899) = /Sl fomgodf + ﬁfsl(fomgl + fl///go)dt + 7’ /Sl(fomgz + flmgl

+ f, go)dt.
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In other terms: ¢( f;,, g,0) = co(f;0, g,9) + nei(f,0, g,9) + nca(f,0, g,9). One
can easily identify the ¢;, i = 0, 1, 2 with the cocycles defined in the above theorem,
using a decomposition into modes. This situation can be described by a universal
central extension

0 — R* —> s0;(0) —> Vect(S") ® R[5]/(n® = 0) — 0

and the formulas of the cocycles show that 5?@) is isomorphic to virt ® R[n]/
(n* = 0).

Remarks. 1. Cohomologies of Lie algebra of type Vect(S') ® A, where A4 is an

R
associative and commutative algebra (the Lie bracket being as usual given by
[fO®a,gd ®b] = (fg — gf)d ® ab), have been studied by C. Sah and

collaborators (see [101]). Their result is: H? (Vect(Sl) ®A) = A’ where

R
A" = Hompg(A, R); all cocycles are given by the Virasoro cocycle composed

with the linear form on A. The isomorphism H?(sv;(0), R) ~ R (see Theorem
7.4) could have been deduced from this general theorem.

2. One can obtain various generalisations of our algebra f as nilpotent Lie algebras
with Vect(S')-like brackets, such as

Yo, Y]l = (n —m)M, 1, (7.17)

by use of the same scheme. Let A be an artinian ring quotient of some polynomial
ring R[ty,....2,] and Ag C A its maximal ideal; then Vect(S') ® Ap is a

R
nilpotent Lie algebra whose successive brackets are of the same type (7.17). One
could speak of a “virasorization” of nilpotent Lie algebras. Explicit examples are
provided in the Sect. 3.5 about multi-diagonal operators of the present article.

3. It is interesting in itself to look at how the dimension of H?(sv.(0), R) varies
under deformations. For generic values of ¢, this dimension is equal to one, and
it increases for some exceptional values of €; one can consider this as an example
of so called “Fuks principle” in infinite dimension: deformations can decrease
the rank of cohomologies but never increase it.

4. Analogous Lie algebra structures, of the “Virasoro-tensorized” kind, have been
considered in a quite different context in algebraic topology by Tamanoi, see
[111].

7.4 About Deformations of sv(0)

Let us recall that local cochains are “support-preserving” in the following sense: the
support of the image of a cochain is contained in the intersection of the supports
of its entries. Equivalently, according to a well-known theorem by J. Peetre, these
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cochains are locally given by differential operators acting on the coordinates of the
vector fields.

We shall only consider the local cochains C}* (sv(0), 5v1(0)). The Lie algebra
5v1(0) admits a graduation mod 3 by the degree of polynomial in 7, the Lie
bracket obviously respects this graduation; this graduation induces on the space
of local cochains a graduation by weight, and C;* .(sv(0), sv1(0)) splits into direct
sum of subcomplexes of homogeneous weight denoted by C;* (s50(0), 501(0)) ().
Moreover, as classical in computations for Virasoro algebra, one can use the adjoint
action of the zero mode L (corresponding geometrically to the Euler field za%) to
reduce cohomology computations to the subcomplexes C,% (5v1(0), 501(0))(,)(0) of
cochains which are homogeneous of weight 0 with respect to ad Ly (see e.g. [43],
Chap.1V).

We can use the graduation in 1 and consider homogeneous cochains with respect

to that graduation. Here is what one gets, according to the weight:

* weight 1: one has cocycles of the form
c(Ly,Yy)=m—n)My4,, c(Ly, L) = (m—n)Y,qm

butif b(L,) = Y,, then ¢ = 0b.

e weight O: all cocycles are coboundaries, using the well-known result
H*(Vect(S"), Vect(S')) = 0.

e weight -1: one has to consider cochains of the following from

c(Yy, M) = a(m —n)M, 4,
C(an Ym) = b(m - n)Yn+m
c(Ly, My) =e(m—n)Y,4m
C(Lna YM) = d(m - n)Ln+m
and check that dc = 0. It readily givese = d = 0.
If one sets ¢(Y,) = aL, and ¢(M,) = BY,, then
a’Z:,(Yna Mm) = (Oé + ﬁ)(m - n)Mn+m
%(Yn, Mm) = (20{ - ﬂ)(m - n)Yn+m
So all these cocycles are cohomologically trivial,
e weight -2: set
c(Yy, My) =a(m—n)Y,+n
c(My, My,) = B(m —n)My 4,
c(Ly, My) = y(m —n)Lyim
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Coboundary conditions give y = o and B = y + «, butif ¢(M,) = L,, then

ac(M,,, M) = (m —n)Y, 4,
ac(Yy, M) = 2(m —n)My 4
3E(Ln7 Mm) = (m - n)Ln+m

* weight -3: we find for this case the only surviving cocycle.
One readily checks that C € C;* (s0;(0), 5v,(0))(—3)(0) defined by

loc

C(Yy,My,) = (m—n)Lyym
CM,,M,,) =(m—n)Y,+m

is a cocycle and cannot be a coboundary.

We can describe the cocycle C above more pleasantly by a global formula: let f, =
fo+nfi +n’f>and gy = 8o +ngi+ n>gs, with f;, g; elements of Vect(S'). The
bracket [, | of sv;(0) is then the following:

2
g =D Y [fiog] or (fyg, —gnfy)lyo-

k=0i+j=k

and the deformed bracket [, | + pC will be [fy. glu = (f28) — &n.f;)p=p- SO
we have found that dim H?(sv;(0),sv;(0)) = 1.

In order to construct deformations, we still have to check for the Nijenhuis-
Richardson bracket [C, C] in C3(sv;(0), s01(0)). The only possibly non-vanishing
term is:

[C.CYMy, My, My) = Y C(C(My, My, ), My) =Y (= n)C (Yo, Mp)
(cyel) (cyel)
= 2 (pm—pn+n’—m’)Lytnip=0
(cyel)

So there does not exist any obstruction and we have obtained a genuine deformation.
We summarize all these results in the following

Proposition 7.4. There exists a one-parameter deformation of the Lie algebra
s91(0), as sv1,(0) = Vect(S!) ® R[nl/ op=y)- This deformation in the only one
possible, up to isomorphism.

If one is interested in central charges, the above-mentioned theorem of
C. Sah and al., see [101], shows that dim H?*(sv; ,(0), R) = R* and the universal

central extension 5@) is isomorphic to viv ® R[n]/3=,). We did not do the
computations, but we conjecture that svy ,(0) is rigid, the ring R[n]/ (3=, being
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more generic than R[n]/3—¢). More generally, it could be interesting to study
systematically Lie algebras of type Vect(S') ® A where 4 is a commutative ring,
their geometric interpretation being “Virasoro current algebras”.

7.5 Coming Back to the Original Schrodinger—Virasoro
Algebra

The previous results concern the ‘twisted” Schrodinger—Virasoro algebra sv(0) gen-
erated by the modes (L, Y;,, M) for (n,m, p) € Z3, which make computations
easier and allows direct application of Fuks’ techniques. The original Schrodinger—
Virasoro algebra sv is generated by the modes (L, Y,,, M) for (n, p) € Z? but
me 7+ % Yet Theorem 7.1 and Theorem 7.2 on deformations of sv(0) are also
valid for sv: one has dim Hz(su, sv) = 3 with the same cocycles ¢y, ¢3, 3, since
these do not allow ’parity-changing’ terms suchas L xY — M orY xY — Y for
instance (the (L, M )-generators being considered as ‘even’ and the Y -generators as
‘odd’).

But the computation of H?(sv,, R) will yield very different results compared
to Theorem 7.4, since ‘parity’ is not conserved for all the cocycles we found, so
we must start from the beginning. Let us use the adjoint action of L to simplify
computations: all cohomologies are generated by cocycles ¢ such thatad Ly . ¢ = 0,
i.e. such that ¢c(Ax,B;) = O0fork +/ # 0, A and B being L,Y or M. So,
for non-trivial cocycles, one must have c¢(Y,,L,) = 0,c(¥Y,, M,) = 0 for all
Y., L,, M,; in H*(sv., R), terms of the type H'(g, H'(h.)) will automatically
vanish. The Virasoro class in H?(g, R) will always survive, and one has to check
what happens with the terms of type Invg H 2(b,). As in the proof of Lemma 5.3, the
only possibilities come from the short exact sequence

0 — n* — A%q* — Cokerd — 0

which induces: 0 —> InvgCokerd — H'(g,n*) — H'(g,&*q}) and one
obtains the same (5.6) as above:

(adan)(Yps Yq) + (g — p)y(Ln)(Mp-i-q) =0
Ife(Y,, Y = a,,S?H_q, the equation gives:

e+3 e+1
) n)+ap+n(P_ )

_ap(P + n)—(p— q))’(Ln)(Mp-i-q) =0
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One finds two exceptional cases with non-trivial solutions:

« fore =1, a, = p*and ¢(L,, M) = n8)_,, gives a two-cocycle, very much
analogous to the Vect(S') ® R[n]/ (3=0) case, except that one has no term in
c(Ly.Yp).

e fore = -3, if y = 0, the above equation gives pa, = (p + n)a,, for every p
andn.Soa, = % is a solution, and one sees why this solution was not available
in the twisted case.

Let us summarize:

Proposition 7.5. The space H?*(sv,,R) is one-dimensional, generated by the
Virasoro cocycle, save for two exceptional values of €, for which one has one
more independent cocycle, denoted by cy, with the following non-vanishing com-
ponents:

o fore=1: ¢1(Y,,Y,) = p38. and c¢\(L,, My) = p38°

(;v+q rPtq’

_ 3. = Yoy
fore==3: c1(Y,.Y,) = ”p".

Remark. The latter case is the most surprising one, since it contradicts the well-
established dogma asserting that only local classes are interesting. This principle
of locality has its roots in quantum field theory (see e.g [67] for basic prin-
ciples of axiomatic field theory); its mathematical status has its foundations in
the famous theorem of J. Peetre, asserting that local mappings are given by
differential operators, so — in terms of modes — the coefficients are polynomial
in n. Moreover, there is a general theorem in the theory of cohomology of Lie
algebras of vector fields (see [31]) which states that continues cohomology is in
general multiplicatively generated by local cochains, called diagonal in [31]. Here
our cocycle contains an anti-derivative, so there could be applications in integrable
systems, considered as Hamiltonian systems, the symplectic manifold given by
the dual of (usually centrally extended) infinite dimensional Lie algebras (see for
example [43], Chaps. VI and X).



Chapter 8
Action of sv on Schrodinger
and Dirac Operators

The emphasis in the next three chapters is put on a natural action of the Schrodinger—
Virasoro group on the affine, resp. linear space of Schrodinger operators of the form
=249, — >+ V(t,r), resp. a(t)(=2i/d, — %)+ V(t,r)', where V is a periodic
time-dependent potential, and a(t) a time-dependent periodic scaling coefficient.
This action is essentially a restriction of the action by conjugation of the differential
operators of order one d (sv), see Chap. 1, on the space of differential operators in
two variables. Let us make some general comments on these three chapters.

Chapter 8 is devoted to the basic underlying algebraic structures (definition of the
action, affine cocycles...), mostly for the restricted action on a subspace of the affine
space of Schrodinger operators, .7. j’g , called the space of generalized harmonic
oscillators — for which V(t,r) = Vy(t) = Vi(¢t)r + Va(t)r? is quadratic in the
space coordinate. The results are taken from [106].

Chapter 9 gives the detailed orbit structure for the action of sv on generalized
harmonic oscillators, in particular, an explicit classification by means of normal
forms. It relies heavily on the study of the isotropy groups that allowed A.A.
Kirillov [70] to classify the orbits of the action of the group of diffeomorphisms on
the space of Hill operators; our results may actually be seen as a quantization of the
latter. These operators have been solved independently by physicists (using the
so-called Ermakov-Lewis invariants’) and by mathematicians (using a semi-
classical approach®). Algebraic, geometric, analytic and physical tools merge
nicely in our study and provide a thorough picture of these operators, including
a computation of the monodromy operator. The restricted action is shown to be
Hamiltonian for a certain Poisson structure at the end of the chapter.

"Note the replacement of .# by —i.# in these three chapters with respect to all others, made
necessary by the use of spectral theory for Schrodinger operators in Chap. 9, which does not allow
complex masses.

?LewRie.
3Hag.

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 147
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_8,
© Springer-Verlag Berlin Heidelberg 2012
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In Chap.10 (which is independent from Chap. 9), we come back to the
unrestricted action on the whole linear space of Schrodinger operators, and show
it is Hamiltonian for another unrelated Poisson structure inherited from the much
larger loop space over the pseudo-differential algebra. Our approach there is more
in the spirit of infinite-dimensional Poisson geometry, and may hopefully give rise
to new integrable systems.

The short Sect. 8.3 (introducing an action of sv on Dirac operators) looks isolated
in the picture. Yet it fits in well within our general idea of considering actions
of general reparametrization groups on operators coming from the mathematical
physics. One can imagine many kinds of possible generalizations and hope to use
(as in Chap. 9) algebraic structures to classify other classes of time-dependent
operators. This section is also interesting in that it gives another example of a
‘concrete’ coinduced representation (see Chap. 5).

8.1 Definitions and Notations

Letd = % be the derivation operator on the torus T = [0, 2x]. A Hill operator
is by definition a second order operator on T of the form d* + u, u € C*®(T).
Let ; be the representation of Diff(S!) on the space of (—A)-densities .7 (see
Definition 1.8). One identifies the vector spaces C *°(T) and .%, in the natural way,
by associating to f € C°(T) the density fdx~*. Then, for any couple (X, i) €
R?, one has an action [T, , of Diff(S"') on the space of differential operators on T
through the left-and-right action

M u(¢) : D — ma(d) o D o mu(p) ™",
with corresponding infinitesimal action
dIl 4 (¢) : D — dmy(¢p) o D — D odmu(¢h).

For a particular choice of A, u, namely, A = —%, W = 5, this representation

preserves the affine space of Hill operators; more precisely,

1
2°

73 (¢) 0 (3 4+ u) o (@) = 37 + (@) (uo @) + %S(cp) (8.1)

where S stands for the Schwarzian derivative. In other words, u transforms as an

element of pir] (see Sect. 3.1). One may also — taking an opposite point of view —
2

say that Hill operators define a Diff(S')-equivariant morphism from .# 1 into Z_;.

The purpose of this chapter is to find out similar left-and-right actions of SV ozn
several affine spaces of differential operators. This will lead us to introduce several
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representations of SV that may all be obtained by the general method of coinduction
(see Chap. 5).

Definition 8.1 (affine subspace of Schrodinger operators). Let '™ be the vector
space of second order operators on R? defined by

DeS™ s D=ht)Ay+V(t.r), hVeC®RY,

where
Ao = =249, — 9 (8.2)

is the free Schrodinger operator, and % C '™ be the affine subspace of
‘Schrodinger operators’ given by the hyperplane 7 = 1.

In other words, an element of . is the sum of the free Schrodinger operator
Ay = —2iH40, — 33 and of a potential V.

The following theorem proves that there is a natural family of actions of the
group SV on the space .#"" : more precisely, for every A € R, and g € SV, there
is a ‘scaling function’ Fy, € C*(S!) such that

7.(8) (Ao + V)m() ™ = Foa(t) (Ao + Ven) (8.3)

where V, 1 € C%(R?) is a ‘transformed potential’ depending on g and on A (see
Sect. 1.2 for the definition of ;). Taking the infinitesimal representation of sv
instead, this is equivalent to demanding that the ‘adjoint’ action of the vector field
representation d 1, (50) (see Introduction) preserve ./, namely

[dm(X), Ao+ V](t,r) = fxa(t)(Ao+ Vxi), X €sv (8.4)

for a certain infinitesimal ‘scaling’ function fy and with a transformed potential
VX, A-

We shall actually prove that this last property even characterizes in some sense
the differential operators of order one that belong to d i, (sv).

Theorem 8.1. 1. The Lie algebra of differential operators of order one 2 on R?
preserving the space /'™, i.e., such that

[%’ylin] C ylin

is equal to the image of sv by the representation d i) (modulo the addition to 2
of operators of multiplication by an arbitrary function of t ).
2. The action of d 7wy 11/4(sv) on the free Schrodinger operator Ay is given by

2
[drss(Lo). & = [0 "2 aiang” @)

[dmis1/a(Yy), Ao) = —2.4*rg” (8.6)
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[d 7ot 1/a(My), Ag] = —2.4%1 (8.7)

Proof. Let 2" = f0, + g0, + h preserving the space ."": this is equivalent to the
existence of two functions ¢ (), V(z, r) such that [Z", Ag] = ¢(Ao + V). Itis clear
that [h, S]] C i if h is a function of # only.

By considerations of degree, one must then have [2,0,] = a(t,r)d, + b(t,r),
hence f is a function of ¢ only. Then

[f0,, 2.3, — 3] = 2i.l f'9, (8.8)
(g0,, —2i.d, — 3?] = 2i.4 0,80, + 20,8* + 020, (8.9)
[h, —3?] = 20,hd, + 0*h (8.10)

s0, necessarily,

f "= 20,8 = —¢
and
(=2id, — 0*)g = —20,h.

Putting together these relations, one gets points 1 and 2 simultaneously. O

Using a left-and-right action of sv that combines d 7 and d 1), one gets a new
family of representations do;, of sv which map the affine space %/ into differential
operators of order zero (that is to say, into functions):

Proposition 8.2. 1. Let doy, : sv — Hom(/'™, . 7'") be defined by the left-and-
right infinitesimal action

dO’A(X) D — d]TH_A(X)OD —DOd]U(X).

Then do is a representation of sv and do; (s0) (%) C C®(R?).
2. The infinitesimal representation do) exponentiates to a left-and-right action of
the Schrodinger—Virasoro group on the affine space .77 defined by

02(g)(D) = mi41(g) Dma(g ™). (8.11)

Proof. Let X1, X, € sv, and put d7gi1(X;) = fi(¢),i = 1,2; then, with a slight
abuse of notations, doy (X;) = ad dmy (X;) + f/, so

[doy(X1), doy(X2)] = [ad(dmu(X1)) + f{,ad(dmu(X2) + 5] (8.12)
ad dm ([X1. X2]) + ([dm(X1), f5(0)]
—[dmi(X2). f{(D)]). (8.13)
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Now ad d ) commutes with operators of multiplication by any function of time
g(t)if X € b, and

[dm(Ly). ] = [f1)0:.g)] = f(1)g'(1)
so as a general rule
[dm(Xi). g(0)] = fi()g' (1).

Hence

[do3(X1). doa(X2)] = ad dmy ([X1. Xo]) + (f1(0) 15 (1) = fo(0) (1)) (8.14)
=addm (X1, Xo]) + (/1 fi = L)) (@) (8.15)

= doy([X1, Xa2]). (8.16)

By the preceding Theorem, it is now clear that doy(sb) sends .7 into
differential operators of order zero. O

Remark. Choosing A = i leads to a representation of Sch preserving the kernel of
Ay (as already known from Proposition 1.5). So, in some sense, A = i is the ‘best’
choice.

The following formulas hold:
Proposition 8.3 (affine action on Schrodinger operators).

1. The action o), is written as follows

0,(¢;0).(Ao + V(t, 1)) =
¢

a0+ 4OV G0\ §0) + 2 (13 ) 5 + 5 S0

ou(L; (@, B)).(Ag + V(t, 1)) =
Ao+ V(t,r —a(t)) —2.4°%ri(t) — #*QAG) — a(t)i (1)) (8.17)

N2
where S : ¢ — % - % (%) is the Schwarzian derivative.

2. The infinitesimal action do, : X — %|r=0 (Em(exp ZX)) of sv gives
d6u (L) (Ao + V(. r)) =
_ L A S Y R R
fv 2fr8r 1(,u 4)///]‘ 2//lfr f
v 9.
doy(Ze) (Ao + V(L. 1) = —g—— — 2.47gr

or
doy (M) (Do + V(L. 1)) = =2.4%h (8.18)
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Let us now introduce the affine space of generalized harmonic oscillators,
ygfzf . The previous formulas imply immediately that yggf is preserved by the
Schrodinger—Virasoro actions doyj,.

Definition 8.4 (space of generalized harmonic oscillators). Let 5”22 c Fu
be the affine subspace of Schrodinger operators with potentials that are at most
quadratic in r, that is,

D eSE & D =200, — 02+ Va(t)r* + Vi(O)r + Vo(0). (8.19)
is mapped into potentials of the same form under do (SV).

Let us use the same vector notation for elements of .’ zg and for potentials that
are at most quadratic in r (what is precisely meant will be clearly seen from the

|2 V,
context). Set D = | V; |and V = | V; | for D = Ay + Va(t)r® + Vi(t)r +
Vo Vo

Vol(t) € 5”;2 and V(t,r) = Va()r? + Vi(t)r + Vo(t) € C*(R?), respectively.

Then one can give an explicit formula for the action of do on .’ j’g :

Vs
Proposition8.5. 1. Let D = | Vi | € 7% and fy. fi. f» € C®(R). Then the
Vo
following formulas hold:
M?
S 2Vt KoV
, S 3
doy+1/4(ZL,) (D) TVl + Efo/Vl (8.20)
SoVy + fiVo + 204 Af)
0
doyy1/4(Z5) (D) = — | 2/iVa+ 2.4 f (8.21)
Sini
0
oy Mp)D)=| 0 (8.22)
2.7 f]
2. Consider the restriction of doys to Vect(S') C sv. Then do/alveyst)y acts
V2
diagonally on the 3-vectors | V| | and its restriction to the subspaces %‘ﬂ =
Vo

{Ao + g()r' | g € C®(R)}, i = 0,1,2, is equal to the coadjoint action
of Vect(S') on the affine hyperplane t)i'cf/4 (i = 2), and to the usual action
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of Vect(S') on F_3,, ~ Ty, (when i = 1), respectively on F_, ~ F
(when i = 0). Taking A # 0 leads to an affine term proportional to f;’
on the third coordinate, corresponding to the non-trivial affine cocycle in

H'(Vect(S1), . 7_)).

aff

In other words, if one identifies .7, with sv7 by
4

Vs 2
< | (fo fi 12) = Z/ (Va-i f)(2) dz,
i=0/S!

Yo ygfg x50

then the restriction of doy/4 to Vect(S') is equal to the restriction of the coadjoint
action of sv on sb¥.

3
Note, however, that do 4 is not equal to the coadjoint action of sv.

Proof. Point 2 is more or less obvious, and we shall only give some of the
computations for the first one. One has [d 7y 41/4(ZL,), Ao] = fj Ao +i%- f”/ Z_

8M4Mf, [dmos14( L) Vo)l = —foVy (), [dmit14(Ly,). Vl(l)r] =
—(foV/(@) + 3 f@OViO)r, [dnx+1/4($f0)7V2(l)72] = —(foOV, @) +
fo @) Va(t))r?, so

doy+1/4(ZL ) (D) = = fo.D + [d7s11/4(ZL,), D]

Iy . , 3
—(foV§ + fiVo + 2il M f)) — (fOV{+ EfO’Vl)r

%2
— (— 2 ///+2f0V2+foV2)

Hence the result for doj11/4(.Z,). The other computations are similar though
somewhat simpler. O

This representation is easily integrated to a representation ¢ of the group SV.
We let S(¢) = "% - % (—) (¢ € Diff(S")) be the Schwarzian derivative of the

function ¢.

V2
Proposition 8.6. LetrD = | V) | € Yg then
Vo

or+1/4(¢; (@, b)) D = ox+174(1; (a, b))or+1/4(¢p; 0) D (8.23)
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@) (Va0 ) + 2 S(¢)

orp1/ai 1).D = @)i(Vieg) (8.24)
&' (Voo d) + 2id A (%)
V2
ol+1/4(1;(a,b)).D = V] —261[@—2%261” (825)

Vo —aVi + a?*Vy — H#*(2b" — aa”)

defines a representation of SV that integrates do, and maps the affine space .. gf
into itself. -
In other words, elements ong define an SV -equivariant morphism from 76,
into /.11, where S8, respectively 41, is the space C > (R?) of functions of t, r
that are at most quadratic in r, equipped with the action ), respectively m) | (see

Sect. 1.2).

Proof. Put SV = G x H. Then the restrictions o | and o |y define representations
(this is a classical result for the first action, and may be checked by direct computa-
tion for the second one). The associated infinitesimal representation of sv is easily
seen to be equal to do. O

In particular, the orbit of the free Schrodinger operator Ag is given by the
remarkable formula

%2
=5 g
Uk+1/4(¢; (Cl, b))Ao = _ 2 + A s (8.26)
2.1 i (£)
—M*(2b" — aa") ¢

mixing a third-order cocycle with coefficient —.#2 which extends the Schwarzian
cocycle ¢ — S(¢) with a second-order cocyle with coefficient 2i.#Z A which
extends the well-known cocycle ¢ — % in H'(Vect(S'),.#_1). The following
section shows that all affine cocycles of sv with coefficients in the (linear)
representation space .’ zg are of this form.

8.2 Affine Schrodinger Cocycles

The representations of groups and Lie algebras described above are of affine type; if
one has linear representations of the group G and Lie algebra g on a module M, one
can deform these representations into affine ones, using the following construction.

LetC : G — M (respc : ¢ — M) be a 1-cocycle in Z{}Hff(G, M) (resp
Z'(g. M)); it defines an affine action of G (resp g) by deforming the linear action
as follows:
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gxm=gm+ C(g)
Exm=EEm—+c(§)

respectively. Here the dot indicates the original linear action and * the affine
action. One deduces from the formulas given in Propositions 8.5 and 8.6 that
the above representations are of this type; the first cohomology of SV (resp sv)
with coefficients in the module .7 zg (equipped with the linear action) classifies all
the affine deformations of the action, up to isomorphism. They are given by the
following theorem:

Theorem 8.2. The degree-one cohomology of the group SV (resp Lie algebra sv)
with coefficients in the module Ygg (equipped with the linear action) is two-
dimensional and can be represented by the following cocycles:

1
—55(¢)
- for SV: Ci(¢,(a, b)) = 24"
2b" —aa”
0
0
Ca(o, (a, b)) = N
(%)
¢ 1
_fb///
2
- for sv : Ly + Yy + Mp) = _2f1”
—2f,
0
oLy + %+ Mp) =1 0
ﬁ)//

One recognizes the cocycles evidenced in Propositions 8.5 and 8.6.

Proof. One shall first make the computations for the Lie algebra and then try to
integrate explicitly; here, the “heuristical” version of Van-Est theorem, generalized
to the infinite-dimensional case, guarantees the isomorphism between the H'!
groups for SV and sv (see [43], Chap.IV).

So let us compute H'(sv, M) ~ H'(gx b, M) for M = .7 (equipped with
the linear action). Let ¢ : g x h —> M be a cocycle and set ¢ = ¢’ + ¢” where
¢’ =c|gand ¢” = c|y. One has ¢’ € Z'(g, M) and ¢ € Z'(h, M), and these two
cocycles are linked together by the compatibility relation

(X, a]) — X.(c" (@) + a.(c'(X)) =0 (8.27)

As a g-module, M = F_, & F_3, & F_1, so one determines easily that

H'(g, 7_,) and H'(g, #_,) are one-dimensional, generated by £, —> f, dx?
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and £, — fo"dx respectively, and H'(g, F_32) = 0 (see [43], Chap.IV).
One can now readily compute the 1-cohomology of the nilpotent part f; one easily
remarks that the linear action on .. ;’g is defined as follows:

Vs 0
(gfl + %fz) . V1 = 2f1 V2
Vo JiNi

Direct computation shows that there are several cocycles, but compatibility condi-
tion (8.27) destroys all but one of them:

0
P+ Mp) = | S
1

The compatibility condition gives

1 a
C//([gfov gfl + ///fz]) - gfo (C//(@fl + ///fz)) = _Eflfo

On the other hand
/ fom O "
(gfl + %fz)'(c (-’gfo)) = (gfl + ///fz) . 0 = 2f1f0
fy 0

Hence the result, with the right proportionality coefficients, and one obtains the
formula for ¢;. One also remarks that the term with fo//d x disappears through the
action of b, so it will induce an independent generator in H'(sv, ), precisely
C.

Finally the cocycles C; and C, in H'(SV, .7 sag ) are not very difficult to compute,

once we have determined the unipotent action of H on Yﬁgf :

Vs Vs
(a, b) Vil=1|WVi+2aV,
Vo Vo +aVi —a*V,
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8.3 Action on Dirac-Lévy-Leblond Operators

J.-J. Lévy-Leblond introduced in [76] an order one matrix differential operator

Py on RY4T (with coordinates ¢,r1,...,rg), called Dirac-Lévy-Leblond opera-
tor. It is similar to the Dirac operator, whose square is equal to —Ay ® Id
Ag

= — for Ag = —2i.#09, — Z,‘;l 8%. So, in some sense, 2 is a
Ao

square-root of the free Schrodinger operator, just as the Dirac operator is a square-

root of the D’ Alembertian. The group of Lie invariance of %, has been studied in

[32], where it is seen to be isomorphic to Sch(d) with a realization that is close in

spirit to that of Proposition 1.12; it exponentiates d 7§ (see Definition 8.8 below).

2
Let us restrict to the case d = 1 (see Sect. 11.1 for details). Then %, acts on

spinors, or pairs of functions (¢1 ) of two variables ¢, r, and may be written as
2
9, 214
= . 8.28
Do ( 5 0, ) (8.28)

One checks immediately that 72 = —Ay ® 1d.

From the explicit realization of sch on spinors (see again Sect. 11.1), one may
easily guess a realization of sv that extends the action of sch, and, perhaps more
interestingly, acts on an affine space 2 of Dirac-Lévy-Leblond operators with
potential, in the same spirit as in the previous section. More precisely, one has the
following theorem (we need to introduce some notations first).

Definition 8.7. Let 2" be the vector space of first order matrix operators on R?
defined by

0 O

lin _
De P& D=h(t)% + (V(”) 0

) . h,V e C®(R?
and 2, @Z be the affine subspaces of 2/ such that

0 0
D W o D =
€ 99 & %+(V(”)O),

0 0
De?9% s D=9 '
€72 0+(Vz(f)r2+V1(f)"+V0(t)0)
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We shall say that a matrix of the form ( O) , where V € C®(R?), is a

0
V(t,r)0

Dirac potential.

Definition 8.8. Let dny (A € C) be the infinitesimal representation of sv on the
space ] ~ (C°°(R?))* with coordinates , r, defined by

axf (L) = (=100 =3 £ O, + £ 0 ) @ 1

1
') ® ()L —3 0 ) - %f”(t)r ® (0 0) . (8.29)

0 A+ 10
dnf(Yy) = (—g(1)d, +idg (1)r) ®1d— g'(1) ® ((1) 8) . (8.30)
dni(My) = ih(t) @ 1d. (8.31)

Theorem 8.3. 1. Let do : sb — Hom(Z2'™, 2'") be defined by the left-and-right
infinitesimal action

do(X):D - dn}(X)oD — Dodnf(X).
2

Then do maps @if; into the vector space of Dirac potentials.

0 0
2. Representing the Dirac potential V = or,
P 8 P (Vg(l)rz +Vi(Or + Volt) o)
V2
equivalently, the Dirac operator 9y + V, by the vector | Vi |, we see that the
Vo

action of do on _@i’g is given by the same formula as in Proposition 8.5, except

for the affine terms (with coefficient proportional to . or #?) that should all
be divided by —2i. 4 .

The proof is straightforward, similar to Theorem 8.1, Proposition 8.2 and
Proposition 8.6).
Note that, as in the previous section, one may define a ‘shifted’ action

dGA(X):D—>dnf+1(X)oD—Dodn;+l(X) (8.32)
2

which will modify only the coefficients of the affine cocycles.
To conclude, let us emphasize two points (see introduction to Sect. 8.1, and also
Chap. 10 for a comparison):
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— contrary to the case of the Hill operators, there is a free parameter A in the left-
and-right actions on the affine space of Schrodinger or Dirac operators;

— looking at the shift of indices between the left action and the right action, one
realizes that Schrodinger operators are of order one, while Dirac operators are of
order one-half ! (recall the difference of indices was 2 = 2 — (—%) in the case of

2
the Hill operators, which was the signature of operators of order 2 — see [19]).

So Schrodinger operators are somehow reminiscent of the operators d+u of order
one on the line, which intertwine .%, with %, for any value of A. The case of the
Dirac operators, on the other hand, has no counterpart whatsoever for differential
operators on the line.

On the other hand, for the unrestricted linear action of sv on the space of
Schrodinger operators which is seen in Chap. 10 to be Hamiltonian, the shift of
indices is fwo, so that, in this respect, Schrodinger operators behave more naturally
as second-order operators.



Chapter 9
Monodromy of Schrodinger Operators

This chapter is adapted from [106].

9.1 Introduction

This chapter — which makes use of the objects and concepts introduced in Chap. § —
is mainly concerned with the determination of the monodromy of Schrédinger
operators in yiffz = {210, — 02 + Va(t)r? + Vi(t)r + Vo(1)}, where Vo, Vi and V5
are 27r-periodic. The monodromy, for an ordinary differential equation with periodic
coefficients, expresses the “rotation” of the general solution over a period. Typically,
for Hill equations, the monodromy is a two-by-two matrix in SL(2, R). Here we
are concerned with partial differential equations, so the monodromy is an operator
instead of a matrix. The problem is solved by using two main ingredients: the first
one is the classification of the orbits of the action of the Schrédinger—Virasoro group
on figf , which results in particular in a finite family of explicit normal forms;
the second one is the exact solution of the Cauchy problem associated with any
Schrodinger operator D € Yzfzf . This was established independently by several
authors: Lewis and Riesenfeld [80] in one dimension, and Hagedorn [46] in several
dimensions.

Let us explain the general motivation underlying this work.

The Cauchy problem Dy = (—2id, — d?)y = O' with initial condition
¥(0,7) = vo(r) has a unique solution. The usual method used in mathematical
physics to solve such a time-dependent problem is to consider the adiabatic approx-
imation: if one puts formally a small coefficient ¢ in front of 9d,, the problem is equiv-
alent by dilating the time coordinate to the equation (—2id, — 32 + V(et,r))¢¥ = 0,

IThe value of the mass parameter has been chosen equal to 1 in the whole chapter, in order to
simplify the formulas.
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so that V is a potential that is slowly varying in time. Suppose that A.(t) :=
—0924V (et, r) has a pure point spectrum {1, (t),n € N} forevery 7, where A, is C>
in ¢, say, and let v, (¢) be a normalized eigenfunction of A, () satisfying the gauge-
fixing condition (Y, (t), ¥, (¢)) = 0. Then there exists a parallel transport operator
W(s,t) carrying the eigenspace with eigenvalue A,(s) to the eigenspace with
eigenvalue A, (¢), and a phase operator ®(s,t), given simply by the multiplication
by a phase e2 /"2 ds on each eigenspace, such that the solution of the Schrodinger
equation is given at first order in € by the composition of W and @. One may see the
solutions formally as flat sections for a connection (called Berry connection) related
in simple terms to the phase operator (see [13]). This scheme may be iterated, giving
approximate solutions to the Schrodinger equation that are correct to any order in €
(see for instance Joye [62]), but it seldom happens that one can give exact solutions.
By considering the related classical problem, G. Hagedorn (see [46]) constructs a
set of raising and lowering operators (generalizing those associated to the usual har-
monic oscillator) for general Schrodinger operators in ng , and uses them to solve
the equation explicitly. The same set of operators had been considered previously by
two quantum physicists, H.R. Lewis and W.B. Riesenfeld (see [80]), and found by
looking for an exact invariant, i.e. for a time-dependent operator /(¢) (not including
the time-derivative) such that ‘{‘;—{ = g—f + i[Z(2), %(8,2 — V(t,r))] = 0. They find
for each operator D in .7 igf a family of invariants (called sometimes the Ermakov-
Lewis invariants, see [96]) depending on an arbitrary real solution £ of a certain
differential equation of order 3 (see Proposition 9.18), constructed out of generalized
raising and lowering operators and spectrally equivalent to the standard harmonic
oscillator —% (02 —r?). These invariants have been used to solve quite a few physical
problems, ranging from quantum mechanics for charged particles to cosmology (see
[40], [41], [96], [102] for instance). It turns out that very few Schrddinger operators
have an exact invariant of the type I(t) = fo(¢,7)0> + fi(¢,7)d, + fo(t, 7). These
may be expressed, as shown by H. Lewis and P. Leach (see [77]), in terms of three
arbitrary functions of time (the exact expression is complicated). Exact invariants
allow in principle to solve explicitly the original problem, at least if one knows how
to diagonalize them (which is the case here). Hence (provided one requires that an
exact invariant exists) the space .7’ zfzf is maximal.

This scheme has been successfully used to understand the asymptotic scattering
associated with such time-dependent Schrodinger operators. Namely, supposing that
D(t) converges in the limits 1 — 400 to harmonic oscillators —2id, — wi 8,2,, the
problem is to understand the relation between the asymptotic bases of excited states
att = —ooand t = +o0.

The problem we consider here is of a different nature. We suppose that the
potential of the operator D is 2m-periodic in time. Then (as follows from Floquet’s
theory) there exists a bounded operator . in %(L*(R)), called the monodromy
operator, connecting solutions at time ¢ with solutions at time ¢ + 2z for any 7,
namely:

MY(t) =Yt +2n) 9.1)
for any L? solution ¥ of the Schrodinger equation D = 0.
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Suppose D = —2id; — Vz(t)af has a time-periodic quadratic potential. The
computation of the monodromy of the associated classical equation

(97 +u()) () =0 9.2)

— which is a Hill equation — is a classical problem. It turns out that Hill operators are
classified by their lifted monodromy (see Khesin-Wendt [68]). Let us explain briefly
this object. If (¥, ¥») is a basis of solutions of the ordinary differential equation
(02 4 u(?))y(t) = 0, then (by Floquet’s theory)

Vi(to+2m)\ _ Y1 (to)
(I/fz(to + 271)) =M (sz(fo)) ’ ©3)

where M is some matrix (called monodromy matrix) with determinant 1 which does
not depend on the base point #y. If M is elliptic, i.e. conjugate to a rotation, then the

eigenvectors for M are multiplied by a phase e!’. If M is hyperbolic, i.e. conjugate
A

. (e . .
to a Lorentz shift ( Y ), then the eigenvectors are multiplied by a real factor
e

et so that the solutions of the Hill equation are unstable, aymptotic either to zero

or to infinity when t — £00. A nice way to see it (and made rigorous in Sect. 9.2) is
1210)
1210}
but never vanishes). The curve described by this vector may be lifted to the Riemann
surface of the logarithm for instance (obtained from the cut plane C \ R-), so that it
rotates by an angle unambiguously defined in R. This gives the lifted monodromy.

In Sect. 9.2 below (see Sect. 9.2.4), we classify the orbits of SV in Yj’g . The
classification is mainly an extension of Kirillov’s results on the classification of the
orbits of the space of Hill operators under the Virasoro group. These are operators
of the type % + u(t). It is well-known (see for instance Guieu [42] or [43]) that
the group of orientation-preserving diffeomorphisms Diff(R/27Z) of the circle
exponentiates the centerless Virasoro algebra, and acts on the affine space of Hill
operators. Now the remarkable fact is that, despite the apparent differences between
the two problems, the action of the Virasoro group Diff(R/27Z) C SV on the
quadratic part of the potential, V5(t)r?, is equivalent to that of Diff(R/27Z) on
the Hill operator 3> + V5(¢). This follows from the fact that the Hill operator is
the corresponding classical problem in the semi-classical limit (see Sect. 9.3.2).
Hence part of the classification may be borrowed directly from the work of Kirillov
(see [70]). A.A. Kirillov obtains his classification by studying the isotropy algebra
Lie(Stab,) := {X € Lie(Diff(R/27Z)) | X.(3* + u) = 0}.

The space ng of Schrodinger operators with time-periodic potentials which
are at most quadratic in the space coordinate has been considered independently
by mathematicians and physicists, with similar motivations but different methods.
However, they are seen to be equivalent, ultimately. The general idea was to solve

to imagine the vector ( ) as ‘rotating’ in the plane (it may also change norm
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the evolution problem associated with D € yf’g , 1.e. to show that there are three
new features here:

— the action of the Schrodinger—Virasoro group on ng (which is essentially a
conjugate action, leaving all invariant quantities unchanged, for instance the
spectrum and the monodromy) makes it possible to reduce the study to five
families of operators, with qualitatively different properties (see Sect. 9.2.4).
They are characterized mainly by the monodromy of the associated Hill operator
3% + Va(t), but there also appear some non-generic orbits in cases when the
quantum and linear parts of the potential are ‘resonant’. The non-periodic case
is much simpler, since (locally in time) all Schrodinger operators in yf’g are
formally equivalent (see Sect. 9.3.1 below). The coefficients of the Ermakov-
Lewis invariants are related in a very simple way to the invariants of the orbits;

— to investigate Schrodinger operators with time-periodic potential, one may con-
sider (as in the case of ordinary differential operators, see above) the monodromy,
which is a bounded operator acting on L?(R). The monodromy operator is given
explicitly and shown to be closely related to the classical monodromy of the
related Hill operator;

— the computation of the monodromy in the case when the associated Hill operator
is hyperbolic (see above) requires the use of an Ermakov- Lewis invariant
associated to a purely imaginary function &, which is equivalent to the standard
harmonic ‘repulsor’ —%(83 + r2). The reason (explained more precisely in
Sect. 9.3.1 below) is that the usual Ermakov-Lewis invariants are defined only
if Iy,(&§) > 0, where the invariant quantity Iy, (§) (quadratic in §) is associated
to the Hill operator 8> + V5(¢) and its stabilizer £(¢) in Lie(Diff(R/27Z)). The
stabilizer satisfies a linear differential equation of order 3 and has generically
only one periodic solution (up to a constant). If one does not require £ to be
periodic, then [,(£) may be chosen to be positive; this is perfectly suitable for
a local study (in time) but is of little practical use for the computation of the
monodromy. However, if one requires that £ be periodic, then 7,(£) is negative
in the hyperbolic case, unless one chooses £ to be purely imaginary. Hence one is
naturally led to use the spectral decomposition of the harmonic ‘repulsor’ (which
has an absolutely continuous spectrum equal to the whole real line). Usually there
is no adiabatic scheme, hence no phase operator, in the case when eigenvalues are
not separated by a gap. But in this very particular case, such a phase operator may
be computed and is very analogous to that obtained in the elliptic case, for which
the spectrum is discrete. There exists also some non-generic cases (corresponding
to a unipotent monodromy matrix for the underlying Hill operator) for which
Iy,(§) = 0. The natural invariant is then spectrally equivalent either to the bare
Laplacian —1 92 or to the Airy operator —3 (32 — r).

One of the main results may be stated as follows (see Sects. 9.3.4, 9.3.5,
9.3.6): the monodromy operator is unitarily equivalent to the unitary multiplication
operator f(k) — e*T=7v f(k), where y is some constant and k is the spectral
parameter of the model operator —%(33 + kr?) (k = £1,0) or —%(33 —r), and



9.1 Introduction 165

T = fozn % (€ real) or i IOZH % (¢ imaginary). The above integrals must be
understood in a generalized sense if & has some zeros, in which case a complex

contour deformation is needed. Comparing this phase to the usual Berry phase

o3 Jo7 () s one sees that the eigenvalue A (t) = —2k is constant, but that the
natural (possibly singular) time-scale is 7 := [ ! %.

The chapter is organized as follows.

Section 9.2 is dedicated to the classification of the orbits and of the isotropy
subgroups Gp = {g € SV | gD = D}, D € ng (see Sect. 9.2.4). It
contains long but unavoidable preliminaries on the action of the Virasoro group
on Hill operators. The connection to the results of U. Niederer is made in the last
paragraph.

We solve the monodromy problem for the Schrodinger operators of the form
—2i9, — 02 + Va(t)r* 4+ y (y constant) in Sect. 9.3. We study first the corresponding
classical problem given by the associated Hill operator, X + V> (t)x = 0 (an ordinary
differential equation). The solution of the quantum problem is then easily deduced
from that of the classical problem. In both cases, the monodromy is obtained by
relating the Ermakov-Lewis invariants to the orbit data.

Finally, we show in Sect. 9.4 how to parametrize a general Schrodinger operator
=213, — 02 + Va()r* + Vi(t)r + Vo(t) € yf’g by means of a three-dimensional
invariant (£(t), 81(t), 82(t)) (see Definition 9.25). The parametrization is one-to-one
or ‘almost’ one-to-one depending on the orbit class of the potential V, (S V -orbits
in ng have generically codimension 2, whereas adjoint orbits corresponding to
the invariant have generically codimension 2 or 3). The action of the Schrodinger—
Virasoro group on yj’g, once written in terms of the invariant, becomes much
simpler, and is easily shown to be Hamiltonian for a natural symplectic structure.
A generalized Ermakov-Lewis invariant may also be written in terms of this three-
dimensional invariant. We then solve the monodromy cases for the ‘resonant’ cases
left from Sect. 9.3.

For the convenience of the reader, let us gather a few notations that are
scattered throughout the text. Time and space coordinates are usually (at least
starting from Sect. 9.2) denoted by 6 and x (see explanations before Lemma 9.1
for the passage to Laurent coordinates (¢, r)). The angle coordinate 6 varies in
R/27Z instead of S', hence the notation Diff(R/27Z) (instead of the usual one,
Diff(S')) for the group of orientation-preserving diffeomorphisms. Stabilizers in
Lie(Diff(R/27Z)) of the Hill operator 85 + V>(0) are usually denoted by & (which
is either real or purely imaginary). If £ is purely imaginary, then one sets £ := in.
We write the (operator) invariants of the Schrodinger operators (see Sect. 9.4)
as % [a(@)x2 —b(0)3 —ic(0)(xdy + 0xx) + d(0)(—idy) + e(O)x + f(@)] . The
correspondence between the vector invariant (¢, §1, 6,) and the operator (generalized
Ermakov-Lewis) invariant is given in Theorem 9.7.

The family of actions 0; : D + my+1(g)Dmy(g™") of the Schrodinger—
Virasoro group on Schrodinger operators has been defined in Chap. 8. Looking at
the formulas in Definition 8.3, one sees that the subspace yzaﬁ ={D = =2i0, —
83 + V5(t)r?} of operators with quadratic potential is preserved by o |pitt(R /27 Z)
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if and only if A = 1/4, which corresponds to the ‘scaling dimension’ of the
Schrodingerian field in one dimension (see Chap. 1). This is absolutely crucial for
the sequel, so we fix A = 1/4.

We shall occasionally use the time-reparametrization

¢:R/27Z — S' ~U(1), 6 —1t=¢" 9.4)

from the one-dimensional torus to the unit circle. It allows us to switch from the
Fourier coordinate 6 to the Laurent coordinate ¢. In particular,

L1 = m14($3 0) Lono 7174(50) 7", 9.5

Y iy = 71/(:0) Yino T1a(@;0)7 M = 114($;0) Myino 71 /4(;0) 7"
(9.6)

If n is an integer, @t il should be understood to be acting on the two-fold covering

of the complex plane where the square-root is defined; conversely, if n is a half-
integer, then %,i.¢ acts on 47 -periodic functions. In other words, the ‘natural’ choice
for sv should be the genuine Schrédinger—Virasoro algebra sv, resp. the ‘twisted’
Schrodinger—Virasoro algebra sv(0) in the Laurent, resp. Fourier coordinates (see
Sect. 2.1).

Applying formally the formulas of Chap. 8, one gets

(m1/a(@:0)7 £) (0.3 = (1e™) " e 1 (e, 2 GHD)  (97)

(with some ambiguity in the sign) which is an 8w -periodic function. Applying now
(still formally) Proposition 8.3 yields the following result, which can be checked by
direct computation.

Lemma 9.1. Ler f(t,r) be a solution of the Schridinger equation
(=219, — 3> + V(t,r)) f(t,r) = 0.

Then
f (0, x) — e—i0/4e—%ix2f (eiﬁ’xei(0/2+n/4)) 9.8)

is a solution of the transformed Schrodinger equation
1 . . ) ~
[—2i89 -+ sz +ie?V (e, xe‘(e/””/‘”)} f(B,x)=0. (9.9)

In the following sections, unless otherwise stated, we shall work with the Lie
algebra sv(0) in the Fourier coordinates 6, x (i.e. the Lie algebra generated by the
Ly, %y and My with 2m-periodic functions f, g, h), and write sv instead of sv(0)
for simplicity.
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9.2 Classification of the Schrodinger Operators in Y‘szf

Henceforth, we shall concentrate on the affine subspace yzfzf of Schrodinger
operator with potentials which are at most quadratic in the space coordinate. As
mentioned in the introduction to this chapter, this subspace is invariant under the
action of SV. The purpose of this section is to classify the corresponding orbits.

9.2.1 Statement of the Problem and Connection
with the Classification of Hill Operators

We introduced at the beginning of this chapter the following affine subspaces of
Schrodinger operators,

I = {2105 — P + Va(0)x> + Vi(0)x + Vo(0)}

and
S = {210y — 9 + Va(0)x?} ¢ L.

We do not assume that V; is positive. Hence what we really consider are harmonic
‘oscillators-repulsors’, corresponding to the quantization of a classical oscillator-
repulsor with time-dependent Hamiltonian §(p? + V2(6)x? + Vi (6)x + Vy(0)). If

V1 = 0, then the classical equation of motion % = -V (0)x — %Vl (6) has 0 as
an attractive, resp. repulsive fixed point depending on the sign of V5. If V, is not of
constant sign, things can be complicated; it is not clear a priori whether solutions
are stable or unstable. We shall come back to this problem (which turns out to be
more or less equivalent to the a priori harder quantum problem, at least as far as
monodromy in concerned) in Sect. 9.3.2.

The first subspace Yﬁgf is preserved by the action of SV and is in some sense
minimal (the SV-orbit of the free Schrodinger equation, or of the standard harmonic
oscillator —2idg — 8_% + a%x?, contains ‘almost’ all potentials which are at most
quadratic in x). As we shall prove below, the orbits in .7 zg have finite codimension.

For the convenience of the reader, let us write down the restriction of the action

of 014 to SL. Letting D = —2idy — 82 + Va(6)x> + Vi(0)x + Vo(0), with

" 14 2
S(p) = ‘Z)—, -3 (¢—,) the Schwarzian derivative,

01/4($:0)(D) = —2idp — 37 + (45/2 Va0 + %S(¢>)) x?

+ (¢ . Viog)x +¢' . Voo, (9.10)
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and

o1/4(1; (a, b)) (D) = —2idp — 0% + Vox* + (Vi — 2aV, — 2a") x
+(Vo—aVi +a*Vo—2b" +ad"), 9.11)

while the infinitesimal action is given by

Aoyl (D) == (51" + 20Vt 1) = (V0 + 200 )
—(fVo + W), 9.12)

doys(Yy + M) (D) = =2 (g" + gVa) x — (2h" + gW1). (9.13)

These four formulas are fundamental for most computations below, and we shall
refer to them throughout.

Similarly, %aﬂ is preserved by the 07 /4-action of Diff(R /2w Z) (see Proposition
8.3). It turns out that the orbit theory for this space is equivalent to that of the Hill
operators under the Virasoro group. Let us first give some notations and recall basic
facts concerning Hill operators (see also Sect. 8.1).

Definition 9.2. A Hill operator is a Sturm-Liouville operator on the one-
dimensional torus, i.e. a second-order operator of the form 97 + u(f) where
u(f) € C*°(R/2nZ) is a 2m-periodic function.

The action of the group of time-reparametrizations on a Hill operator may be
constructed as follows. Starting from the simple action of diffeomorphisms on
functions,

Vv — Yo, ¢ e Diff(R/27Z),

one sees that (3> 4+ u)(y¥) = 0 is equivalent to the transformed equation (3> +

7

p(0)0+¢q(0)) (Y o) =0ifonesets p = —‘2—, and g = ¢"> . uo ¢. Then one uses
the following:

Definition 9.3 (Wilczinsky’s semi-canonical form). (see Magnus-Winkler, [84],
3.1, or Guieu, [42], Proposition 2.1.1)

If ¥ is a solution of the second-order equation (9> + p(8)d 4+ g(0))y = 0, then
¥ 1= A(A)Y is a solution of the Hill equation (8> + u(#))¥ = 0 provided

6
A(B) = exp (%/@ p(s) ds) 9.14)

for some 6, and

1 1
u=—p —-p*+q. (9.15)
2 4
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One obtains in this case A = (¢')~"/2, and the transformed operator reads: 9> +
@) uogp + %S (¢), where S is the Schwarzian derivative. The presence of this
last term shows that this transformation defines a projective action of Diff(R/27Z).
Summarizing, one obtains:

Proposition 9.4 (see Guieu, [42] or Guieu-Roger, [43]). The transformation
1
41— ¢ (0% + 1) := P+ (¢)) . uoe+ 35@)

defines an action of Diff(R/2rZ) on the space of Hill operators, which is equiv-
alent to the affine coadjoint action on viv} (i.e. with central charge ¢ = %). A

solution of the transformed equation may 2be obtained from a solution { of the
initial equation (0*> + u)y = 0 by setting ¢« = (gb/)_%lﬁ o ¢. In other words,
the solutions of the Hill equations behave as (—%)-densities.

Let us now state the following important

Lemma 9.5. The above action of Diff(R/2wZ) on the space of Hill operators is
equivalent to the o1,4-action of Diff(R/2wZ) on the space Y;ﬂ.

Namely, Proposition 8.3 above (see also (9.10)) shows that
o1/a(9) (=210 — 82 + Va(0)x?) = —2idp — 0% + Va(0)x?, (9.16)

where the potential V5 is the image of V, (viewed as the potential of a Hill operator
in the coordinate 8) under the diffeomorphism ¢, i.e. ¢« (85 +V2(0)) = 85 +15(6).
Once again, this should not come as a surprise since the Hill equation is the semi-
classical limit of the Schrodinger operator (see Sect. 9.3.2). O

So we shall need to recall briefly the classification of the orbits of Hill operators
under the Virasoro group. There are mainly three a priori different classifications,
which of course turn out in the end to be equivalent: the first one is by the lifted
monodromy of the solutions (see for instance B. Khesin and R. Wendt, [68]); the
second one consists in looking for normal forms for the solutions, of either an
exponential form for non-vanishing solutions, or of a standard form for a dynamical
system associated with the repartition of the zeros (see the article by V.F. Lazutkin
and T.F. Pankratova, [75]); the third classification, due to A.A. Kirillov (see [70]),
proceeds in a more indirect way by looking at the isotropy groups. For our purposes,
we shall need the first and the third classifications. They are the subject of the two
upcoming subsections.

9.2.2 C(lassification of Hill Operators by the Lifted Monodromy

Let us now turn to the classification of the orbits under the Virasoro group of the
space of Hill operators.
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Consider a pair (1, y») of linearly independent solutions of the Hill equation
(0> + u)y = 0. It is a classical result (a particular case of Floquet’s theory for
Schrodinger equations with (space)-periodic potential) that

WO\ _ L (n(®)
(wz(e + 2n)) =M. (%(9)) O

for a certain matrix M(u) € SL(2,R) (independent of ), called the monodromy

[

matrix. Starting from a different basis ( ~ ), one obtains a conjugate matrix M (u).
2

The above action of the Virasoro group on the Hill equation leaves the monodromy
matrix unchanged, as can be seen from the transformed solutions ¢y, ¢« y.
Hence the conjugacy class of the monodromy matrix is an invariant of the Hill
operator under the action of the diffeomorphism group.

Floquet’s theory, together with the orbit theory for SL(2, R), imply that 8% + u is
stable (meaning that all solutions are bounded) if |TrM | < 2 or equivalently, if M is
elliptic, i.e. conjugate to a rotation matrix. It is unstable (meaning that all solutions

are unbounded) if |TrM| > 2 or equivalently, if M is hyperbolic, i.e. conjugate
A

to a Lorentz shift (e Y ), A > 0.If [TrM| = 2, then M can be shown to be
e

. . . . 12 .
conjugate either to £Id or to the unipotent matrix + ( 0 1”), in the latter case,

0% + u is semi-stable, with stable and unstable solutions. Two linearly independent
27- or 4w-periodic solutions exist when M = =£Id; only one in the unipotent case;
and none in the remaining cases.

An important result due to V.F. Lazutkin and T.F. Pankratova (see [75]) is that
all stable Hill operators are conjugate by a suitable time-reparametrization to a Hill
operator with constant potential 3> 4+ «, & > 0. They also distinguish between
oscillating and non-oscillating equations (oscillating equations have solutions with
infinitely many zeros, while non-oscillating equations have solutions with at most
one zero), but we shall not need to go further into this. Let us just remark that (as
they also show) non-oscillating operators are also conjugate to a Hill operator with
constant potential 3> + o, with @ < 0 this time. Hence operators of type II, resp.
IIT of Kirillov’s classification (see Definition 9.10 below) are exactly the unstable,
resp. semi-stable oscillating operators.

A complete classification of the orbits under the action of Diff(R/2nZ)

(2 (9))
V2 (6)
M(u)(0) (zlggi) . The path 6 — M (u)(0) € SL(2, R) may be lifted uniquely to
2
apath & — M (u)() € SL(2, R) such that M (u)(0) = Id, where SL(2, R) is the
universal covering of SL(2, R). This procedure defines a unique lifted monodromy
matrix M (u) := M (u)(27r) modulo conjugacy.

may be obtained by considering the lifted monodromy. Set (
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The following arguments (see [68]) show briefly why this invariant suffices
1/f1(9))
¥2(6)

to characterize the orbit of # under diffeomorphisms. Set (

cosw(6) .
VEWO) ( sino(9) ) The Wronskian

W =91y — ¥ v
(a constant of motion) is equal to w’(0)£(0), hence v’ = % is of constant sign,
say > 0 (by choosing W > 0). By the action of Diff(R/27wZ), one can arrange
that @’ is constant, while w(0) and w(27) remain related by the homographic action

of M(u), viz. cotanw(27w) = % if M(u) = (Ccl 2) € SL(2,R). The

lifting of the monodromy produces a supplementary invariant: the winding number
n = [(wQ2r) — w(0))/2x] = L% 02” %J (| . |=integer part), namely, the
integer number of complete rotations made by the angle w.

This change of function is particularly relevant in the elliptic case. Choose a

basis (32) such that M = (Z?jj _ccs)lsn/\)k)‘ Then £1 = w(27) — w(0) =

27 df
Wfon m [27T]

A
On the other hand, if M = (e ~ A) is hyperbolic, set
e

1 1
yi0) = §|s<9>|e2‘”<9’, Y3(0) = EIE(G)Ie‘Z“"G’ (9.18)

with £(0) = 2(¥1vY,)(0), so that 4 = w(27w) — w(0) [2ix]. Then one finds
o' =—% hencew = —W f %. The functions 1 and w are not well-defined if 2
or Y, has some zeros. Supposing u is analytic, the functions v, ¥, may be extended
analytically to some strip £2 = {|Im 6| < €}. Choose some contour /" C §2 that
avoids the zeros of ¥, and v, such that (assuming £(0) # 0, otherwise use a
translation) I"(0) = O and I"(27) = 2n. The idea is that I" should be real outside of
some symmetric neighbourhood U, of the zeros. One completes the path with half-
circles centered on the real axis of radius € around each zero, taken equivalently in
the upper- or lower-half plane (compare with Sect. 9.3.2 below where more care is
needed). Suppose ¥1(6y) = 0 for instance, so ¥{(6y) = a # 0 and Y (6y) = —%.
Then

W do . /9""'5 do 0 — 6,
INlBo—e.00+¢ §(6) go—e 0 — 0o £i0 £(0)
Oo+€ 46 T
=-Ww p.v./ — +i- (9.19)
9[)—6 5(9) 2
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(depending on the position of the half-circle with respect to the real axis) since
m = pV.g—g 9 F imdp, (see for instance [34]) and the residues of 5(0)

the zeros of & are :I:ZW. It is clear from the above definitions that & has only
simple zeros, and that there is an even number of them. Hence —W [, &2 rE e (9) =

—W pw. 2” 59) A [im]. By exponentiating, one obtains a monodromy matrix in

PSL(2, [R) SL2,R)/{£l1}.
Finally, if M is unipotent, M = + (1 a) in some basis (zl ), set Y1 (0) =
2

01
oY(0) and § = ¥2, so that (27) = w(0) 4+ a. Then ' = —%, SO w is once
again defined as —W [ % if & does not have any zero. In the contrary case, one
uses a deformation of contour as in the hyperbolic case, to obtain

-w

Op+e€ _ 2
o / a0 (66 020,
0

Fﬁ[@() € (9()"1‘6] 5(9) 0—€ (9 - 90 :l: 10)2 wZz(e)

. 0—0, .
Since m = p.. (9_190)2 + ind; and (W (g; 1 + O((8 — 6p)?) — since
7 (60) = —Va(0)¥2(6p) = 0 —, the Dirac term does not make any contribution at

all this time, hence

a=wl2r)—w) = / (9.21)
£0)
where I" : [0, 2] — C is an arbitrary contour as defined above.

Summarizing:
Proposition 9.6 (see [68] for (ii)).

(i) The lifted monodromy of the operator 02 + u is characterized by the (correctly
normalized) quantity fo 5(9) or fr ROL where & € Stab,.

(ii) The orbits under the diffeomorphism group of the space of Hill operators are
characterized by the conjugacy class of their lifted monodromy. More precisely,
the lifted monodromy defines a bijection from the set of orbits onto the space
of conjugacy classes of (SL(Z, R)\ {:I:l}) J{£1} (an element M € SL(2,R)
has to be identified with its opposite —M ).

9.2.3 Kirillov’s Classification of Hill Operators
by Isotropy Subgroups

Another classification, also useful for our purposes (and more explicit in some
sense), is due to Kirillov. Introduce first
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Definition 9.7. Let Stab,, u € C*°(R/2nZ) be the isotropy subgroup (or stabi-
lizer) of 8% + u in Diff(R /27 Z), namely,

Stab, := {¢ € Diff(R/27Z) | $«(9* + u) = 0> + u} . (9.22)

Proposition 9.8 (definition of the first integral 7). (see [42])
1. Let £ € C®°(R/2nZ): then & € Lie(Stab,) if and only if € satisfies

1
EE”/ +2ut’ +u'E =0. (9.23)

2. Let 1,(§) := §&" — 3§ + 2ug”. Then 1,(§) is a constant of motion if § €
Lie(Stab,).

3. Consider ¢ € DIiff(R/2nZ) and the transformed potential u such that
(0> + u) = 0> + i. Then

L; (97" Eog) = L(). (9.24)

4. Consider the Hill equation (9> +u)y (0) = 0. If (Y1, V) is a basis of solutions of
this equation, then & := am/flz +2apy1v, + azzl/fzz (ayy,an,an € R) satisfies
the equation

1
55”’ +2uf +uE=0 (9.25)

In other terms, £ € Stab, is in the isotropy subgroup of the Hill operator 3* + u.
Conversely, any solution of (9.25) can be obtained in this way.

5. (same notations) consider in particular § = y? + 3. Then I,(§) = W if W is
the Wronskian of (Y1, ¥2), namely, W = Y1y — Y|V (constant of the motion).

Note (see 3.) that (¢’_1 .Eo (]5) d is the conjugate of the vector £ € Vect(S')
by the diffeomorphism ¢. Hence one may say that the first integral / is invariant
under the (adjoint-and-coadjoint) action of Diff(R/27Z).

Consider now the (adjoint) orbit of & under Diff(R/27Z). Clearly, [ 2% (if

0 §0O)

well-defined, i.e. if £ has no zero) does not depend on the choice of the point
. . 2 do _ 27 du . .

on the orbit since fo T ToEes@ — Jo Ew: It is easy to see from Proposition

9.8 (2) that & either never vanishes (case I), or has an even number of simple
zeros (case II), or has a finite number of double zeros (case III). Cases II, III
correspond to a hyperbolic, resp. unipotent monodromy matrix (see discussion in
Sect. 9.2.2). In case II, [,,(§) = —%E’(z‘o)z < 0if ¢ is any zero. The principal value
2w

0 £
integral [ r % (see above) is well-defined and independent of the choice of
the contour I". Note that A. Kirillov uses instead the following regularization,
lime—q f[o,zn]\ué % — % (where U, is a symmetric e-neighbourhood of the zeros)
with C chosen so that the limit is finite. The two regularizations are different. Both

integral p.v. is well-defined. In case III, 7,(§) = O and the regularized
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are perfectly satisfactory to define an invariant of the orbits, but computations show
that the Berry phase is proportional to [ . %

Now the integral fo (case I) and its variants for case II, III are invariants
under the dlffeomorphlsm group The discussion in Sect. 9.2.2 shows that they
characterize the lifted monodromy of 9> + u. The value of the invariant 1,(£) is
also needed to fix u# uniquely in case I (see Proposition 9.8(2)) since £ stabilizes all
operators of the type 02 +u+ & 5 (C € R). It turns out that f; n 5‘29)
and 7, (), together with a discrete invariant n € N, suffice to distinguish between
the different adjoint orbits of stabilizers (note that general adjoint orbits may be

much more complicated, see [43]). One has the following Kirillov classification:

or its variants —

Proposition 9.9 (Kirillov’s classification of the orbits). (see Kirillov [70])

1. CaseI: £ is conjugate by a diffeomorphism ¢ to a (non-zero) constant adg, a # 0.
Hence ¢'™' . £ o ¢ € Lie(Staby ) for a certain constant a. The stabilizer
Staby , is:

(i) (non-generic case) either isomorphic to Sz(")(2, R) (the n-fold covering of
SL(2,R)), with Lie(Staby 1) = Rdg ® Rcosnbdy & Rsinnbog if ¢ = é
for some n € N*; then the monodromy in PSL(2,R) = SL(2,R)/{£l}
is_trivial, while the lifted monodromy matrix is the central element in
SL(2,R)/{x1} corresponding to a rotation of an angle wn;

(ii) or (generic case) one-dimensional, equal to the rotation group Rot C
Diff(R/27 Z) generated by the constant field d in the remaining cases.

The invariants are given by I,(§) = 2ad? 0277 % = 27” The

monodromy can be in any conjugacy class of PSL(2, R) except £1d.

2. Case II: & is conjugate to the field asinnf(1 + o sinnf)dg, n = 1,2...,0 <
o < 1, which stabilizes 3* + uy, o, where

1 + 6asinnf + 4a? sin n9:| 9.26)

n o (0) = 4 |: (1 + asinnB)?

The monodromy matrix is hyperbolic. The invariants take the values I,(§) =
2,2 27 df _ _ 2na
2a'n <0, pv " gy = Tt
3. Case IlI: £ is conjugate to £+ y o = £(1 + sinnf)(1 + asinnfh)d, 0 < o < 1,

corresponding to a potential vy 4,

) = (@ —1)? 4+ 2a(3 — ) sinnf + 4a?sin® nd
fna 4 (1 + a sinnf)?

} (9.27)

The monodromy matrix is unipotent. The invariant I,(§) vanishes, while
—2r

= . The discrete invariant n suffices to characterize the
Ir 5@ () 1—a? L .
orbit of 0> + u.
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In cases Il and III (provided oo > 0), the stabilizer is one-dimensional, generated
by 589.

In the generic cases (case I, a # n2/4, n =0,1,... or case Il) the monodromy
matrix is elliptic, resp. hyperbolic, if and only if 1,,(§) > 0, resp. I,,(§) < 0. In cases
I (a = 0) and III (with unipotent monodromy), I,(§) = 0.

There is a mistake in Lemma 3 of [70] (the potential u,, given there is not
correct). The potential v, , was missing, together with the value of | r %. Both
are obtained by straightforward computations.

This classification is also natural when one thinks of the behaviour of the
solutions (see Lazutkin-Pankratova [75] and Sect. 9.2.2). In particular, case II
(resp. III) correspond to operators with unstable (resp. semi-stable), oscillating
solutions, while case I corresponds to operators with stable, oscillating solutions
(o > 0), resp. unstable, non-oscillating solutions (¢ < 0), resp. semi-stable, non-
oscillating solutions (¢ = 0).

Note that in the case I generic, the three-dimensional isotropy subalgebra
contains fields £ of type I, Il (@ = 0) and III (@« = 0), hence the following
nomenclature:

Definition 9.10 (nomenclature for Hill operators). If 3> + u has a stabilizer £ of
type L, or of type II, III with @ = 0, then 9> 4+ u may be turned into a Hill operator
with constant potential, and we shall say that the operator 3> + u (or the potential u)
is of type L. If 3> + u has a stabilizer of type II, resp. IIl with & # 0, then we shall
say that > 4+ « and u are of type I, resp. type IIL.

Similarly, we shall say that the Schrodinger operator —2idy — 92 + Va(60)x? +
Vi(0)x + Vo(0) is of type I (resp. 11, III) if the Hill operator 35 + V»2(0) is of the
corresponding type.

Note that the cases I generic (o # ﬁ, n =0,1,...)and Il are generic (i.e. dense

in 7).
Now the eigenvalues of the monodromy matrix (and also the lifted monodromy)
can easily be obtained once one knows the values of the invariants fo % and

1,,(§). The following Lemma gives the link between the two classifications:

Lemma 9.11. Suppose D = 0% + u is of type I (with a # 0) or II (i.e. its
monodromy is either elliptic or hyperbolic). If D is of type I non generic, conjugate
to 3> + n?/4 for some n > 1, choose £ to be conjugate to some non-zero multiple
of dp. Now (in all cases) normalize & by requiring that 1,(§) = 2, so that & is real in

the elliptic case and purely imaginary in the hyperbollc case. Then the eigenvalues
27 do

5(9) orexp =i p.v. g 0y

Proof. Coming back to the discussion in Sect. 9.2.2, one checks easily (with the nor-
malization chosen there) that 1,(§) = 2W? in the elliptic case, and I,,(§) = —2W?
in the hyperbolic case. Choose a basis of solutions (1, ¥») such that W = 1 and
multiply £ by i in the hyperbolic case. Then (in both cases) the eigenvalues of the

of the monodromy matrix are given by exp =i fo
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monodromy matrix (4iA in the elliptic case, and +A in the hyperbolic case) are

given by exp %i fOZ” % or the exponential of the corresponding principal value

integral. O

9.2.4 Classification of the SV-Orbits in ygf

This problem can be solved by extending the above results, which may be inter-
preted as the decomposition of Yzaﬁ into Diff(R/27 Z)-orbits. Let us first compute
the stabilizers of some operators that will be shown later to be representatives of all
the orbits. We choose to present the results in the Fourier coordinates (6, x). The
orbits of type I, resp. III split into orbits of type (i), (i)bis, resp. (iii), (iii)bis due to
the presence of the linear term V;(6)x in the potential.

The computations depend on the formulas of Proposition 8.3, see formulas
(9.10), (9.11), (9.12), (9.13) for more convenience.

Definition 9.12. If D € Ysag , we denote by Gp the stabilizer of D in the
Schrodinger—Virasoro group SV, i.e. Gp = {g € SV | 01,4(g).D = D}.

Using the semi-direct product structure G := SV = Gy x H = Diff(R/2n7Z) x
H (see Chap. 1), one defines in the same way the stabilizing subgroups (Go)p, Hp.

Recall the notation Stab,, u € C°(R/27xZ) is used for the stabilizer in
Diff(R/27 Z) of the corresponding Hill operator.

Note that .#, = M, (whose exponential amounts to the multiplication of the
wave functions { by a constant phase) acts trivially on any operator D, hence
A\ € Gp always. The rotation group 8 — 6 + 6, generated by do1/4(ZL1) =
doi/4(Lo) = —0g will be denoted by Rot.

In the following classification, we shall call harmonic oscillators (resp. harmonic
repulsors) operators with elliptic, resp. hyperbolic monodromy.

(1) Time-independent harmonic oscillators or repulsors
Set Dy, 1= —2idg — 8§ +ax? +y (a,y € R). Itis clear that L_; = 9
leaves D, ,, invariant in all cases. Suppose first for simplicity that y = 0. Then
Gp = (Go)p X Hp is a semi-direct product, so one retrieves Kirillov’s results
(see Proposition 9.9, case I) for (Gy) p; to be specific, Li@((Go)Dﬂ/m) =Rdy P
R-Zinng ® R-Zeosno if n € N*, and Lie((Go) p,,) = Rdg otherwise.

Now (1;(a,b)) € Hp,, if and only if ¥’ = 0 and a” = —«a. The
latter equation has a non-trivial solution if and only if @« = 0 (in which case
Lie(Hp) = R% ® R4)) ora = n?/4,n > 1 with n even, in which case
Lie(Hp) = R%osnoy2 ® R%innoj2 ® A1. Thenexp 1.2 € SL™ (2, R) is the
rotation of angle 27, while exp %ad‘i”l l[Lie(#p).Lie(#p)] 1S @ rotation of angle
.

The isotropy groups Gp are the same in the case y # 0, except for a different
embedding involving sometimes complicated components in the nilpotent part
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of SV which do not change the commutation relations (so that G is no more a
semi-direct product (Go)p X Hp).

All together, one has proved:

Theorem 9.1. I. If « = n?/4, where n > 2 is an even integer, then GDn2/4,y ~
ﬁ(”)@, R) x 21 is isomorphic to an n-covering of the Schrédinger group; the
semi-direct action of SL™(2,R) quotients out into_an action of the two-fold
covering SL'®(2, R). The Lie algebra of the group SL"™ (2, R) acts as Rdg &
R(Linno + A 1ysinn9) @B R(Leosno + %—%ycosne)' After transformation to the

=2
Laurent coordinates (t,r) (and supposing y = 0), GDn2/4.0 is the connected Lie

group with Lie algebra (Lo, L+n) X (Yin/2, Mo) C 50(0).

2. Ifa = n?/4, where n > 1 is odd, then Gp,yyy = SL™M(2,R) x exp R.4,.

3. Ifa =0, then Gp,, = Rot x exp(R% & RA4) ~ (R/27Z) x R x (R/27Z)
is the commutative group of constant translations-phases. After transformation
to the Laurent coordinates (t,r), it is the connected Lie group with Lie algebra
(Lo, Yo, Mp) C s0(0).

4. In the generic case « # n*/4, n = 0,1,... one has simply Gp = Rot x
exp R4 ~ (R/2nZ)%

It is natural in view of these results to consider the two-fold covering H® of
H obtained by considering 47-periodic fields. Then the stabilizer in SV =
Go x H® of D249 (n = 1 odd) is isomorphic to SLM@2,R) x 4
as in the case of an even index n. This time Lie(s4) = (Y+u/2, Mo)
C sv.

The best-known case is @ = 1/4 (n = 1), y = 0. In the Laurent coordinates
(t.7), D14 is equal to —2id; — 33, namely, it is the free Schrédinger equation. Then
Sch = SL(2,R) x 47 acts on D40 by the original Schrodinger representation
m1/4(Sch) (see Introduction) in the Laurent coordinates.

(i)bis Special time-independent harmonic oscillators with added resonant oscillat-
ing drift
Consider

D = —2idy —3§ +n’x> 4+ Ccos(nh —o/2) . x +y

(C,0,y € R, C # 0,n > 1 integer). Then computations show that Gp =~
R x R x R/27Z is three-dimensional, generated by

L—cos2nh—o) + @% sin3(no—o/2) — M 2 (C°S4”(§75/2)+°°5(2”2975)+%cos(ZnO—G))’

(9.28)

3202

W sinno—o/n) + M2 00 o) (9.29)
2 cos

n
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(i)

(iii)
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and .7, . One checks (by direct computation) that the value of the associated
invariant /,2(1 — cos(2nf — o)) is 0.

Time-dependent harmonic repulsors of type Il
Consider

Dygy =—2i0g — 2 + o (x> +y, n=12,...,a€(0,1) (9.30)

where

(9.31)

n? |:1 + 6asinnf + 4a? sin2n9:|
4

nae = — .
tna (6) (1 4+ asinnb)?

Then (see Proposition 9.9 (2)) .Z; — L.#: € Lie(Gp) (§ # 0) if and only
if £ is proportional to &, o, with &, , = sinnf(1 + « sinnf)dg. Now

d01/4(@f1 + %fz)‘D =0

if and only if f) = 0 and f" + u,ofi = 0. The latter equation is known
under the name of Ince’s equation (see Magnus and Winkler, [84]). The
change of variable and function 6 — §(0) = 7 — n%, f1(0) — y(©) =
(1 +acos 28)2/4 £1(8(9)) with b = —2a[l + «/%71 turns the above equation

into the standard form

(1 +acos28)y” + bsin28y’ + (c + d cos28)y =0

: _ _ a2 _ o? 2io s
witha =a,¢c =1-1Z5.d =a3+ 25 F m]. Conditions for the
coexistence of two independent periodic solutions of Ince’s equation have been
studied in detail. In our case, there is no periodic solution since 3% + u, 4 is

unstable (see discussion in Sect. 9.2.2). Hence
_ 4
Gp = exp ([R (,s@m - 5///&1_&) ® [R//fl) ~ Rx (R/27Z).  (9.32)

Non-resonant time-dependent Schrodinger operators of type 111
Consider

Dy = 2idg — 0> + vy a(0)x* +y

(n=12,....,a € (0,1)). See (9.27). Similarly to case (ii), £z — %///; €
Lie(Gp) (¢ # 0) if and only if & is proportional to £ , o, Where &4 0 =
£(1 + sinnd)(1 4+ asinnd)dq. Then doy,4(¥}, + #,) - D = 0if and only
if fj = 0and f" + v,ofi = 0. This is once again Ince’s equation, with
parametersa = «, b = —2a, ¢ = 1 — 2, d = 3. One verifies immediately
that y(§) = cosd is the unique (up to a constant) periodic solution of this
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semi-stable Hill equation, corresponding to f1(6) := (1 + « sinn@)% cos(y —
%). Note that 4 ,, = f7 (so that f; is - up to a sign - the unique C>
square-root of &4 ,, o). Hence

Gp = oxp (R (%o, — 5 #s,,) ©RY) @ RAM) = Rx R x (R/27Z)

(9.33)

(iii)bis Schrodinger operators of type Il with added resonant drift

Consider

0
D = —2idp — 0> + vpu(@)x* + C(1 + sinnf)'/? cos (% — nz) x+y
(C # 0) with v, 4 as in case (iii). Set £(8) = (1 + sinn6)(1 + «a sinnb)
and f(0) = (14« sinn@)% cos(m/4 —n6/2). Recall £ = f2.
Suppose £z + %, + .y, stabilizes D. Then (see (9.12 and (9.13))

2(f"+wah)=C (?,-‘f’ + %s’ f) =4Cf2f’ (9.34)
and

= —é (v& +CAHS). (9.35)

The kernel of the operator 3*> + v, is one-dimensional, generated by f.
Hence the above (9.34) has a solution if and only if f027r (Ef'+3E f) fdb =
0, which is true since (§f' + %S’f)f = (f*). Now (9.35) has a solution
if and only if f] is chosen to be the unique solution orthogonal to the kernel
of 3> + v, 4, namely, if f02" fif do =0.

Now

dois (Y, + My,) D = =2(g] +vaagl) x — fg1—2¢,  (9.36)

vanishes if and only if g; = f (up to a multiplicative constant) and
02” g1.f d6 = 0. The two conditions are clearly incompatible.

All together one has proved that

GD = exp ([R (Zl+sinn0)(l+asinn0) + @fl + %fz) ©® [R%I) ~ [RX[R/ZT[Z
(9.37)

(with f1, f> solving (9.34), (9.35)) is commutative two-dimensional.

Explicit but cumbersome formulas for f;, f, may be derived from the
integration of (9.115) (actually, by definition, f; = §; (up to a coefficient),
see Definition 9.25, and §; = —d /2, see notations at the end of Sect. 9.1
and Theorem 9.7). We shall not need them.

It remains to prove that we have classified all the orbits in Yzfzf .
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Theorem 9.2. Any Schrodinger operator D in yg’g belongs to the orbit of one of
the above operators. In other words, the above operators are normal forms for the
action of the Schrodinger—Virasoro group.

Proof. Let D € yj’g . Suppose first that V; is of type I. Then one may assume (by
a time-reparametrization) that V> = « is a constant. The operator D belongs to the
orbit of Dy, (case (1)) for some y if and only if V| = 2(a” + «aa). If o # n? (or
n2 /4 if one considers the SV ®-orbits) then this equation has a unique solution for
every V. If & = n? then a Fourier series V; = Y, cxe'*? is in the image of 33 + o
if and only if ¢4+, = 0. This analysis accounts for the two cases (i), (i)bis.

Suppose now V, is of type II. By a time-reparametrization one may choose
V> = uy, . The operator D belongs to the orbit of D, o, (see case (ii)) for some
v, provided V; = 2(a” + u, qa). Since 3*> + u, o (acting on C*®°(R/27Z)) has a
trivial kernel, it has a bounded inverse and the unique solution of the above equation
is C*°. Hence D belongs to the orbit of D, 4.

Finally, suppose V; is of type III. One is led to solve the equation V; = 2(a” +
Vuaa). Recall V1(0) = (1 + asinn®)/?cos(3 — n) solves the equation f;" +
Vnafi = 0. Hence Vi = 2(a” + v, 4a) has a solution if and only if fOZH V1(0)
(1 + asinnd)/?cos(5 —n%) do = 0, which accounts for cases (iii), (iii)bis. O

Thus we have obtained a complete family of normal forms for Schrodinger
operators in yﬁgf . We shall compute their monodromy later on.

Note that Schrodinger operators of type III are generically of type (iii)bis, and
Schrédinger operators of type I with o = n%, n = 1,2,... are generically of type
()bis.

Corollary 9.13. For generic orbits (type (i) with a # %, n > 0, or type (ii)), the
isotropy group is two-dimensional, given by exp R(Z; + %5, + Ms,) ® Rty ~
RxR/2nZ or R/2nZ x R/2xZ for some triple (£, 68, 8,) with & # 0.

Let us conclude with a remark. Consider a potential V>(0)x? + V1(0)x + Vo(0)
of type (i), (ii) or (iii). As we shall see in the next section, the monodromy of the
corresponding Schrodinger operator depends only on the conjugacy class of the
invariant £ and the value of the constant y (which acts as a simple energy shift).
Computing the invariant £ is a difficult task in general, but, supposing we have done
so, how can we determine the constant y? We give an answer for generic elliptic or
hyperbolic potentials of type (i).

Lemma 9.14. Let D = —2idg — 92 + V2(0)x? + Vi(0)x + Vo(0) be of type (i),
elliptic or hyperbolic, generic, so that D is conjugate to a unique operator D, =
—2idg — > +ax’+y (@ eR, a # %, n=0,1,...). Then y may be recovered
from

1

2 1
2 0 4

where W) is the unique solution of the equation 3> + Vo)W = 1.
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Proof. Start from the model operator D, ,, with stabilizer £ = 1, and apply
successively o1/4(¢; (0,0)) and 01,4(1; (g, h)). Then one obtains the operator

D = —2idp — 35 + Va(O)x> —2((0° + V) g) x + (y¢'> +g(+W)g— 2/&)

(see formulas (9.10), (9.11)). Now fOZ” $(0) df = 2x since ¢ € Diff(R/27Z).
Hence the result. O

9.2.5 Connection to U. Niederer’s Results

We are referring to a classical paper by U. Niederer (see [90, 91]) concerning
the maximal groups of Lie symmetries of Schrodinger equations with arbitrary
potentials. One may rephrase his main result as follows (though the Schrodinger—
Virasoro group had not been introduced at that time). U. Niederer shows that any
transformation

Y(tr) = Pt r) =expife (g7 @.n) ¥ (7', 1),

where g : (t,r) — (t/,r’) is an arbitrary coordinate transformation and f, an
arbitrary ‘companion function’ corresponding to a projective action), that carries
the space of solutions of the Schrédinger equation

(—2i0, — 07 + V(t.1)) Y (t,r) =0 (9.39)

into itself is necessarily of the form o01/4(g) for some g € SV. This provides,
incidentally, an elegant way of introducing the SV group in the first place. Then
Niederer gives a necessary and sufficient condition for g € 01/4(SV) to leave
(9.39) invariant, and produces some physically interesting examples. Let us analyze
some of these examples from our point of view. It should be understood that
Niederer’s examples are given in the Laurent coordinates (¢, r) and should hence
be transformed by using Lemma 9.1 to compare with our results.

(i) V = 0 (free Schrodinger equation): after the transformation of Lemma 9.1 to
the potential V' (6, x) = ixz, this case corresponds to invariance under the full
Schrodinger group (see case (i) in Sect. 9.2.4, witho = 1/4 and y = 0).

(i) V = —gr (free fall) corresponds to V(f,x) = 1x? — gel®/2+37/4
(a 4mr-periodic potential), which belongs to the same orbit as case (i) (free
Schrodinger equation in the Laurent coordinates).

(i) V= %a)zr2 (harmonic oscillator) may be obtained from the free Schrodinger
equation by the time reparametrization f(u)= tanwu for which the
Schwarzian derivative is a constant, ®(¢) = 2> (see formulas in Proposi-
tion 8.3).
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(iv) V = k/r? (inverse-square potential), corresponding to the operator —2ids —
92 + % + kx ™2 (harmonic oscillator with added inverse-square potential) in

the Fourier coordinate. The operator is not in .. ﬁgf , but the (time-independent)
inverse-square potential is interesting in that it is the only potential left invari-
ant by all transformations V(¢,7) — ¢'(t)V(¢p(t),r/¢'(t)) (see formulas
in Proposition 8.3). So this equation is invariant under the kernel of the
Schwarzian derivative, i.e. homographic transformations.

9.3 Monodromy of Time-Dependent Schrodinger Operators
of Non-resonant Types and Ermakov-Lewis Invariants

In this section, we use the Ermakov-Lewis invariants (to be introduced below) to
solve all Schrodinger operators in yifzf of class (i), (ii) or (iii). Since any such
operator is conjugate to an operator of the form —2idy — 92 + V2(0)x*> + y (y
constant), and y corresponds to a simple energy shift, we shall implicitly assume
that the potential is simply quadratic (V; = V = 0).

Lemma 9.16 and Proposition 9.18 yield explicitly an evolution operator U (8, 6y),
i.e. a unitary operator on L?(R) which gives the evolution of the solutions of the
Schrodinger equation from time 6 to time 6. This operator gives the unique solution
to the Cauchy problem and allows to compute the (exact) Berry phase. The argu-
ments in Lemmas 9.15, 9.16 and Proposition 9.18 are reproduced from the article
of Lewis and Riesenfeld ([80]). Unfortunately this method gives the monodromy
only in the elliptic case (i.e. for operators of class (i) with & > 0). So we generalize
their invariants to the hyperbolic and unipotent case; the invariant we must choose in
order to be able to compute the monodromy is not a harmonic oscillator any more,
but an operator with absolutely continuous spectrum. Nevertheless, it turns out that
there does exist a phase operator, given in terms of the (possibly regularized) integral
fOZ” % for a certain stabilizer £ of the quadratic part of the potential. The key point
is that, in order to get the whole picture, one must build the bridge between Kirillov’s
results and the Ermakov-Lewis invariants.

9.3.1 Ermakov-Lewis Invariants and Schrodinger—Virasoro
Invariance

Let H = %(—8_% + V5(0)x?) be the (quantum) Hamiltonian corresponding to a
time-dependent harmonic oscillator. The evolution of the wave function ¥/ (6, x) is
given by: idg¥(0,x) = Hy(0,x), or DYy = 0 where D = —2idy + 2H =
—2idg — 3% + V2(9)x2.

The Ermakov-Lewis dynamical invariants were invented in order to find the solu-
tions of the above equation. The idea is simple. Suppose /(6, x) is a time-dependent
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hermitian operator of the form Z;V:o I1; (Q,x)&{, which is an invariant of the

motion, i.e. %I = o1 + %[I H] = 0. Suppose also that, for every fixed value
of 0, 1(6, x) (defined on an appropriately defined dense subspace of L*(R, dx), for
instance on the space of test functions) is essentially self-adjoint and has a purely
point spectrum. For simplicity, we shall assume that all multiplicities are one, and
that one may choose normalized eigenvectors which depend regularly on 8, namely,

1(0, X)hn (0, X) = An(0)h (6, x) (9.40)

and f[R |h, (0, x)|* dx = 1. The fact that / is an invariant of the motion implies by
definition that /v is a solution of the Schrodinger equation if ¥ is. The following
lemma shows how to solve the Schrédinger equation by means of the invariant /:

Lemma 9.15 (see Lewis-Riesenfeld[80]).

1. The eigenvalues A, (0) are constants, i.e. they do not depend on time.

2. Ifn # m, then (h,,(0), (09 — H)h,(0)) = 0.

Proof. (i) Applying the invariance property g—g + %[I (0), H@B)] = O to the
eigenvector /1, (0) yields

L ha(0) + 10) 140D HO (6) = 0.

Taking the scalar product with £,,(0) gives a first equation,
al 1
(). 5510 (0)) + = Cun(0) = A (O) I (6). H(O)ha () = 0. (941)

The eigenvalue equation 1(6)h,(0) = A,(0)h,(0) gives after time differentia-
tion a second equation, namely

g—ghn(e) + (1(0) — Au (0)h, (6) = 1y (0)h,(0). (9.42)

Combining (9.41) and (9.42) for n = m yields in (8) =0.
(i) Combining this time (9.41) and (9.42) for n # m yields the desired equality.

The above Lemma shows that one may choose eigenvectors i, (6) that satisfy the
Schrodinger equation by multiplying them by an appropriate time-dependent phase,
which is the content of the following Lemma.

Lemma 9.16. Let, for each n, o, (0) be a solution of the equation

da,
do

= (hn(0), (106 — H)h,(9)) . (9.43)
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Then the gauge-transformed eigenvectors for the invariant I
ha(8) = e @h,(6) (9.44)

are solutions of the Schrodinger equation.
In other words, the general solution of the Schrodinger equation is:

Y (0) =Y cnd@h,(6) (9.45)

where ¢, are constant (time-independent) coefficients.

Let us specialize to the case when H is a time-dependent harmonic oscillator
as above, i.e. H = 1(=92 + V5(6)x?). A natural idea is to assume the following
Ansatz

1(0) = % [=5(6)8> + a(0)x> —ic(6)(xdy + 0,x)] .

This problem has a unique family of non-trivial solutions:

Definition 9.17 (Pinney-Milne equation). The non-linear equation

Evroe—% =0 (9.46)

¢
(K > 0) is called a Pinney-Milne equation. If K = 1, then we shall say that (9.46)
is a normalized Pinney-Milne equation.

Of course, every Pinney-Milne equation can easily be normalized by multiplying
the function by the constant factor K''/4.

The following Proposition summarizes results due to H.R. Lewis and W.B.
Riesenfeld (see [80]).

Proposition 9.18 (Ermakov-Lewis invariants for time-dependent harmonic
oscillators).

1. The second-order operator & £ (¢?)
¥2

E2@0) = 5|35 + (@, + Eon)'| ©047)

is an invariant of the time-dependent harmonic oscillator —2idg — 9> + V»(6)x>
provided ¢ is a solution of the following normalized Pinney-Milne equation:

£+ V(00 — é _o. (9.48)
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Setting £ = 2, one may also write equivalently

2
EL(E)0) = % |:x2 + (igax + %éx) }

_ 1 292 éz 2 Ly
- 5 [—g 2 + (1 + Z) X J6E (30, + axx>} . (949
2. Set
I [ x .
a(f) := ARG (5(9)8x + IZ(G)X)}
and
) = [ i
@O =75+ <§(9)3x+1§(9)x)}

(formal adjoint of the operator a(0)). Then
1
ELE)O) =a*(B)a(d) + 5 (9.50)
In other words, for every fixed value of 0, the operators a(6), a*(0) play the roles
of an annihilation, resp. creation operator for the (time-dependent) harmonic

oscillator &£ (§).
3. The normalized ground state of the operator a(0) is

_ v by 2
ho(®) = 5= @p(( : 5(9)+2(5/5>(9>)x). ©.51)

4. The solutions of (9.43) giving the phase evolution of the solutions of the
Schrodinger equation are given by

1 O 4o
a,(0) = — (n + E) ) (9.52)

provided one chooses the time-evolution of the eigenstates h, by setting
i 1 e,
(o doha) = 5 (n+ 5 ) (8- 8). 9.53)

The above choice for the time-evolution of the eigenstates appears natural if
one requires the standard lowering and raising relations a(6)h,(0) = n%hn_l(G),
a*(0)h,(0) = (n + 1)%hn+1(9). Then computations show that

(hn, dohn) = (ho, doho) + i% (;E _ 5'2) . (9.54)
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Hence it remains only to choose the time-evolution of the ground-state /. This
particular choice leads to the (n + %)-factor typical of the spectrum of the harmonic
oscillator. Note that the %, (6) do not satisfy the gauge-fixing condition typical of
the adiabatic approximation (see A. Joye [62] for instance). But this phase choice
leads to a nice interpretation of the phases «;, (up to a constant) as a canonical
coordinate conjugate to the classical invariant &.Z; (see Lemma 9.21 below) for
the corresponding classical problem, in the generalized symplectic formalism for
which time is a coordinate, so that the problem becomes autonomous (see Lewis-
Riesenfeld [80]; see also Sect. 9.4 for the symplectic formalism). Also, as mentioned
in the introduction, the natural time-scale (both for the classical and the quantum
: 0 du
problem) is 7(9) := [ i
The connection with the preceding sections is given by the following classical
lemma (see [84], Chap. 3), which is an easy corollary of Proposition 9.8:

Lemma 9.19. 1. Let & be a (non-necessarily periodic) solution of the equation
1 " / /
S8+ 28 +ulE =0, 9.55)

so that £ stabilizes 0> + u. Then { = \/E is a solution of the Pinney-Milne
equation

1, 2
"+ u()¢ - (53)/ =0 (9.56)
where 1,(§) := §§" — 3§ + 2u&? is the constant defined in Proposition 9.8 (2).
In particular, if ¢ = 1//12 + 1/f22, where (Y1, V) is a basis of solutions of the

Hill equation (3> + u)yr = 0, and ¢ = /E then

W2
"+ u(0)¢ — o= 0 (9.57)
where W := Y15, — (v is the Wronskian of the two solutions.

2. Consider ¢ € Stab, such that { = \/E satisfies the Pinney-Milne equation
(9.57), and a time-reparametrization ¢. Then £ = ¢'~' . £ o ¢ is a stabilizer
of 02 + it := ¢« (3% + u) and 2 = \/g satisfies the transformed Pinney-Milne
equation

- I 7
"+t — ? =0

for the same constant W.

The interesting point now is that one can choose the Ermakov-Lewis invariant in
such a way that the invariant associated to the image of the time-dependent harmonic
oscillator D by a time reparametrization (through the representation oy,4) is its
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image by a very natural transformation (essentially, by the corresponding change
of coordinates). This provides an elegant, natural explanation for the complicated-
looking phase appearing in the formulas for o7y 4.

Theorem 9.3. Let D := —2idg — 0> + V2(0)x? be a time-dependent harmonic
oscillator;, ¢ satisfy the Pinney equation ¢’ + Vo — E% =0, and EL (%) =

2
% [(%) + (i¢d, + §’x)2:| be the associated Ermakov-Lewis invariant.

Let ¢ € Diff(R/2nZ) be a time-reparametrization and Vs be the image of Vs
through ¢, defined by o1/4(¢p).D = —2idp — 92 + V2(6)x>.
Then:
1. T:= (¢’ op™)2 . L o ¢~ satisfies the transformed Pinney equation " + Vot —
1
= =0.
3

2. Consider the transformed Ermakov-Lewis invariant

. i
F2(E)(x) = % [(?) + (80 + %i)z] (9.58)

where (é, X) = (¢p(0), x\/¢'(0)) are the transformed coordinates.
Then

EZE) = mu@)ELE)mya¢) ™" (9.59)
In particular, 7 (E %) is an Ermakov-Lewis invariant for o1,4(¢) D.

Proof. 1. Follows from Lemma 9.19 (2). This implies that EZL (Z‘ 2) is an Ermakov-
Lewis invariant for oy/4(¢) . D. Supposing one has proved that &.%(¢?) is the

conjugate of &.Z(£?) by m1/4(¢), then it follows once again that EL(L?) is an
invariant for 01/4(¢) . D since

(01/4(¢) . D) ELE) - EL(E) (01/4(¢) . D)
=¢' mu(@)D . EL ) . mya(@) " — mija(@) . EL(E?) . ¢'D 71/a(gp)”!
=0 (9.60)

(the function of time ¢’ commutes with the operator &.%(¢?)).

So all there remains to show is that @5:?(52) is indeed conjugate to &.Z(¢?).
This is actually true for both terms appearing inside parentheses in the expression
for the Ermakov-Lewis invariant (and trivial for the first one). Set & = i{d, + {'x

and & = ig 7 + %i. Then a simple computation shows that

o L
& =10y + x¢ +2x¢/§.
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On the other hand,

(1@ E @) ) W(B.5) = (¢'(0) V4 T0 Sy 5(8) (6. )

= S@O) TR i@y, + 1 0)x)

x (¢’(9)1/4e‘*im"zw(¢(e>, xwp/(e))) .
9.61)

Hence 71 /4($)E1a(p) ™ = &. O

We now want to be able to write the general solution of the Schrodinger
equation as

V() = /x O hi(0)do (k)

(for some spectral measure o on a set X', a discrete measure in the case studied by
Lewis and Riesenfeld) with periodic eigenstates /i, and a phase o with periodic
derivative, i.e. given by integrating a periodic function, so that

V(0 +21) = / et e O hy (0)do (k)

where the Ay 1= o (0 + 27) — o (0) are constants and measure the rotation of the
eigenstates /i after a time 2. Then the monodromy operator is unitarily equivalent
to the multiplication operator f(k) — f(k)e** on L>(X,do).

Consider any Schrodinger operator with quadratic potential V5(#)x? and an
associated non-zero vector field & € Stab(V,) as before. (We postpone the
discussion of ‘resonant’ operators (classes (i)bis and (iii)bis) to the next section.) It
turns out that the eigenstates /; and the measure o can be taken as the (possibly
generalized) eigenfunctions and spectral measure of one of the three following
’model” operators H, depending on the sign of the invariant I,(£):

(i) (I,(&) > 0) : take for H the standard harmonic oscillator
_ 1 32 2.2 .
H——E(x—ax) (a € R);

this case corresponds to harmonic oscillators of type (i), i.e. Schrodinger
operators of type (i) conjugate to —2idp — 92 + a>x? with a® > 0;
(1) (1,(¢) < 0) : take for H the ‘standard harmonic repulsor’

H = —% (03 +a’x?)  (a € R);
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this case corresponds to harmonic repulsors of type (i), i.e. operators of type
(i) conjugate to —2idyg — 32 — a’x? (—a* < 0), and operators of type (ii);
(iii) (1,(§) = 0) : take for H the usual one-dimensional Laplacian,

1
this case corresponds to operators of type (i) conjugate to the free Schrodinger
operator —2idy — 92, and operators of type (iii).

Note that this classification is equivalent to the classification of the (conjugacy
classes of) monodromy matrices for the associated Hill operators 85 + V() into
elliptic, hyperbolic and unipotent elements.

The next section circumvents the spectral analysis technicalities by solving
the associated classical problem. The essential prerequisites for understanding the
(operator-valued) monodromy for the quantum problem are already contained in
the study of the (SL(2, R)-valued) monodromy of the ordinary differential equation
X = —V,(0)x, so we found this short digression convenient for the reader. Then
we study the spectral decomposition of the above model operators; finally, we
solve the quantum problem for a quadratic potential V5(6)x? and compute the
monodromy operator. The general case D € Yzfzf may be reduced to the quadratic

case D € 5”2“'# after applying some transformation in SV, except for the operators
of type (i)bis and (iii)bis; these will be treated in the last section.

9.3.2 Solution of the Associated Classical Problem

The associated classical problem (obtained for instance as the lowest-order term in
# in the usual semi-classical expansion) is a Hill equation.

Definition 9.20 (associated classical problem). Let H be the classical hamilto-
nian H = %(p2 + V12(0)x?).

The associated motion in phase spacereads X = 0, H = p, p = —0. H = —V>,
and is equivalent to the Hill equation (85 + V)x(0) = 0.

Lemma 9.21. 1. Suppose V; is of type I with o # 0 or of type II, and choose
& € StabV; so that 1,(§) = 2 (€ is real in the elliptic case and purely imaginary
in the hyperbolic case). Then

) . 2
L (E)(x) = % % +E (x - %gx) 9.62)

is an invariant of the motion.
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2. Suppose V is of type I with o« = 0 or of type Il (so that the associated
monodromy is unipotent), and take any & € StabV,, & # 0. Then

. 2
ELa®W = & (x - 1§x) 9.63)

is an invariant of the motion.

Proof. Simple computation (6.Z,; may be obtained from the quantum Ermakov-
Lewis invariant by letting # go to zero). O

Assuming V; is elliptic, i.e. of type I with « > 0, one may choose § > 0.
Then the equation &.Z;(§)(x) = C, C constant is equivalent to (%)2 +2=C

after changing the function and time to t(0) = fe gd(_z:) and x(0) = E% (0)z(z(9)),
respectively, with obvious solutions cos 7, sin 7. Hence a basis of solutions of the

equation of motion is given by

O =@ [ B woy=dosn [ 2 oo
x1(0) = cos —, x(0) = sin [ —— .
£(6") §(0)
Assume for instance that é(O) = 0, and choose | o sd(_(% = 00 gd(_%' Then
X1 _ (cosT —sinT X1 . _ 2 ae
(xz) Q2n) = (sinT cosT ) . (xz) (0) with T = [ £(7- Hence the

eigenvalues of the monodromy matrix are given by £i7'.

In the hyperbolic case (type I with ¢ < 0, or type II), £ := in is purely imaginary.
The above formulas (9.64) give solutions of the Hill equation on either side of any
zero of £ (note that the normalization /,,(§) = 2 implies §(6) ~g—q, £2i(60 — )
near any zero, so that (9.64) defines a continuous function, as should be, of course),
but the easiest way to define the solutions x|, x, globally is to use a deformation of
contour. One may always assume that £ is analytic on some complex neighbourhood
of R (it is conjugate by a time-reparametrization to some u,, which is entire,
see Prop. 9.9). Define a contour I” from 0 to 27 which avoids the zeros of & by
going around them along half-circles of small radii centered on the real axis. This
time (see discussion in Sect. 9.2.2), the half-circles must be chosen alternatively in

the upper- and lower-half planes so that Re £(z) > 0 on I". Then (x1 ) 2r) =
X2

cosT —sinT
( sinT cosT
T is purely imaginary.
Finally, in the unipotent case (type I with @ = 0, or type III), normalize § by
setting for instance £(0) = i, £(0) = 0, so that £ is purely imaginary. The same

X1 . _ d_@’ . .
) . (x2) (0) as before, with 7" = f r ey Note that, in this case,

. . . \2 . .
function- and time-change yields (%) = C, hence a natural basis of solutions

is given by x;(0) = E%(Q),xz(e) = E%(@) f09 Ed(_z;) To obtain globally defined
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solutions, one avoids the double zeros of £ by drawing half-circles in the upper

half-plane. Then the monodromy matrix is ((1) 7;), with T = [}, ;(—g:) = /r %.
X1

9.3.3 Spectral Decomposition of the Model Operators

We shall need below the spectral decomposition of the three model operators
—1(8 — a®x?), =3(92 + a®x?), =192 introduced above. They are essentially self-
adjoint on C°(R) by the classical Sears theorem (see [11], Theorem 1.1 Chap. 2
for instance), so the spectral theorem applies. The first operator has a pure point
spectrum, while the second and the third have an absolutely continuous spectrum.
Note that —192 is non-negative, while the spectrum of —3 (92 + a?x?) is the whole
real line, as the following Lemma proves.

Lemma 9.22. [. (elliptic case)
The spectral decomposition of L*(R) for the operator —%(8)26 —a’x?) is given by

(9.65)

L*(R) = @,,Z()Li(H%)

where L? is one-dimensional, generated by the normalized Hermite func-
a

(n+3)
tions Ca1/4e_‘”‘2/2Hen (x+/a) for some constant C (see [1] for the notations
and normalization).

2. (hyperbolic case)

Set, for A € R,
2\ 4 - 1 1 il 1
+ R A/8a ,—iax“/2 - i T2
V’A(x)-—(a) e’ e —F(%+% 1F1(4(1+a),2,lax)
2 . 1 iA 3
il—\/Zl.Ael”/4x R (— (3 + 1—) ,—;iaxz) (9.66)
ré+ 2 4 a2

where | Fy is the usual confluent hypergeometric function. Then H 1//1:‘E = Mﬁf,
and the (wf,k € R) form a complete orthonormal system of generalized
eigenfunctions of the operator H = —%(ai + a’x?), so that any function
f € L*(R) decomposes uniquely as

F) = /[R U OZF ) dA + /[R WM dr 067

with g¥ (1) = Jr f(x)l/fiIE (x) dx. In particular, the following Parseval identity
holds,

[ f P dx = [ gt P dA + / e ORdL.  ©68)
R R R
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3. (unipotent case)
Set, for A > 0, wf(x) = V2 Thep Hlﬁf = /\I//f: and the wf, A >0, form
a complete orthonormal system of generalized eigenfunctions of the operator
H = —%8)2(, with the usual Parseval-Bessel identity.

Proof. (1) is classical and (3) is straightforward by Fourier inversion and the usual

Parseval-Bessel identity. Case (2) is less common, though it can certainly be found

in the literature. Let us explain briefly how to obtain its spectral decomposition for

a = 1. The easiest way is to remark that H = AAA~" where A = %(xax +0.:x) =
cosm/4 —sinm/4

by the
sinw/4 cosm/4 ) y
metaplectic representation. The operator A is unitary. Explicit formulas found for
instance in [44] show that

i(xdy + %) and A is the image of the rotation matrix (

(Af)(x) = iV2e /4 / T eI () dy. (9.69)

0

As for the operator A, it is conjugate to i(d, + %) after the obvious change of
variable x = =e”, hence its spectral decomposition is given by Fourier inversion

1y
on either half-lines, Aqﬁf = A(ﬁf (A € R) with ¢jt(x) = x,’ K constituting
an orthonormal basis of generalized eigenfunctions. Finally, 1/fjt = A(;Sf: may be
obtained by applying the following formula (see [38])

/(;ooxv_le—ﬁXZ_yx dx = (2,8)_V/2F(V)ey2/8ﬂD—v (ﬁ)

(Re B,Re v > 0) where D, is a parabolic cylinder function, also given by

_ VT vl )
r(é(l—v))lFl( PRt

V2r 1-v 3,
—Z F(—U/Z)IFI( ) ,5,2/2)§ (9.70)

Dy (z) = 2"/%e~</4

(see [27], 8.2. (4) p. 117). o

9.3.4 Monodromy of Non-resonant Harmonic Oscillators
(Elliptic Case)

We assume here that D € .25 is of class (i) with & > 0. Then D is conjugate by a
transformation in SV to an OI;erator of the type —2idg — 3)25 +a*x? +y wherea > 0
and y is a constant. Choose § = 5 so that /£ satisfies a normalized Pinney-Milne
equation. Then Proposition 9.18 shows the following:
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Theorem 9.4. The solution of the Schrodinger equation with arbitrary initial state

Y (0) == c,hy(0) (9.71)
n>0
is given by
Y(0) = cue D002, (g), (9.72)
n>0

The monodromy operator is given by the ’infinite-dimensional’ monodromy matrix
M := diag(e,n € N), with A, := -2 (n + %)a —y.

9.3.5 Monodromy of Harmonic Repulsors (Hyperbolic Type)

One assumes now that D < ngf is either of class (i) with @ < 0 or of class (ii).
Consider again the Ermakov-Lewis invariant

2
EL(E) = 215 |:x2 + (igax + %éx) } 9.73)

where one has assumed that § = i is purely imaginary this time, and Iy, (§) = 2.
Note that &.Z(in) is anti-hermitian. Then

EL(in) — ik 1 7 1—1p2 1.9 2k
RS Rkl S R o /A VL IR 2
in 2 n n 2n 7

Suppose ¥ # 0 is an eigenvector of the Ermakov-Lewis operator, &.Z (in) Yy, =
iky,. Then Proposition 9.3 implies that 1/}/( = exp —l ﬂ 2 yy is a generalized
eigenfunction of the model harmonic repulsor, namely

(., x2\ - k -~
ey P _2) I =~ 9.75)
2 n n

Hence:

Lemma 9.23. 1. The equation (&£ (in) — ik)Yy = 0 (k € R) has two linearly
independent solutions,

weven (9 x)

. 2
= V2(2in)/*ek/* etV 21'7"2.;1171( (1 + 2ik), 5 : 1x)
Tk

rd+i5 0
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and

Voaa (6. %)
o 1 1 3 ix2
= 232Qin) ek e e HY x| F (" 3 + 2ik ,—:—).
e ra+ip Ee AN

The functions (X, 1//(];1 4).k € R) constitute a complete orthonormal system
for the operator &£ (in).
2. One has
2k .7
Dwﬁven (x) = (7 - 1;) 1pel'{ven (x)

and

2k 7
Dyl (x) = (7 - 21%) Yiaga (X).

0 do’ 0 qo'
Hence x — \/Lgexp (kf %) kon(x) and x — %exp (kf %) k()

are solutions of the Schrodinger equation.

Proof. 1.1s adirect application of Lemma 9.22, while 2. follows from an easy com-
putation using the confluent hypergeometric differential equation z(j—; 1Fi(a,c;z2)+
(c—2% 1Fi(a.c.:2)—a 1 Fi(a.c:z) =0. O

The eigenfunctions ¥%,,,,, ¥, , depend analytically on & for § € C \ R_. If the

even’

operator D is of type I (so that & has no zero), say with y = 0, then the phase
exp (k s ¢ éd(—g:)) gives the monodromy. If D is of type II, then one must resort to a

deformation of contour in order to avoid the singularities, as in the classical case,
see Sect. 9.3.2. Mind that the deformation of contour may change drastically the
behaviour of the functions VX 1/f§d o for large x or large k (for instance, ko
and 1//(1)C 14 become exponentially increasing for large x). Hence, in order to be able to
follow the phase shift of the eigenfunctions 1//61,1,6," , 1/f§ 14 along the contour I" without
getting divergent integrals, it is better to assume to begin with that the ’Fourier
transform’ (with respect to the spectral decomposition of &.Z(£)) of the solution
has compact support. In other words, the solution of the Schrodinger equation with

initial state
V0.5 = [ er(0whe, 0.0 ak + [ (0wl 0.) dk
R R

for z € I' (complex time), where ¢4, c— are assumed to be compactly supported, is
given by
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¥(z,x) = ,/% /R c'+(k)ekf02%_iy9/21/ffven(z, x) dk

O Ziz/_i
O [ o o Ry o ak

£(2) Jr

An immediate corollary is:

Theorem 9.5. Let v (0) € L?(R), with decomposition

¥ (0,x) = /IR e (kyyk, (0, x) dik + /IR c—(k)yyk, (0, x) dk. (9.76)

Then the solution of any type (ii) Schrodinger equation with initial state v (0) is
given at time 0 = 2m by

¥ (2m, x) = /.R ey Tyl (0. x) dk + /.R e (k)e* Tk, (0.x) dk
(9.77)

where T = f027r % or fr % (depending on the class of V»), with I' chosen
as in Sect. 9.3.2, is purely imaginary. The associated monodromy operator in
PB(L*(R), L*(R)) is unitarily equivalent to the multiplication by the function k —

T pith modulus one.

9.3.6 Monodromy of Non-resonant Operators of Unipotent Type

Suppose now D € Ysag is of class (i), « = 0 or (iii). Then

1|/ 1. \?
ELE)B) = % [(lgax + EEx) } (9.78)

(& € Staby,) is an invariant of D (note the difference with respect to Proposition
9.18). Case (i), « = 0 s trivial, for it is conjugate to the free Schrodinger equation.
So assume D = —2idg — 92 + Vox? is of class (iii). Take £ = in with n > 0 as in
Sect. 9.3.2. Then (if k > 0)

. N
ELE) —ik _ 1( “7)_’i. 9.79)
£ n

So

.. ok
Y+ (x) :=exp iﬁxz .expi,/—x (9.80)
n V n
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constitute a complete orthonormal system for &.Z(in) (the same statement holds
true for potentials of class (i), in which case 7 = 1 and the exponential prefactor is
trivial). A short computation shows that

Hence one has the following:

Theorem 9.6. Let v (0) € L2(R), with decomposition
o0 = [ Gl de + [ eom-wak o080
Ry Ry

Then the solution of any type (i), « = 0 or type (iii) Schrodinger equation with
initial state ¥ (0) is given at time 6 = 27 by

vemn) = [ ety dkr [ etet T dk,
Ry Ry
(9.82)
where T = 02”% or fr %, I' chosen as in Sect. 9.3.2 (depending

on the class of V») is purely imaginary. The associated monodromy operator in
PB(L*(R), L*(R)) is unitarily equivalent to the unitary operator on L*>(Ry) given
by the multiplication by the function k — e*T =177,

9.4 Symplectic Structures and General Solution
of the Schrodinger Equation

The general emphasis in this section is, so to speak, on the non-quadratic part of the
potential, namely, on Vj and V; if D = —2idy — 8_% + V2(0)x? + Vi(0)x + Vo(6).
It contains somewhat loosely related results: a definition of a three-dimensional
invariant (£, 481, 8,); a generalization of the Ermakov-Lewis invariants to general
potentials; a symplectic structure on a space ’containing’ 5@"2‘ such that the SV-
action becomes naturally Hamiltonian; finally, the computation of the monodromy
for the 'resonant’ operators of type (i)bis, (iii)bis.

Definition 9.24. We shall say that D € Yj’g is of generic type if: D is of class (i),
D conjugate to Dy, = —2idg — 02 + ax? + y witha # n?/4,n =0,1,...;0r D
is of class (ii), D conjugate to D, o, = —2idg — 3§ + o (0)x% + y.

Denote by .74

<2 gen the set of operators of generic type; it is a disjoint union of
SV -orbits.
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Note (see Corollary 9.13) that the isotropy group of an operator D of generic
type is generated by .#, and some .Z; + %y, + A, with & # 0.

Definition 9.25 (vector invariant). Let D = —2idy — 9> + V2(0)x> + Vi(0)x +
Vo(0) € Yﬁ’zéen be of generic type.

Define:

(i) £(D) to be the unique (up to a sign) periodic vector field such that £(D) €
Staby, and Iy, (§(D)) = 2 (£ real in the elliptic case, purely imaginary in the
hyperbolic case);

(i) &;(D) to be the unique periodic function such that

51(D) + Vabi(D) = —3 (VIS(D) + %V@(D)) L 083

(iii) 82(D) to be the unique periodic function (up to a constant) such that

0
5(D) = — / Vi(@)8 (D)(E)d0 ~ SVE(D)  (9.84)

Observe that £ + %5, + .#5, € Lie(Gp) is indeed unique (up to the addition
of a constant times .#)) as follows from Corollary 9.13. The ambiguity in the
definition of §, may be solved by choosing for each SV-orbit an arbitrary base-point,
an invariant (£, 81, 8,) for this base-point, and transforming (&, §;, §,) covariantly by
the adjoint action along the orbit. Some non-local formulas fixing 8, more explicitly
can probably be found, at least for potentials of type (i) (see Lemma 9.14), but we
shall not need them.

Another problem comes from the fact that the map (V3, V1, Vo) — (&, 61, 62)
is not one-to-one (nor onto). Suppose one has some triple of functions (&, §;, §2).
Under some conditions that we shall not write explicitly (depending on the class of
the potential), (£, 81, 62) is an invariant for some potential (V2, V1, Vp); the quadratic
part V5 is given (by definition) by V, = 21?(2 — E€ + 3£7). (Supposing & has only
a finite number of zeros, all of which are simple or double, one has some rather
straightforward conditions on the values of § and § at the zeros of £ that ensure that
& € Staby, for some potential },). But V; is not determined unlquely if & does not
vanish on the torus, since £~/ is in the kernel of the operator £9 + 25 (see formula
(9.83)). This can easily be explained by supposing (by conjugating by some element
g € SV) that D is the model operator D = —2i3y — 3> +ax? +y (« generic). Then
& is proportional to the constant vector field .#} which commutes with %/, hence the
invariant (£, §1, 8,) is left unchanged by space-translations, whereas the operator D
(and also the generalized Ermakov-Lewis invariant defined in Theorem 9.7 below) is
not. Hence the vector invariant (€, §;, 8,) parametrizes Schrodinger operators of type
(i) ‘up to space-translations’. On the other hand, the map (V5, V1, Vo) — (€, 681, 82)
is one-to-one for operators of type (ii) (up to a sign for §).
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It is not a priori self-evident that §, defined by equation (9.84) is a periodic
function. Considering the ‘inverse problem’, i.e. supposing that the invariant
(§,81,82) is given, and supposing £ does not vanish on the torus, one must also
check that every choice for V; gives a function §, which is periodic. This is the
content of the following lemma:

Lemma 9.26. One has:

d d | 1d
70 (E@(S_ml)) = —EE(SMVO —£7328,. (9.85)

This formula implies: fozn £7328, = 0; fozn V18 = 0.

Proof. Using the invariant equations Eé - %52 + 2V5E* = 2 and §i + Wb =
—%(Vlé‘ + %Vlé), one obtains

a7 (40) = 3 (460) = S g (o) 7,

hence the first equation, which implies immediately: fozn £73/2(0)8,(9) dO = 0.
Hence (considering the inverse problem), if some potential V) verifies f02" V1(0)6,
(0) d6 = 0 (so that 8, is well-defined), then this is also true for all possible
potentials V;. Now, integrating the first equation, one gets

e () + 26 = [ e e,
hence
£3V, = 2 [i (g—%al) + é/e £732(0)8,(8") d@’] .
Hence

0 0 . .
/ Vi(6)8,(8") db’ = / EE)E8)0) do’

0 2
- _ (g—%(e)sl(e))z + ( / £732(0118,(0") de’)
(9.86)

and the integral over a period is zero. O

The following covariance result is an extension of Theorem 9.3.
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Theorem 9.7. Let D € ng’gen be of generic type, with associated invariant (§ =

£(D), 81 = 81(D), 8, = 82(D)). Then:
1.

11 Lo} o oo g
EL (D) = 5 I:g (1 + 4§ )x £d7 + 2§(xax + 0,X)

+ (—281(—i3x) + (V& + 231)x) +2 (82 + %Vo%‘)} (9.87)

is an invariant for the Schrodinger operator D.

2. Let (¢: (a,b)) € SVand g : (6,x) — (8", x") = (¢(8), x+/$(0) — a(0)) be the

associated coordinate change. Then
71/4(@: (@.D)EL (D) ja(@: (a.b) ™ = EZ(D)  (988)
where c;(-":{”(D) is obtained by applying the transformation g to the coordinates,

changing the potentials Vy and Vi by the 01/4-action of SV, and transforming the
invariant as follows:

E=¢  togp!; (9.89)
§i=¢7 80 + (éa - %ag) ; (9.90)
G =800 + (ala - aa"l) +Eh+ (é(dz — ail) — Ead — §a2) . 9.91)

Furthermore, (§, 81, 8~2) is (up to the addition of an arbitrary constant to &)
the invariant associated to c1;4(D).

Proof. 1. Look for an invariant of the form

% [a(@)x2 —b(0)0> —ic(0)(xy + dyx) + d(0)(—idy) + e(0)x + f(O)]

(9.92)

and solveina, b, c,d, e, f. One obtains the following constraints:
@ =2Vae, b=-2¢, ¢=—a+ Vb (9.93)
— whose general solution is in Proposition 9.18 above, namely, a = l(1 + %éz),

b=E§& c= —% = _ and the set of following equations:

d = Vlb —e, é = VIC + Vzd, f = EdVI (994)
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which implies the compatibility condition
. ) 3 .
d+Vod = Vi€ + EVIE.

2. Since (assuming 7,(§) = 2 is fixed) there is a unique (up to the addition of a
constant times ./ ) invariant for operators of generic type, one necessarily has

L+ Wy, + My, = Ad($: (a.D) (L + D, + My,) mod Ay (9.95)

which gives the above formulas for (§ , 8 1, 8~2).

It remains to check (9.88). Consider first the covariance under a time-
reparametrization ¢. It has already been proved for the quadratic part of the
Ermakoy-Lewis operator, see Theorem 3.1.6. The linear part —2(—id;d, +
(V1€ — 81)x) transforms covariantly under ¢ since (see proof of Theorem 9.3)

-~ dS . 1 e .
ViE— d—ei = ¢'1 (Vl.é Y - E%‘Sl) . 810y = —i818,  (9.96)

and
(4@ =601, + (Vi = B0)mys(s™)) v

A CUCRUTES 30 P ] CORNATY

(—181 d + (ME— 5});/) v (0.x). (9.97)

As for the zero-order term —%(82 + %VOE), it is obviously invariant under the
conjugate action of m1/4(¢p). Since 1705 = (Vo€) o ¢!, this implies also § =
6y 0 (]5_1 .

Consider now the covariance under an infinitesimal nilpotent transformation
%y + My, One has

1 1 1.
[ad, +iax + b, &L(E,61.8,)] = 3 [aax +iax, F (1 + 152) x?—£9°

Fifxd,—2 (81(—18x) + (Vlg—(s}) x) dX}

= % % (%a (1+ié‘2) +dé) x— (af +2a8)

(—id,) — 2a (Vlg - 5'1) + 2a31} . (9.98)
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to be compared with the infinitesimal change of &2 under the transformation
x > x +ea, 8 — 8 + e(Ea — 1af), & — & + e((§1a — aby) + £b),
Vi — Vi —2€(d + Vaa). This is a straightforward computation, which requires
the use of the equation defining &, namely, £ = %(1 + i&z) — 215, O

Using the parametrization of Yzfzf gen DY the vector invariant (&, 8y, 62), one can
easily define a natural symplectic structure on a linear space §2 and a hamiltonian

action of SV on §2 reproducing the SV-action on yﬁgf gen-

Definition 9.27. Let 2 ~ C®(R/2nZ, R*) be the linear manifold consisting of

all 27 -periodic vector-valued C*° functions X (t) := (p,q, E.t)(7), v € R/2=nZ
with singular Poisson structure defined by

{p(x).q(x"} =8(r=7), {E@).1(z)} =8(r—7) (9.99)

See for instance [43], Chap. X for some remarks on distribution-valued singular
Poisson structures on infinite-dimensional spaces. The energy E is canonically
conjugate to ¢, which allows us to consider generalized canonical transformations
for which 7 is a coordinate. This usual trick for Hamiltonian systems with time-
dependent Hamiltonians can for instance be found in [37]. Hamiltonian vector fields
Zu,for H= H(p.q, E.t), act separately on each fiber T =constant, namely,

(20 f)(@) = {(0,Hd, —d,HO, + 0xHI, —,Hop) [} (r).  (9.100)

Definition 9.28 (associated functional). Let (§,4;, §,) be a triple of 2w -periodic
functions. Define @ := @ (£, §;, §,) to be the following functional on 2,

(©.%) = | e@nE® + SECOPO

+81(t(0) p(r) = 811 (1)q(x) + 52(l(f))} dr.  (9.101)

Theorem 9.8. Represent Ly + %, + M) € sv by the hamiltonian vector field
ZH(fe.n) associated to

H(fgoh == (SOF + 3 FOpa + 3 7) - €0p + 200 = hoo.
(9.102)

Then the action of Xy on the functional (&, 681, 8,) coincides with that given in
Theorem 9.7.

Proof. Observe that the map from sv to the Lie algebra of vector fields on §2 given
by Ls + %y + My — Zu(sen is a Lie algebra homomorphism. The vector field
Zy is given explicitly by
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Ficren = = 31 OG0~ 03y + 100 = 3 0ad, | - [s0, - 09,

+[ (37 Opa+ 70 + {70 ) + @p + d0) 450 o
(9.103)

The rest is a straightforward computation. O

Let us conclude this section by computing the monodromy for ’resonant’
operators of type (i)bis and (iii)bis.

Consider any resonant operator D. The associated classical monodromy is
unipotent. We choose ¢ € Staby, to be purely imaginary, £ := in as before (see
Sect. 9.3.2). A generalized Ermarkov-Lewis invariant may then be defined as

2 .
&L(D) = % [(isax + %éx) } + % [d(—idy) + ex + f].  (9.104)

where d, e, f are defined as in Theorem 9.7 but with £ replaced by 7 (see (9.92) for
notations). Hence

. s 2
w:_l (ax_lﬁx) —i(—iax)—fx—i _lf_ (9.105)
§ 2 27 n nooon n

Suppose &L (D) = ik and set

- in , id
Yr =exp| ———x"+ =—x | Y. (9.106)
4n 27

Then a simple calculation gives

17 — 2k 1 (d\*| -
[&3— (Ed%+%)x+f++1 (;) ]wk —0 (9.107)

If D is of type (i)bis, then d, e, f (easy to obtain from Theorem 9.7 and the
isotropy algebra given in Sect. 9.2) satisfy %d n% + % = 0 identically, so the model
operator is (up to a constant) the Laplacian as for case (iii). Then the monodromy
can be computed along the same lines as in Sect. 9.3.6, with a time-independent

. . . 2 2
shift in k due to the function — f + i% = égnz.

Lemma 9.29. Let D = —2idyg — 3> + n’x> + Ccosn(f — o/2)x + y be a
Schrodinger operator of type (i)bis. Set
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Vs (0, x) = ettty HVE (9.108)

withd = —% sin3n(@ —o/2),n=1—cos(2nd —o), k' =k +3 (1%;)2' Then

2k 1 (dY’ i
Dy + = ——l——(—) ?dr)_mvzk’——ﬁ—l—y Yk (9.109)
no 4\n 21
Proof. Tedious computations. O
2 .
Apart from the time-periodic shift } (%) = (1%;)2 %ﬁ’/g (which is

integrable on the contour I') and the time-independent shift in k, one is left
once again with a phase proportional to k /7 (note that the term in dn~/2v/2k’
is irrelevant since foh (dn=*?)(6) d6 = 0 by Lemma 4.3; recall d = —28; by
Theorem 9.7).

Hence one obtains:

Theorem 9.9. Let v (0) € L*(R), with decomposition

¥ (0, x) :=/IR c‘+(k)1/fk,+(o,x)dk+/ e (k)Ye—(0.x) dk.  (9.110)
+

R+

Then the solution of the type (i)bis Schrodinger equation
(—2idg + 0 + n’x*> 4+ C cos(nf —0/2).x +y) ¥ =0 9.111)

with initial state  (0) is given at time 8 = 2x by

Y(Qm.x) = / &4 () Ty (0,x) dk + / E_(k)eX T (0, x) dk,

Ry Ry
9.112)

where k' = k + 3 (1%)2, T = fozn % (T is purely imaginary) and

pore [ () o

The associated monodromy operator in B(L*(R), L*>(R)) is unitarily equivalent to

the unitary operator on L*(Ry.) given by the multiplication by the function k —
kT—iny
e .

Suppose now D is of type (iii)bis. Then the x-coefficient in the transformed
Ermakov-Lewis operator (9.107) does not vanish, so one must take for ‘model
operator’ —3> + x, whose eigenfunctions are related to the Airy function. The
solution of the monodromy problem will be given by a series of lemmas. In the
sequel, . = (1 + sinn@)(1 + asinnf) is the (real-valued and non-negative)
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invariant, and 1'/?> = (1 + asinnf)'/? cos(g — n%)x is the smooth square-root
of n chosen in Sect. 9.2.

Lemma 9.30. Let Ai be the entire function, solution of the Airy differential
equation (—9% + x)Ai (x) = 0, defined on the real line as

1 oo 3
Ai(x) = ;/0 cos (% + xt) dt. 9.113)

It is (up to a constant) the only solution of the Airy differential equation which do
not increase exponentially on R4. The functions fi(x) := Ai(x — k), k € R define
(up to a coefficient) a complete orthonormal system of generalized eigenfunctions
of the self-adjoint closure of the Airy operator —92 + x with core C°(R) C L*(R).

Proof. Easy by using a Fourier transform. O

Lemma 9.31. The x-coefficient in the transformed Ermakov-Lewis invariant
(9.107) reads

L
—d% + &= (9.114)
20"

where Co, = (1 —a)(1 + a/2)V/'1 — 2.

Proof. Computations similar to that of Lemma 9.26 (with the simple difference that
g€ — 167 4+ 21482 = O here) yield

d 1 Cu
—(n"2d)=n— — 11
de(" 2d)=n , (9.115)

where C,, is some constant which must be chosen in order that the right-hand side
be 27-periodic. Note that the singularities in the above equation are only apparent;
one may avoid them altogether by using a contour I" in the upper-half plane as
in Sect. 9.3.2. Since foh n = 2n(1 + «/2) and [, nd(—z:) = —ﬁ (see
Proposition 9.9), this gives C, = (1 —a)(1 +«/2)~/1 — «?. Then a straightforward
computation yields formula (9.114). O

Lemma 9.32. Set

Vi (6, x)
. . . d 1d2
= exp (lgx2 — i—)c) .n_% Ai (XCO:/37]_é - Ca_z/3 (—f + 2k + ——))
41 21 4
(9.116)

Then
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.. 2
Dy (6, x) = (% + (%% + % (%) - %)) Ve (0, x). (9.117)

Proof. The v are obtained as in Sect. 9.3.5 (about the monodromy of hyperbolic
operators) by taking a complete orthonormal system of generalized eigenfunctions
Yy for the transformed Ermakov-Lewis invariant (9.107) and going back to the
functions . Then (9.117) is proved by a direct tedious computation. O

One may now conclude:

Lemma 9.33. Let y(0) € L*(R), with decomposition

¥ (0, x) == /[Rc_(k)'(//k(o,x) dk. (9.118)

Then the solution of the type (iii)bis Schrodinger equation

0
(—2189 + 8)26 F e’ +C(1 +a sinn@)% cos (% — n—) x + J/) Y =0

2
(9.119)
with initial state  (0) is given at time 8 = 2m by

v (2m, x) = /[R c(k)eF =17y (0, x) dk, (9.120)

where T = 0271 % (T is purely imaginary) and

_ foo1(d\?
V—y+/r(—;+§(;))(9)d9.

The associated monodromy operator in Z(L*(R), L*>(R)) is unitarily equivalent to

the unitary operator on L*(R) given by the multiplication by the function k —
kT—iny
e .



Chapter 10
Poisson Structures and Schrodinger Operators

This chapter — which uses once again the definitions and concepts introduced in
Chap. 8, but is unrelated with Chap. 9 — is adapted from [107].

10.1 Introduction

Recall from Proposition 8.2 that there exists a family of actions of the Schrodinger—
Virasoro group SV on the affine space of periodic time-dependent Schrodinger
operators .7/ 1= {=2i.4 3, — 92 + V(t,r)}, denoted by 03, A € R. In Chaps. 8
and 9 we mainly considered the restriction of these actions to .7’ 2" . Here we shall
work with the whole linear space .#'" := {a(t)(=2i.#d, — 3*) + V(t,r)} and
consider the following action of the Schrddinger—Virasoro group on it:

Definition 10.1. Let 6;, A €R be the family of left-and-right actions of the
Schrodinger—Virasoro group on the linear space of Schrodinger operators /"
defined by

51(8)(D) = mu42(g) Dmi(g) ™" (10.1)

Because of the shift A »> A+2 instead of A »> A+1 (compare with the o -action
from Chap. 8), the affine space .#*// is not preserved by this action.

Let us give explicit formulas for the action 6 (compare with the formulas of
Proposition 8.3):

Proposition 10.2. linear action on Schrodinger operators

1. The action o) is written as follows

62 (:0).(a(t) (=213, — %) + V(t, 1))
= ¢(1)a(p(t))(=2id, — 0%) + > (1) V(p(1),

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 207
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_10,
© Springer-Verlag Berlin Heidelberg 2012
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o)) +a (Zi(k - i)//zg + %//lzrzS(qS)(t))

53 (1; (o, B)).(=2ia0 8, — 3* + V(L. 1))
= 20.M0,—2 + V(t.r —a(t))+a (—2//1%&(1)—//12(23(:) - oc(t)éé(t)))
(10.2)

N2
where S : ¢ — % - % (%) is the Schwarzian derivative.

2. Let Ay := —2i.#d; — * be the free Schrodinger operator. The infinitesimal
actiondad) : X — %it:O (6, (exptX)) of sv gives (recall V' := 9,V ):

46(L1)@(0) B0 + Ve.r) = ~(@f + f&)Bg— V=3 frV"
+a (—21()& - %),///f' — é,//ﬂf'rz) —2fV

d& () a(t) Ao+ V(t,r)) = —gV' — 2.4 *agr
A&, (M) (a(t) Ao + V(. 1)) = —2.4%ah (10.3)

The main result of this chapter is the following (see Theorem 10.2).

Theorem. There exists a Poisson structure on .#'"" = {a(t)(=2i.49, — 3*) +
V(t, r)} for which the infinitesimal action d 6), of sv is Hamiltonian.

The analogue in the case of Hill operators is well-known (see for instance
[43]). Namely, the action of the Virasoro group on the space .7 of Hill operators
is equivalent to its affine coadjoint action with central charge ¢ = %, with the
identification 07 + u(t) — u(1)dt* € nit’; where vit) is the affine hyperplane
{(X,c) | X € Vect(S)*}. Hence this action preserves the canonical KKS (Kirillov-
Kostant-Souriau) structure on vit] =~ 7. As well-known, one may exhibit a

bi-Hamiltonian structure on bit* 2which provides an integrable system on .77
associated to the Korteweg-De Vries equation.

The above identification does not hold true any more in the case of the
Schrodinger action of SV on the space of Schrodinger operators, which is not
equivalent to its coadjoint action (see [106], Sect. 3.2). Hence the existence of a
Poisson structure for which the action on Schrédinger operators is Hamiltonian has
to be proved in the first place. It turns out that the action on Schrédinger operators
is more or less the restriction of the coadjoint action of a much larger Lie algebra g
on its dual. The Lie algebra g is introduced in Definition 10.15.

Our approach to finding this Lie algebra g has been a bit tortuous.



10.1 Introduction 209

The first idea (see Sect. 2.3, or Chap. 11 for superized versions of this statement)
was to see sv as a subquotient of an algebra DWD of extended pseudodifferential
symbols on the line: one easily checks that the assignment .2y — —f(§)0¢,

1
Yy — —g(g)ag, My — —%h(é) yields a linear application sv — DW¥D :=

RIE, E71] [83 , 3;%]] which respects the Lie brackets of both Lie algebras, up to
unpleasant terms which are pseudodifferential symbols of negative order. Define
DWD_, as the subspace of pseudodifferential symbols with order < k. Then
DWD<, is a Lie subalgebra of DYD, DWD__: is an ideal, and the above

assignment defines an isomorphism sv >~ D¥D<,/DW¥D__,.

The second idea (sketched in [113]) was to use a non-local transformation
® : DUYD — WD (VD being the usual algebra of pseudo-differential symbols)

which maps 8? to d, and £ to %r&r_l (see Definition 10.7). The transformation ©&
is formally an integral operator, simply associated to the heat kernel, which maps
the first-order differential operator —2i.# 9, — s into —2i.# 3, — d>. The operator
—2i.#/ 3, — 0¢ (which is simply the dz-operator in complex coordinates) is now easily
seen to be invariant under an infinite-dimensional Lie algebra which generates (as
an associative algebra) an algebra isomorphic to D¥D. One has thus defined a
natural action of DWD on the space of solutions of the free Schrodinger equation
(=21 3; — %)y = 0.

The crucial point now is that (after conjugation with @, i.e. coming back to the
usual (¢, r)-coordinates) the action of DWD<; coincides up fo pseudodifferential
symbols of negative order with the vector field representation d y (see Introduction)
of the generators L,, Y,,, M, (n,p € Z,m € % + Z). In other words, loosely
speaking, the abstract isomorphism so =~ D¥D</DW¥D__ 1 has received a
concrete interpretation, and one has somehow reduced a problem concerning dif-
ferential operators in two variables t,r into a problem concerning time-dependent
pseudodifferential operators in one variable, which is a priori much simpler.

Integrable systems associated to Poisson structures on the loop algebra £,(¥D)
over WD (with the usual Kac-Moody cocycle (X, Y) — 95 TrX (1)Y(¢) dt, where Tr
is Adler’s trace on WD) have been studied by A.G. Reiman and M.A. Semenov-
Tyan-Shanskii [103]. By considering Poisson structures on a looped Virasoro
algebra, one may also construct a Kadomtsev-Petviashvili type equation with two
space variables, see [94]. In our case, computations show that the sv-action on
Schrédinger operators is related to the coadjoint action of .Z;((¥D,)<1), where

A ((‘;\Dr)_s/l ) is a central extension of .Z; ((¥D,) <) which is unrelated to the Kac-
Moody cocycle.

Actually, the above scheme works out perfectly well only for the restriction of the
sp-action to the nilpotent part of sv. For reasons explained in Sects. 10.3 and 10.4,
the generators of Vect(S') <> sb play a particular role. So the action doy of sv
is really obtained through the projection on the second component of the coadjoint

action of an extended Lie algebra g := Vect(S') x . ((¥D,)<). The definition of
g requires in itself some work and is given only at the end of Sect. 10.5.
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It is natural to expect that there should exist some bi-Hamiltonian structure on
" allowing to define some unknown integrable system. We hope to answer this
question in the future.

Here is the outline of the chapter. Section 10.2 on pseudo-differential operators
is mainly introductive, except for the definition of the non-local transformation
©. The realization of DWD<,; as symmetries of the free Schrodinger equation is
explained in Sect. 10.3. Sections 10.4 and 10.5 are devoted to the construction of
the extended Lie algebra Z((/LITD\,.)_; ) and its extension g. The action d&,, of sv
on Schrodinger operators is obtained as part of the coadjoint action of g restricted
to a stable submanifold .4/~ C g* defined in Sect. 10.6, where the main theorem is
stated and proved. Finally, an explicit rewriting in terms of the underlying Poisson
formalism is given in Sect. 10.7.

Notation: In the sequel, the derivative with respect to r, resp. ¢ will always be
denoted by a prime ('), resp. by a dot, namely, V' (¢, r) := 9,V (t,r) and V (¢, r) :=
aVt,r).

10.2 Algebras of Pseudodifferential Symbols

Definition 10.3 (algebra of formal pseudodifferential symbols). Let ¥D :=R
[z.z271] [0-. 8;1]] be the associative algebra of Laurent series in z, d, with defining
relation [d,,z] = 1.

Using the coordinate z = €', § € R/27xZ, one may see elements of WD as
formal pseudodifferential operators with periodic coefficients.

The algebra ¥D comes with a trace, called Adler’s trace, defined in the Fourier
coordinate 6 by

N 2
Tr( > fq(e)ag) L i f-1(6) de. (10.4)

e 2

Coming back to the coordinate z, this is equivalent to setting
1
Tr(a(2)0?) = 64—1 . =— 95 a(z)dz (10.5)
2im

where ﬁ ¢ is the Cauchy integral giving the residue a—; of the Laurent series
vav=—oo apzp‘

For any n <1, the vector subspace generated by the pseudo-differential oper-
ators D = f,(2)0" + fu—1(2)9""' + ... of degree < n is a Lie subalgebra
of WD that we shall denote by WD.,. We shall sometimes write D = O(3")
for a pseudodifferential operator of degree < n. Also, letting OD = ¥Ds( =
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o Jx (Z)a’;, n > 0} (differential operators) and volt = WD -_, (called: Volterra
algebra), we shall denote by (D4, D_) the decomposition of D € WD along the
direct sum OD @ volt, and call D the differential part of D.

We shall also need to introduce the following ’extended’ algebra of formal
pseudodifferential symbols.

Definition 10.4 (algebra of extended pseudodifferential symbols). Let DWD be
the extended pseudo—differential algebra generated as an associative algebra by

£ and3§,8§2.

Let D € D¥D. As in the case of the usual algebra of pseudodifferential symbols,
we shall write D = O(9%) (x € %Z) for an extended pseudodifferential symbol
with degree < «, and denote by D¥D, the Lie subalgebra span( f; (g)ag D j =
K,K—%,K—l,...)ifl( <1.

The Lie algebra D¥D contains two interesting subalgebras for our purposes:

() span(f1(§)de, fo(§); fi. fo € C(Sh) which is isomorphic to Vect(S ') x.%;

(i) D¥D<; :=span(f(£)d%; k = 1, é, 0,—3...., f € C*®(S")), which is
also the Lie algebra generated by span( f; (5)8;, f% (5)8;/2, fo€); f1, f%, fo €
C>®(Sh).

As has been proved in Sect.2.3, the Schrodinger—Virasoro Lie algebra sv is
isomorphic to a subquotient of DWD. Let us give explicit formulas:

Proposition 10.5 (sv as a subquotient of DWD). Let p be the projection of
DYD ., onto DWDSl/DlI/DS_%, and j be the linear morphism from sv to DWD <,

defined by

i L
Ly —> —ﬁ F20.08)3, By —> —g(—2.M8)37 . My —> iMh(-20.ME).
‘ (10.6)
Then the composed morphism p o j : 50 — DWD</DWD__, is a Lie algebra

2
isomorphism.

Proof. Straightforward computation. (Formulas look simpler with the normaliza-
tion —2i./4 = 1.) O

The Lie algebra ¥D<; may be integrated to a group in the following way.
Consider first the pronilpotent Lie group Volt := expvolt = {1 + f_ 1(.’3)85_l +...}
obtained by the formal exponentiation of pseudo-differential symbols, exp V' =
Y k0 Z—I;, V € volt. It is easily extended to the semi-direct product group Volt =
exp.Zo X Volt (where exp.%y = expC®(S') ~ {f € C>®(") |V €
[0,27], f (e19) # 0}) which integrates WD<o ~ %, x volt. Finally, Diff(S') acts
naturally on Volt, which yields a Lie group Diff(S') x Volt integrating ¥D<; ~
Vect(S1) x WD
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This explicit construction does not work for D¥D <, because the formal series

Y im0 ¥r S not in C[g,£71]] [0, 07 ] if V' = fl/z(E)a2 +0@)), fip #0.
Yet the Campbell-Hausdorff formula makes it possible to integrate DlPD< 1 bya
similar procedure into an abstract group DG<:

Lemma 10.6. The Lie algebra DWD < may be exponentiated into a group DG<;.

Proof. First exponentiate D¥D <> :span(f,((é)a’g k= %,O,—%,...) by
defining DG _ 1 = exp D¥D_ 1 with multiplication given by the Campbell-
Hausdorff formula

exp (f(s)aé + Dl) exp (g(s)aé + Dz)
— e { (/@ + 2@} + D1+ Drt )

43 [ r@0f + Dieal + 2]+ 107)

(D1, Dy € DWD<y); the first Lie bracket is DWD <o-valued, and the successive
iterated brackets belong to DWD.,,, D¥D,,, ... where (k,),en* is a strictly
decreasing sequence (with k| = —%), hence the series converges.

Then define the semi-direct product DG < := Diff(S')x DG <! by the following

natural action p of Diff(S!) on DG_ 1

— let o' : Diff(S') — Lin(DW¥D <! ) be the linear action defined by

P =(fod™). (¢ op™ .3 «=

=

1
where (¢’ 0™ . 85)% = /¢’ o ¢—lag + ... is the usual square root of operators
(recall ¢’ > 0 by definition), and

172K
@ 09~ 00 =[(@0g™" . 00)}]
1 . 1 . 1 —2K
= (0w oot o @ oy o )
€ () (10.8)

ifk <0;
— if ¢ € Diff(S"'), one lets p(¢p) exp D := exp(p’(¢)D) € DG _1.

=3
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It turns out that a certain non-local transformation gives an isomorphism between
DYD and ¥D. For the sake of the reader, we shall in the sequel add the name
of the variable as an index when speaking of algebras of (extended or not)
pseudodifferential symbols.

Definition 10.7 (non-local transformation ®). Let ® : D¥D; — WD, be the
associative algebra isomorphism defined by

3

(ST

0 —>0d,, 0

— 3:1

0 —

1
£ i & 20 (10.9)

G —

1

The inverse morphism ®~! : 9, — 92, r — 2£32 is easily seen to be an
algebra isomorphism because the defining relation [d,,7] = 1 is preserved by
©~!. It may be seen formally as the integral transformation ¥ (r) — 17/(.5) =

+o0 —rP/4

f—oo JE
258;1/7 and that 9>y goes to 851/7). In other words, assuming ¥ € L'(R), one has
V() = (Peyr)(0) (£ = 0) where (P:, £ > 0) is the usual heat semi-group. Of
course, this does not make sense at all for £ < 0.

¥ (r) dr (one verifies straightforwardly for instance that rd, ¥ goes to

Remark. Denote by &, = [rd,, .] the Euler operator. Let ¥D ), resp. ¥D ) be the
vector spaces generated by the operators D € WD such that &, (D) = nD where n
is even, resp. odd. Then WD ) is an (associative) subalgebra of WD, and one has

(YD o). ¥D(oy)] = ¥D(0), [¥D(0),¥D )] = ¥D,
YDy, ¥YD1y] = ¥D ().

Now, the inverse image of D € WD, by ©®~! belongs to ¥D; C DWDs if and only
if D e (WD,)(()).

Lemma 10.8 (pull-back of Adler’s trace). The pull-back by ® of Adler’s trace on
WD, yields a trace on DD defined by

Troun, @(©0]) = Trn, (0@OW) =21 .5 Pa@rds. (10,10

Proof. Note first that the Lie bracket of WD, , resp. DWD:; is graded with respect to
the adjoint action of the Euler operator &, := [r0,, .], resp. &t := [£0¢. .], and that
Ood; = %5, 0 ®. Now Tryp, D = 0if D € ¥D, is not homogeneous of degree

0 with respect to &, hence the same is true for Trpyp,. Consider D := g/ 8; =
O~ ((3roshy 92/): then Trpup, (D) = 0if j > 0 because (as one checks easily
by an explicit computation) ©(D) € OD; and Trpyp, (D) = 0if j < —2 because
O(D) = 0(d;?). O
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In order to obtain time-dependent equations, one needs to add an extra depen-
dence on a formal parameter ¢ of all the algebras we introduce. One obtains in this
way loop algebras, whose formal definition is as follows:

Definition 10.9 (loop algebras). Let g be a Lie algebra. Then the loop algebra over
g is the Lie algebra
&g = glt. o™l (10.11)

Elements of £,g may also be considered as Laurent series Z "X, (X, €
g), or simply as functions t — X(¢), where X(¢) € g.
The transformation ® yields immediately (by lacing with respect to the time-

variable #) an algebra isomorphism

n=—0o0

£,.0 : Z(DYD:) — £,(¥D,). D — (t - O(D(1))). (10.12)

10.3 Time-Shift Transformation and Symmetries of the Free
Schrodinger Equation

In order to define extended symmetries of the Schrodinger equation, one must first
introduce the following time-shift transformation.

Definition 10.10 (time-shift transformation). Let 7} : D¥Dy — £, (DWD¢) be
the linear transformation defined by

7 (£ ©) = (7 fE)% (10.13)
where: )
FPE) =P (ﬁt + g) (10.14)

for polynomials P, and

Tigh = (ﬂt + g)_k

—k o0
( ) Z( kLD (k =D ey (10.15)
In other words, for any Laurent series f € C[£, 7],

()
Tif(€) = Z / ;2” Je)

j=0
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Then .7} is an injective Lie algebra homomorphism, with left inverse .%; given
by

1 d
Silg(t.6) = 5 95 g-2060° (10.16)

Proof. Straightforward. O

Now comes an essential remark (see Sect. 10.1) which we shall first explain in
an informal way. The free Schrédinger equation reads in the ‘coordinates’ (¢, &)

(=213, — )Y (t, &) = 0. (10.17)

In the complex coordinates z = ¢ — 2i.#§, z = t + 2i./&, one simply gets
(up to a constant) the d-operator, whose algebra of Lie symmetries is span( f(t —
21i4§)0¢, g(t — 2i.§)0,) for arbitrary functions f, g. An easy but crucial conse-
quence of these considerations is the following:

Definition 10.11 (2~ f(.i) -generators and ©;-homomorphism). Let, for feCl[¢,
£ 1]and j € %Z,

2 =6, (_ f(=2i.a)d] ) € £ (¥D,) (10.18)
where ©; is the composition of the non-local transformation ® and the time-shift
z’

@ =007 (10.19)
In other words,
2y = £00) (= f ~ M) =~ (= iardT) B (1020

(at least if f is a polynomial).The homomorphism @, will play a key role in the
sequel.

Lemma 10.12 (invariance of the Schrodinger equation).
(i) The free Schridinger equation Aoy (t, r) = 0 is invariant under the Lie algebra
of transformations generated by %fm, i € %Z.
(ii) Denote by f, f, f the time-derivatives of f of order 1, 2, 3, then
. 1 .
2 = =02 +id f(O)rd, + S0

— (%//lzf(t)r + é,//ﬁf'r?’) T4+ 0@0%);  (1021)
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. M7
2P = —g(0)9, +ig(t)r + Tg(t)rzar_l + 0(3;%); (10.22)
2,0 = —h(t) + 0(37"). (10.23)
In particular, denoting by D 4 the differential part of a pseudo-differential

operator D, i.e. its projection onto OD, the operators (3&;,(1/2))4_, (%1(0))4_
coincide (see Definition 1.31) with d wo(%y), resp. d wo(My), while

diMdno( L) = (%}”)+ — f() @iatd, — 7). (10.24)
Proof. (i) One has
o (%f(“) -7 (g - f(=2i¢) .ag)

o (1) G2
;)f (2//) 0 (10.25)

which is easily seen by a straightforward computation to commute with the
Schrédinger operator @~ (—2i.# 9, —9?) = —2i.# 3, — ¢, hence preserves the
free Schrodinger equation. Note that, when f is a polynomial, ©® ' (2" jf’ ) ) =
—f@t — 2i///§)8§ obviously commutes with —2i.#0, — 9, see (10.17) and
following lines.

(i1) Straightforward computations.

O

In other words (up to constant multiplicative factors), the projection (2~ ;k) )+ of

Z 2 k=1, %, 0 onto OD forms a Lie algebra which coincides with the realization
dmy of the Schrodinger—Virasoro algebra, apart from the fact that —2i.Z 9, is
substituted by 9? in the formula for 2~ ;l) . This discrepancy is not unduly alarming,
since —2i.# 9, = 0? on the kernel of the free Schrodinger operator. As we shall

see below, one may alter the 2~ ;l) in order to make them ’begin with’ — f ()9, as

expected, but then the .2 ;1) appear to have a specific algebraic status.

10.4 From Central Cocycles of (¥D,)<; to the Kac-Moody
Algebra g

The above symmetry generators of the free Schrodinger equation, 2~ © ,1 > 1 may
be seen as elements of % (WD, ). The original idea (following the scheme for Hill
operators recalled in the Introduction) was to try to embed the space of Schrodinger
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operators .#*// into the dual of .Z, (¥D,) and realize the action do; of Proposition
10.2 as part of the coadjoint representation of an appropriate central extension of
Zi(¥Dy).

Unfortunately this scheme is a little too simple: it allows to retrieve only the
action of the Y- and M -generators, as could have been expected from the remarks
at the end of Sect. 3. It turns out that the 2" i< % may be seen as elements
of £ ((¥D,)<1), while the vector field representation d 7o (.Z) (see Introduction)
of the generators in Vect(S') C sb involve outer derivations of this looped
algebra. Then the above scheme works correctly, provided one chooses the right
central extension of .Z;((¥D,)<1). As explained below, there are many possible
families of central extensions, and the correct one is obtained by ’looping’ a cocycle
¢3 € H*((¥D,)<1, R) which does not extend to the whole Lie algebra WD, .

In this section and the following ones, we shall formally assume the coordinate
r = € to be on the circle S'. If f(r) = Y,z firk, the Cauchy integral
ﬁ gSS  f(r)dr selects the residue f_;. Alternatively, we shall sometimes use the
angle coordinate 6 in the next paragraph, so f(r) = ;.7 fre*? may be seen as a
2m-periodic function.

10.4.1 Central Cocycles of (¥D,)<1

We shall (almost) determine H?(WD<;, R), using its natural semi-direct product
structure ¥D<; = Vect(S') x WD<,. We choose to work with periodic functions
f = f(0) in this paragraph.

One has (by using the Hochschild-Serre spectral sequence, see Chap. 7 or [31]):

H?*(WD<,R) = H*(Vect(S"),R) @ H'(Vect(S'), H' (¥D<, R))
B nvyeshy H> (WD <o, R). (10.26)

The one-dimensional space H?(Vect(S!), R) is generated by the Virasoro cocy-
cle, which we shall denote by cy.

For the second piece, elementary computations give [¥D <o, ¥D<o] = ¥YD<_».
So H{(¥D <o, R) is isomorphic to ¥D<o/¥D<_», i.e. to the space of symbols of
type fo + f-107". In terms of density modules, one has H,(WD<o) = Fo ® F—;.
So H'(WD<o,R) = (Fo & F_1)* = F_; ® F by the standard duality
F¥ >~ F_1_y, and H'(Vect(S"), H' (WD<0. R)) = H'(Vect(S"), 7, & F) =
H'(Vect(S"),.Z_1) ® H'(Vect(S"), .%). From the results of Fuks [31], one knows
that H'(Vect(S'),.%) is one-dimensional, generated by fds — f”df, and
H'(Vect(S"),.%) is two-dimensional, generated by fdy —> f and f0 —> f'.
So we have proved that H'(Vect(S'), H'(WD<o, R)) is three-dimensional, with
generators ¢y, ¢; and c3 as follows:
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0
1 /
¢ (gf?o, Z fidy | = E/glfode (10.27)
k=—00
0 1
¢ (gae, > fdh) = / gf-1df (10.28)
k=—o00
0 1
c3 (g89, Z fidy | = E/g/f—l do (10.29)
k=—o00

Let us finally consider the third piece Invyeyst) H 2(WD<, R).We shall once
more make use of a decomposition into a semi-direct product: setting volt =
UD._;, one has ¥YD<y= Fy X volt, where %, is considered as an abelian
Lie algebra, acting non-trivially on volt. We do not know how to compute the
cohomology of volt, because of its “pronilpotent” structure, but we shall make the
following:

Conjecture.

Invz, H*(volt, R) = 0. (10.30)

We shall now work out the computations modulo this conjecture.
One first gets H>(WD <o, R) = H*(F, R) & H'(Fo, H'(volt, R)). Then

InvyeestyH> (WD <o, R) = Invyeesty H?(Fo, R)
DI nvyeu(styH' (Fo. H' (volt, R)).  (10.31)
Since % is abelian, one has H?(Zo, R) = A?(Z), and I nvyeqsty(A2(FF)) is

one-dimensional, generated by the well-known cocycle

)= 5= [ (&= f's) do. (10.32)

A direct computation then shows that [volt, volt] = YD<_3, so H;(valt,R) =
F_1 ® F— and H'(volt, R) =.%, @ .%; as Vect(S')-module. Then H'(F, H'!
(volt, R)) is easily determined by direct computation, as well as I nvye sy H Y(F,
H'(volt, R)); the latter is one-dimensional, generated by the following cocycle:

0 1
es (g,k;m fk3§) = Z/gf_l do, (10.33)

Let us summarize our results in the following:

Proposition 10.13. Assuming conjecture (10.30) holds true, the space H*(WD <,
R) is six-dimensional, generated by the cocycles c;, i = 0, ...,5, defined above.
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Remarks. 1. If conjecture (10.30) turned out to be false, it could only add some
supplementary generators; in any case, we have proved that H?(WD<i, R) is at
least six-dimensional.

2. The natural inclusion i : ¥D<; —> ¥D induces i* : H*>(WD,R) — H?
(UD<1,R); one may then determine the image by i* of the two genera-
tors of H*(WD,R) determined by B. Khesin and O. Kravchenko [69]. Set
CKK, (Dl, Dz) = TI‘[]Og 9, Dl]D2 and CKK2(D1, Dz) = Tr[log 8, Dl]Dz. Then
i*CKKl =C and i*CKKz = o+ C1 + C4.

The right cocycle for our purposes turns out to be c3: coming back to the
radial coordinate r, one gets a centrally extended Lie algebra of pseudodifferential
symbols @51 as follows.

Definition 10.14. Let @551 be the central extension of ¥D<; associated with the
cocycle cc3 (¢ € R), where ¢3 : A’WD<; — C verifies

e (for,80") =3 (f0;",g0,) = ﬁ 95 f'gdr (10.34)

(all other relations being trivial).

10.4.2 Introducing the Kac-Moody Type Lie Algebra g

Let us introduce now the looped algebra % ((/lITD\,.)_; ) in order to allow for time-

dependence. An element of .} ((/lIT\D,)_;) is a pair (D(t), a(t)) wherea € C[t,17']]
and D(t) € £ ((¥D,)<1). By aslight abuse of notation, we shall write ¢3(D, D»)
(D1, Dy € Z,((¥D,)<1)) for the function t — ¢3(D;(¢), D2(t)), so now c3 has to
be seen as a function-valued central cocycle of .Z; ((¥D;,)<i). In other words, we
consider the looped version of the exact sequence

0 — R — (¥D,)< —> (¥D,)<1 —> O, (10.35)
namely,
0 — R[t.t7Y]] — Z((¥Dy)<)) — L ((WD,)<) —> 0.  (10.36)

As mentioned in the Introduction, .Z; ((¥D,)<;) is naturally equipped with the
Kac-Moody cocycle

L((WD)<1) X Z(FD,)<1) — C, ((D1(t), 1(1)), (D), A2(1)))
— TrD:(t) D, (¢). (10.37)
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However this further central extension is irrelevant here. On the other hand, we shall
need to incorporate into our scheme time derivations f(t)d, (which are outer Lie

derivations of Z((/lITD\,)_; ), as is the case of any looped algebra), obtaining thus a
Lie algebra g which is the main object of this article.

Definition 10.15 (Kac-Moody type Lie algebra g). Let g ~ Vect(S!), x
Z,((¥D,)<1) be the Kac-Moody type Lie algebra obtained from .Z;((¥D,)<))
by including the outer Lie derivations

f0)0; . (D), e(t)) = (fO)D). f()a()). (10.38)

10.5 Construction of the Embedding I of (D¥D¢) into g

This section, as explained in the introduction to Sect.4, is devoted to the con-
struction of an explicit embedding, denoted by I, of the abstract algebra of
extended pseudodifferential symbols (D¥D;¢)<; into g Loosely speaking, the

image /((DW¥D¢)<1) is made up of the 3&”(’), J = 5 and the 3&”(1) with 02

substituted by —2i.4 9, (see end of Sect. 3) More prec1sely, maps

1 i(D!I/D )
an operator D into its image by ©; (see Definition 10.11), namely, O,(D),

viewed as an element of the centrally extended Lie algebra .2/ ((¥D,)<i). On
the other hand, the operator of degree one — f(—2i.#§)d¢ will not be mapped to

O (—f(21M8)0:) = X ;1) (which is of degree 2 in d,), but to some element

in the product g = Vect(S!); x .Z,((¥D,)<) with both components non-zero, as
described in the following

Theorem 10.1 (homomorphism 7). Let I : (DWD¢)<; = Vect(S')e x (D¥D;) _ <1 =
g = Vect(S!), x Z((WD,.)Q) be the mapping defined by

1((0, D)) = (0, @r(D))' (10.39)

1((~5g2aemn0)) = (~ron. 57 (#7") ) aos0
where

(#7").,

(Or(—f (~2i.6)35)._,

L @ty + 5 For= (302 et Yot

(10.41)
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(see Lemma 10.12) is %;1) shunted of its term of order 9, i.e. the projection of

2" onto £,(¥D,)<y).
Then I is a Lie algebra homomorphism.

Proof. First of all, the cocycle c3 (see Definition 10.14) vanishes on the product
of two operators of the form ﬁ(% ;l))gl + ©:;(D) belonging to the image
of (D¥Dg)<1 by I, see (10.39) and (10.40), because these involve only non-
negative powers of r. Hence I may be seen as a map (/, say) with values in
Vect(S1), x Z,((¥D,)<;) (discarding the central extension). Now the Lie bracket
[(— 1), Wh), (— f2(1)D,, W5)] in Vect(S'), x £ ((¥D,)<;) coincides with the
usual Lie bracket of the Lie algebra ¥D; , of pseudo-differential symbols in two
variables, ¢ and r, hence /((D¥D¢)<;) may be seen as sitting in ¥D; ,. Then

(g raiann) = -+ 51 (21)_ = 55 (2 + 21").

(10.42)
where & = — f(t)(-2i.40, — d?) is an independent copy of Vect(S'), by which
we mean that [.,Z’-, Ll = ,f{’ﬁg} = f},g_fg/ and [.,Z’-, e%f)((-i)] = 0 for all i. This
is immediate in the ’coordinates’ (z, &) since @_1(,2”}) = —f(t)(—2140; — 0¢)
commutes with @1 (%;.i)) =—f(t— 21//{5)82 as shown in Lemma 10.12. Hence

I is a Lie algebra homomorphism. O

As we shall see in the next two sections, the coadjoint representation of the semi-
direct product g is the key to define a Poisson structure on .#/?” for which the action
of SV is Hamiltonian.

10.6 The Action of sv on Schrodinger Operators
as a Coadjoint Action

Here and in the sequel, an element of g = Vect(S'), x % ((¥D,) <) will be denoted
by (w(?)d,, (W(t,r),a(t))) (see Sect.4.2) or simply by the triplet (w(z)d,; W, a(t)).
Since an element of h = Z,((¥D,)<;)is of the form (W(¢),x(t)) with W(t) €
(WD, )< (forevery fixed ¢t), itis natural (using Adler’s trace) to represent an element
of the restricted dual g* as a triplet (v(¢)dt?; Vdt,a(t)dt) withv € C®(S"), V €
£,((¥D,)>—,) and a € C°(S"'). The coupling between g and its dual g* writes
then

((v(t)dt*; Vdt,a(t)dt) , (w(t)d,; W, a(r)))

g*xg

= L 95 (@)w(t) + Trep, (V)W) + a(t)a(t)] dt.  (10.43)
2im
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This section is devoted to the proof of the main Theorem announced in the
Introduction, which we may now state precisely:

Theorem 10.2. Let (@,)51 be the central extension of (¥D, )<, associated with
the cocycle ccz (see Definition 10.14) with ¢ = 2; h = ,2”,((/9;1)\,)_;) the corre-
sponding looped algebra, and g = Vect(S'), x Z,((WD,)<1) the corresponding
Kac-Moody type extension by outer derivations (see Definition 10.15). Let also N
be the affine subspace Vect(S")* x {([V_a(t,r)3;* + Vo (t)8°] dt,a(r)dr)} C g*
(note that Vy is assumed to be a function of t only). Then:

(i) the coadjoint action ad;, restricted to the image 1((DWDg) <), preserves N,
and quotients out into an action of §v;

(ii) decompose d&o(X)(a(t)Ao + V(t,r)), X € sv into do,"(X)(a)Ao +
day "(X)(a,V) (free Schrodinger operator depending only on a, plus a
potential depending on (a, V')). Then it holds

ad}(Ly). (v(0)de*: [Voa(t, r)9,> + Vo(0)d7 ] dt. a(t)dt)
= ([—%f'(gg rVoadr) — (fv + va)} dt?;
450" (L)@ V)37 + (— f Vo = [V +a )i ] dr,
dc}g‘”(ff)(a)dt) ; (10.44)
ad(%). (v(0)dt*; [Voo(t.r)0;> + Vo)) di. a(r)dr)
= (-g(gﬁ Voodr)dt®; (d50" (%) (a, V-s)) a;zdz,o); (10.45)

ad (). (v(0)d1*; [V (1. 7)0; + Vo(0)d) ] di.a(r)dr)
= (0; (d&{"" (M) (a, V-2)) 9,%dt,0). (10.46)

In other words (disregarding the 3°-component in h* and the di>-component
in Vect(S1)*) the restriction of the coadjoint action of ad: ‘EU to N coincides
with the infinitesimal action d&y of sv on /"' = {a(t)(=2i40, — 3*) +
Voo(t, 1)}

Remark. The term a f 9% in (10.44) shows that the subspace of .#~ with vanishing
coordinate V) = 0 is not stable by the action of sv. The Vj-component is actually
important since the terms proportional to .# or .#? in the action d&o(sv), see
Proposition 10.2 (which are affine terms for the affine representation doy) will be
obtained in the next section as the image by the Hamiltonian operator of functionals
of Vo.
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Proof of the Theorem. Recall sb ~ DlI/DSI/DlI/DS_% (see Lemma 10.5). The
first important remark is that the coadjoint action ad; of 1 ((D lIIDg)Sl) on elements
(v(t)dtz; [V_z(t, r)o? + Vo(t)a(r)] dt,a(t)dt) € ./ quotients out into an action
of the Schrodinger—Virasoro group. Namely, let —«k < —% and (w; W,a(t)) =
W()d;; X< Wi (e, 1), a(1)) € g, then

<ad7(f(_2im)3? (v()dt?: [Voa(t,r)9,% + Vo(1)d) ] di,a(r)dr) .

(w3 W, (1))

g*xg

= —<([V—z(t, 1372 + Vo(1)d] dt,a(t)dr),

SO + 0@, Y Wit,r)d]
i<l

b" h*xp
[V, 10372 + Vo] drw(e) f (097 + 0(577)
=0 (10.47)

since the Lie bracket in g produces (i) no term along the central charge
(namely, the coefficient of 8,‘1 is constant in r, see Definition 10.14); (ii)

if —x = —% only, a term of order —1 coming from —[f(¢)d; !, W1d,] +

w(t)f.(z‘)ar_l = (f(t)W{ + w(t)f(t)) 9714 .., whose coupling with the potential

yields [ [ Vo(t) (f(OW] +w() /() drdr =0 (otal derivative in 7); (iii) a
pseudodifferential operator of degree < —2 which does not couple to the potential.

Denote by p o j the isomorphism from sv to D¥D<,/DWD__ 1,as in Lemma
10.5. With a slight abuse of notation, we shall write ady instead of ad),;y, for
X € sv and consider ad® o p o j as a “coadjoint action” of sv.

Let us now study successively the “coadjoint action” of the Y, M and L
generators of 5v on elements (v(1)d1?; [V_o(t.r)0;* 4+ Vo(1)3%] dt,a(t)dt) € g*.

Recall from the Introduction that the derivative with respect to r, resp. t is
denoted by ’, resp. by a dot, namely, V'(¢,7) := 9, V(t,r) and V (¢,r) := 3, V(¢, 7).

Action of the Y -Generators

Let W = ZjSIWj(t,r)af € £,((¥D,)<)) and a(r) € C*(S') as before.
A computation gives (see (10.22))
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<ad;;/g (v(t)dtz; [V_z(t,r)ar_z n Vo(z)39] dt,a(z)dt) L (w(0)dr: W,a(z))>

g% xg

_ _<([V_2(t, 1o+ Vo(t)] dt,a(t)dt) ,
J//Z
—(O)d + iAW) + =—Or*0 + 0)).
J//Z
Wit 1), + Wo(t, )0 + Wy (.18 400, | —w | —gd, + Tgfrza;l
] h*xh
S <(V_2(t, )d-2d1, a(z)dz) , (—(ngl — W)y, cME . zi 515 rWla’r)>
17T
Ve '
+{Vo0)d%dt, g()W”, + Tg'ﬂwl
= // Voo (gW/ — gw) dt dr — c.a* zi //angl dr dr. (10.48)
17T

The coupling of V, with W vanishes, as may be seen in greater generality as
follows (this will be helpful later when looking at the action of the L-generators):
the term of order —1 comes from a bracket of the type [A(z,r)d,, B(t,r)d,'] =
(A'B + AB’)E),‘1 + ...; this is a total derivative in r, hence (since V] = 0 by
hypothesis) (Vo(1)3°dt,[Ad,, B3 ']) = 0.

Generally speaking (by definition of the duality given by Adler’s trace), the terms
in the above expression that depend on W, i = 1,0,... give the projection of
adz,,g (v(t)dt?; Vdt,a(t)dt) on the component 37", while the term depending on
w gives the projection on the Vect(S')-component.

Hence altogether one has proved:

ad’, (()dt*; [Voa(t, r)0,% + Vo (1)) dt, a(t)dt))
_ (_g(gg Viadr)dt® — (8!, + c.l*ag(t)r) a;zdz,o) (10.49)
which gives the expected result for ¢ = 2.

Action of the M -Generators

It may be deduced from that of the Y -generators since the Lie brackets of the Y -
generators generate all M -generators.
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Action of the Virasoro Part

One computes (see (10.21) or (10.41)):
(ad?, (a1 Va1, 172 + Vo), a(o)dr). (w(D)d: Woa (@) |
: g*xg

(adiecqsl)f ()0, .v(1)d1?, w(t)8,>

Vect(S1)*xVect(S!)
—< ([Vealt. 7)9,% + Vo) dt, a(t)dt) , — f(1)9;.
(Wi(t,7)0, + Wot,r) + Woi(t,7)d, " + 0(3;2))
i T . ///22.. > .. R N
+M [1///f(t)r3r + Tr f@)— (Tf(t)r+8/// fr ) 0,

FO@7D), Wit r)d, + Wolt.r) + Woy (6. 1)t + 0(3;2)]h>
h*xh

+ / dt Tr(V_y(t, )32 + Vo(2)).w(t).
1 . i H?dt
x(—Efr3r+(—%///fr—Ed—[{ )8, )

- /(fv +2fv)wdt + < (V_a(t,r)07%d1, a(t)dr) ,

((f(t)W1 + %f(t)(rWl’—Wl)) —fe o+ S L

2im 2.H
. > . i
(—i,///f(t) W_idr+— f () ® Widr+=.4>f (t) r2W1dr))>
G fo uarss o war)))
+ (Vo(t)d%dt. f(t)W_,0;") Voo~ //wfrV L dt dr. (10.50)

A term of the form (V;(¢)3°dt, [Ad,, Bd;']) (which vanishes after integration as
above, see computations for the action of the Y -generators) has been left out. The

term depending on « gives the projection on the a-coordinate.
Hence:

ad’, (@) dt*; [Voa(t, r)0,% + Vo (1)d] dt,a(t)dt))

= ([—%f(gg rV_odr) — (fv+ 2fv)j| dr’;
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’ jf 2
(~roi3 0 v, + 472 veat (S5 Fio - i) ) o2
+ (—fVO — fVo+ %af) 39}11, —(af + fd)dt) (10.51)

which gives the expected result for ¢ = 2. |

Remark. By modifying as follows the relation defining the non-local transformation
® (see Definition 10.7)

1 1
0 — 0, £—> 5ra;l + 02 (10.52)

for an arbitrary real parameter v, one may obtain all the actions in the family d 6,
1 € R (as detailed but straightforward computations show). Note that

1 * 1 1 1
—rd7") = —207"r = —=rd + 202
2 2 2 2

so the operators %r&r_l +v3:2, v € R correspond to various (and mainly harmless)
symmetrizations of $r9;!.

10.7 Connection with the Poisson Formalism

The previous results suggest by the Kirillov-Kostant-Souriau formalism that
dop(X), X € sv is a Hamiltonian vector field, image of some function Fx by
the Hamiltonian operator. It is the purpose of this section to write down properly
the Hamiltonian operator H and to spell out for every X € sbv a function Fy such
that Hr, = X.

Identify h* as a subspace of £ ((¥D,)>—2) & .#_, through the pairing given
by Adler’s trace as in the first lines of Sect.6, so that an element of h* writes
generically (3", _, V9% . dt.a(t)dt). Consider similarly to [43] the space .F,c

of local functionals on .Z; (WD, )>—2), Fioc 1= ﬁloc/span (%ﬁ}oc, %j[gc), with

j[gc =C®S'xSH® q:[(a;' a,f.' Vi)k=—2,i.j=0]- An element F of .Z#,. defines by
integration a C-valued function [ [ F(¢,r) dtdr on .4, ((¥D,)>—>). The classical
Euler-Lagrange variational formula yields the variational derivative

OF
Z (—1yi+i5ia) (a(a' y Vk)) (10.53)

i,j=0
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Local vector fields are then formally derivations of J[,,C commuting with 4 T and
jr, so that they define linear morphisms X : Fj,c — Fc. It is also possible
to represent X more geometrically as a vector field on .2 ((¥D,)>—»); since
Z,(ID,)>—2) is linear, X is a mapping X : L ((¥D,)>—2) — L(¥D,)s—2)
with some additional requirements due to locality. Set X(D) = Y ,._, Ax(D)d,
then (as a derivation of .%},.) it holds X = D kez 2oijz0 0! & ay . 9/9(: V).
Now the differential dF of a function F € %, verifies by definition d F(X) =
X(F) = Y ars- W Choose D € Z((¥D,)>—;): then the differential of F

at D should be a linear evaluation (dpF,X(D)) = [TrdpF@t)X(D)(t) dt,
hence (using once again the pairing given by Adler’s trace) one has the following
representation: dp F = Y, 975~ 15F (D) € b. Formally, one may simply write

_ —k—1 8F
dF =3, 0~ lsvk

Similar considerations apply to local functionals on Vect(S')* or .%_;, with the
difference that the variable r is absent. We refer once again to [43] for this very
classical case. Since the generic element of Vect(S'), resp. Vect(S')*, is denoted
by w(t)d;, resp. v(t)dt?, the differential of a functional F = F(v) will be denoted
by dF = —8,, while a vector field becomes X(v) = Az_, (v)d t2. Similarly, the
differential of a functional ' = F(a) will be denoted by d F = $-, while a vector
fieldis X(a) = A#_, (a)dt. Note that (considering e.g. the case of Vect(S *) such
a functional may be seen as a particular case of a 'mixed-type local functional’
@ (v, (Vi)k>—2) by setting @(v, (Vi )x>—2) = r~ ' F(v) (integrating with respect to r
yields ¢ r~'dr = 1), but we shall not need such mixed-type functionals. We shall
restrict to (i) local functionals on .%; ((¥D,)>—_»), (ii) local functionals on Vect(S')*
and (iii) local functionals on .%_,, which are sufficient for our purposes.

Itis now possible to write down explicitly the Poisson bracket of local functionals
of the above three types on g*; we shall restrict to the affine subspace

Vect(S')* x {([Voa(t, r)9,% + Vo(t,r)d] dt.a(r)dt)} C g*

(note that we allow a dependence on r of the potential Vj for the time being).
Denote by V = (V_;, V) the element V_(z, r)3,._2 + Vo(t, r)89. Consider first local
functionals F, G on .Z,((¥D,)>—,). By the Kirillov-Kostant-Souriau construction,

{//thdr, //G dtdr} ((v()dt*; [Voa(t. )2+ Vo(t. r)dY] dt.a(t)dr))

= (([V20;” + Vo] dt,a(t)d1), [dv F,dv Glo) g

= / {Tr (V=20;2 4+ Vo).[dv F.dv Gl g wn, =) + ces(dy F.dyG)} dt.
(10.54)

18F

Recall from the previous considerations that d F = 9, 52— S+ P S+ 0 8Vo +...

The operation of taking the trace leaves out only the bracket [8, Sf,F 9,29 T ] which
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couples to V_,0;%, and the mixed brackets [8, s‘f,F 07! gg ] and [8, 8?,62 Lo g‘g ]

which couple to Vj, while the central extension couples only the coefficients of 9,
and 9;"!. All together one obtains

{//F didr, //Gdtdr} (V) dt?; [Voalt, 7)3, % + Vo(t, r)dY] dt.a(t)dt))
" 8F §F \' G
// = |:(5V 2) SV (5V—2) 5V—2:| didr
8G §F §G SF7
+// Vo [mm— 5V_28_V0:| dt dr
! §G SF\ (686G
+c/f[((w0) . ((W_z) + ((W_z) ((SVO):|a(t) dtdr.  (10.55)

Assume now that F is a functional on Vect(S!')* and G a functional on
Z1((WD,)>—2); then

{/ F dl,//G dtdr} ((v()dt*; [Voalt. 10> + Vo(t,r)d0] dt, a(t)dt))

= <([V_2872 + Vol dt.a(t)dr), oF
Sv h*xh

G d (G
// ( ((S’V 2)+VOE (SVO)) dt dr. (10.56)

Similarly, if F is a functional on Vect(S 1)* and G a function on .%_, then

a[.dVG>

{/ F dt,/G dt} (V) dt?; [Voalt. 1)3, % + Vo(t, r)d] dt. a(t)dt))

§F d
/ ()S_E (—) dt. (10.57)

Finally, if both F and G are functionals on Vect(S')*, then (as is classical)

{/F dt,/G dt} (v@)d > [Valt. 1) 3> + Vo(r.r)d)] dt, a(r)dr))

8F d (8G 8G d (6F
-[ol5a(®) -5 (5] oy

Consider now the Hamiltonian operator ¥ — Hp. Set Hr = A g_2dt2 +
Yoz Akd¥ + Az_ dt, then
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dG(Hp)(v(t)dt*; Vdt,a(t)dt) = Hp(G)(v(t)dt*; Vdt,a(t)dt)
= {F,G}(v(t)dt*; Vdt,a(t)dt) (10.59)

writes [ 3 o 2Ak5vk (V) dtdr if G is a functional on Z((¥D,)>—3),

Az %5 (v) dt if G is a functional on Vect(S')*, and [ Az %S (a) dt if G
2 Sy 1 §a
if a functional on .%_, hence

Hp (v(t)dt*; [Voa(t,r)9, + Volt,r)d°] dt, a(t)dt)
B d ( 8§F d (8F .
_( 9§dr|: *di (5V 2)+VOE (5Vo)}d
§F , SF SF\  ,8F\ ._
(—21/_2 (é’V_z) — V_28V +ca(t)( ) +V, 031/ ) 3,2

SF N\, 8F \
1 (ca(t) (m) -V 5V—2) a,,o) (10.60)

if F is a functional on .Z; (¥D,)>—,), and

Hp (W(t)dt*; [V (t,1)9,2 + Volt,r)d7] dt, a(t)dt)
d (6F OF d SF

o (2) = | — o2

([ th(Sv) 51)} dr (Vz(s ) r

d ( SF\. d &F
— (VOE) o~ ) (10:61)

if F is a functional on Vect(S!)*.
Let F be a functional on .Z;((¥D,)>—>) depending only on V; and V_,; note
that Hp preserves the affine subspace .4 if and only if

j+1
F = Fy(Vo) + Z 00/ Va. Yk £k (Vo). (10.62)
i,j=0 k=0

where Fj is any functional depending on Vj and ¢,r, and (fjjx)i jx any set of
functionals depending on V; and only on ¢. In particular, such a functional is affine
in V5 and its derivatives, and the coefficient of V_, affine in r.

Lemma 10.16. The coadjoint action adz (X) of X = Ly, resp. Yy, resp. M), € s5v
on A may be identified with the Hamiltonian vector field Hp, with

Fo, (v, Vikez) = /fvdt—i—%// rfVo,dtdr

// (1—rf' - —r3f) Vodtdr;  (10.63)



230 10 Poisson Structures and Schrodinger Operators

2
F?%((Vk)kez) = //gV_z dt dr — %T // ngVO dt dr; (10.64)

F 4, ((Vkez) = A* // rhVy dt dr. (10.65)

Furthermore, {Fy, Fy} = Fixy) if X, Y € sv, except for the Poisson brackets

{Fu,.Fp} = ///2/ hgVy dtdr: (10.66)
{Fg/ s Fg?/g} = F[g/ Pl — IT ngO dtdr. (10.67)

The additional terms on the right are functionals of the form [ [ f Vo dtdr which
vanish on A (and whose Hamiltonian acts of course trivially on N").

Proof. Straightforward computations. O



Chapter 11
Supersymmetric Extensions
of the Schrodinger—Virasoro Algebra

Recall the following facts from Chaps. 1 and 2:

— The Schrodinger algebra sch is defined as the algebra of projective Lie symme-
tries of the free Schrodinger equation in (1 + 1)-dimensions, (—2i.# 9, — 0?)y =
0.

— Replacing formally .# by 9. (i.e. taking a Laplace transform with respect to
the mass parameter) yields an equation which is formally equivalent to the free
Laplace equation Ay (¢,7,¢) = 0 in three dimensions; this way, scf) is shown
to be embedded into the conformal algebra in three dimensions, with its natural
action on the space of solutions of Ay = 0.

— Independently from this conformal embedding, sch (in the above realization as
Lie symmetries of an equation) may be extended into an infinite-dimensional
Lie algebra, the Schrodinger—Virasoro algebra, which may in turn also be
obtained as a subquotient of an extended Poisson algebra on the torus, namely,

A (D=1 (S

The purpose of this chapter, adapted from [55], is to give generalizations (as
systematically as possible) of these constructions in the supersymmetric setting.
The analogues of the free Schrodinger/Laplace equations are, in this respect, what
we call the super-Schrodinger model, see (11.35) and the (3|2)-supersymmetric
model, see (11.32), with algebra of projective Lie symmetries 52, called (N = 2)-
supersymmetric Schridinger algebra (see Proposition 11.5), resp. s D 5@, see
Proposition 11.6. As in the non-supersymmetric case, 5 has a semi-direct product
structure, 5% ~ o0sp(2]2) x sh(2]2), where osp(2|2) is an orthosymplectic Lie
algebra, and sh(2|2) a super-Heisenberg algebra, while 5 ~ osp(2|4) is a simple
Lie superalgebra.

As in the non-supersymmetric case too, 5 may be seen to have an infinite-
dimensional extension, sns® (called Schrodinger-Neveu-Schwarz algebra with two
supercharges), which may be realized as a subquotient of an extended Poisson
algebra of the super-torus with two odd coordinates, and the action of 52 on

J. Unterberger and C. Roger, The Schrodinger-Virasoro Algebra, Theoretical 231
and Mathematical Physics, DOI 10.1007/978-3-642-22717-2_11,
© Springer-Verlag Berlin Heidelberg 2012
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solutions of the super-Schrodinger model may be extended into a representation
of sns®, see Proposition 11.24.

Schrodinger-Neveu-Schwarz Lie superalgebras sns™) with N supercharges are
introduced in complete generality. They appear as a semi-direct product of Lie
algebras of super-contact vector fields with infinite-dimensional nilpotent Lie super-
algebras.

Note that supersymmetric extensions of the Schrodinger algebra have been
discussed several times in the past [7-9,26,33,35,36], sometimes in the context of
supersymmetric quantum mechanics. Here, we consider the problem from a field-
theoretical perspective.

We begin in Sect. 11.1 by recalling some useful facts about the Schrodinger-
invariance of the scalar free Schrodinger equation and then give a generalization to
its spin—% analogue, the Lévy-Leblond equation. By considering the ‘mass’ as an
additional variable, we extend the spinor representation of the Schrodinger algebra
sch into a representation of conf;. As an application, we derive the Schrodinger-
covariant two-point spinorial correlation functions. In Sect. 11.2, we combine the
free Schrodinger and Lévy-Leblond equations (together with a scalar auxiliary
field) into a super-Schrodinger model, and show, by using a superfield formalism
in 3 4+ 2 dimensions, that this model has a kinematic supersymmetry algebra
with N = 2 supercharges. Including then time-inversions, we compute the full
dynamical symmetry algebra and prove that it is isomorphic to the Lie algebra of
symmetries 0sp(2]|2) x sh(2]|2) found in several mechanical systems with a finite
number of particles. By treating the ‘mass’ as a coordinate, we obtain a well-known
supersymmetric model (see [29]) that we call the (3|2)-supersymmetric model. Its
dynamical symmetries form the Lie superalgebra osp(2|4). The derivation of these
results is greatly simplified through the correspondence with Poisson structures
and the introduction of several gradings which will be described in detail. In
Sect. 11.3, we use a Poisson algebra formalism to construct for every N an infinite-
dimensional supersymmetric extension with N supercharges of the Schrodinger
algebra that we call Schridinger-Neveu-Schwarz algebra and denote by sns™),
At the same time, we give an extension of the differential-operator representation
of 0sp(2|4) into a differential-operator representation of sns®. We compute in
Sect. 11.4 the two-point correlation functions that are covariant under osp(2|4) or
under some of its subalgebras. Remarkably, in many instances, the requirement
of supersymmetric covariance is enough to allow only a finite number of possible
quasiprimary superfields. Our conclusions are given in Sect. 11.5. In Appendix B,
we present the details for the calculation of the supersymmetric two-point functions,
and collect for easy reference the numerous Lie superalgebras introduced in the
paper and their differential-operator realization as Lie symmetries of the (3|2)-
supersymmetric model.

The reader may conveniently refer to the anthology on superalgebras [28] for any
information on superalgebras.
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11.1 On the Dirac-Lévy-Leblond Equation

Throughout this chapter we shall use the following notation: [A, B]+ := AB F BA
stand for the commutator and anticommutator, respectively. We shall often simply
write [A, B] if it is clear which one should be understood. Furthermore {A4, B} :=
B—A %—B - g—? %—B denotes the Poisson bracket or supersymmetric extensions thereof
Wthh will be introduced below. We shall use the Einstein summation convention
unless explicitly stated otherwise.

In this section we first recall some properties of the one-dimensional free
Schrodinger equation before considering a reduction to a system of first-order
equations introduced by Lévy-Leblond [76].

Consider the free Schrodinger or diffusion equation
Ao = Q3 — )P =0 (11.1)

in one space-dimension, where the Schrodinger operator may be expressed in terms
of the generators of sch as Ag := 2MoL_| — Y_21 /2 In many situations, it is useful

to consider the ‘mass’ .# as an additional variable such that ¢ = ¢ ,(¢.r). As a
general rule (see Chap. 1), we shall denote in this chapter by ¢ the variable conjugate
to .7 via a Fourier-Laplace transformation, and the corresponding wave function by
the same letter but without the tilde, here ¢ = ¢ (¢, ¢, r). In this way, one may show
that there is a complex embedding of the Schrodinger algebra into the conformal
algebra, viz. (sch;)c C (conf;)c (see Sect.2.2) !

We illustrate this for the one-dimensional case d = 1 in Fig. 11.1, where the root
diagram for (conf;)c = B, is shown. We also give a name to the extra conformal
generators. In particular, (N, Ly) form a Cartan subalgebra and the eigenvalue of
adN on any root vector is given by the coordinate along —e;.> Furthermore, the
conformal invariance of the Schrodinger equation follows from [Ag, V-] = 0 (see
[54]). Note that the generator N is related to the generator N introduced in Sect. 6.1
(namely, N is a linear combination of Ny and Ly).

One of the main applications of the (super-)symmetries studied in this article will
be the calculation of covariant or quasi-primary correlation functions, as defined in
Sect.2.4.

As a specific example, let us consider here n-point functions that are covariant
under (conf;)c or one of its Lie subalgebras, which for our purposes will be either
sch, or the maximal parabolic subalgebra, introduced in Chap.2 (and used in
Chap. 6)

sch:= CN x sch (11.2)

I'This apparently abstract extension becomes important for the explicit calculation of the two-time
correlation function in phase-ordering kinetics [53].

2For example, adN(Y%) =[N, Y%] = —Y% or adN(Y_%) =[N, Y_%] =0.
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Fig. 11.1 Roots of the three-dimensional complexified conformal Lie algebra (conf;)c = B, and
their relation with the generators of the Schrodinger algebra sch,. The double circle in the centre
denotes the Cartan subalgebra b

The generator N is given by
N =—10, + {0 +v (11.3)

with v = 0 [54]. But any choice for the value of v also gives a representation of
sch(1), although it does not extend to the whole conformal Lie algebra. So one
may consider more generally sch(1)-quasiprimary fields characterized by a scaling
exponent x and a N -exponent v.

It will turn out later to be useful to work with the variable ¢ conjugate to .# . If
we arrange for .# = —%3; through a Laplace transform, see (11.9) below, it is easy
to see that the sch-covariant two-point function under the vector field representation
d ) (see Introduction) is given by [54]

(Dr12) = (D181, 11, 1) 2(82, 12, 72))
)2
= Yobyyy (11 — 1) f (cl — &+ EM) (11.4)

4 H—0

where x;, are the scaling dimensions of the sch-quasiprimary fields ¢; 2, f is an
undetermined scaling function and v, a normalization constant. If ¢, are sTb—
quasiprimary fields with N-exponents v;,, then f(u) = u™*1"17"2 is fixed®. If
in addition ¥, » are confy-quasiprimary, then f(u) = w~"' and, after an inverse
Laplace transform, this two-point function becomes the well-known heat kernel

3This fixing of the scaling function through the additional N -covariance prompted us to consider
sb-primary fields instead of so-primary fields in our vertex construction (see Sect. 6.1).
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(1) = @00y, x,t " exp(— r2/ (2.#1)), together with the causality condition
t > 0 [54]. The same form for ((;51(]52) also holds true for sch-quasiprimary fields,
since the function f in (11.4) simply gives, after the Laplace transform, a mass-
dependent normalization constant ¢.

We now turn to the Dirac-Lévy-Leblond equations (see also Sect.8.3). They
were constructed by Lévy-Leblond [76] by adapting to a non-relativistic setting
Dirac’s square-root method for finding a relativistically covariant partial differential
equation of first order. Consider in d space dimensions a first-order vector wave
equation of the form

RP = (A8 +ZB i +.///C) =0 (11.5)

where A, B; and C are matrices to be determined such that the square of the operator

2 is equal to the free Schrodinger operator %22 = Ag = 2.43, — (0,0 It
is easy to see that the matrices A, B;, C give a representation of a Clifford algebra
(with an unconventional metric) in d + 2 dimensions. Namely, if one sets

B, :=iv2B;; j=1,....d
1 1
%d.ﬂ = A+ EC, %d+2 = I(A — EC) (116)
then the condition on % is equivalentto ['B;,Bi]+ = 2§, for j,k =1,...,d +2.
We are interested in the case d = 1. Then the Clifford algebra generated by 5,

= 1,2, 3, has exactly one irreducible representation up to equivalence, which is
given for instance by

10 0 i 01
%1=o3=(0_1), %2=oz=(_“‘)), %3:01=(10). (11.7)

Then the wave equation RD = R (1/5/ ) = 0 becomes explicitly, after a rescaling

r — \/ir B B B B
3”// = 3r¢v Z%QS = 3ﬂlf (11.8)

These are the Dirac-Lévy-Leblond equations in one space dimension.
Since the masses ./ are by physical convention real and positive, it is convenient
to define their conjugate ¢ through a Laplace transform

v t.r) = /Oood//z ey (Mt T) (11.9)

and similarly for ¢. Then (11.8) become
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Y =0d,p. 0 =—0,. (11.10)

Actually, it is easy to see that these (11.10) are equivalent to the three-dimensional
massless free Dirac equation y#d,® = 0, where d,, = 9/0&" and &* with u =
1,2,3 are the coordinates. If we set t = 1(§! +i£?), £ = 1(§' — i£?) and finally
r = £3, and choose the representation y* = o, then we recover indeed (11.10).
The invariance of the free massless Dirac equation under the conformal group is

well-known.* The generators of conf; act as follows on the spinor field ® = (15) ),
(see again Fig. 11.1)

1
Loy=—d. Yy =0 M= 30
01
V__—raf+2§a,—(00)
N = —1d, + 0 Li(ro
- tT2\0-1
1 1/00
Yi = —1d, + —rds — -
: o 2(10)
1 1(x O
Lo——tat—§r8,—§(0x+1) (1111)

_ 1, 2 2(x + D¢ —r
W = 2r3,+2§3g+2§r3r+( 0

1 1
Vi = —trd, — trde — = (r> — 421)d, — = (2x + Dr 2
) 2

-2 (2x+ Dr

L,

1 xt 0
0 = o (r/2 (x + 1):)

For solutions of (11.10), one has x = % As in the case of the vector field
representation d i, (see Introduction), arbitrary values of the scaling exponent
x = 2A also give a representation of the conformal algebra.

There are three ‘translations’ (L_j,Y_ 1 M), three ‘rotations’ (V_, N, Y% ), one
‘dilatation’ (L) and three ‘inversions’ or special transformations (W, Vi, L). It is
sometimes useful to work with the generator D := 2Ly— N (whose differential part
is the Euler operator —d; — rd, — {0;) instead of either Lo or N. We also see that
the individual components v/, ¢ of the spinor @ have scaling dimensions x, = x
and x4 = x + 1, respectively. If we write the Dirac operator as

“The Schrodinger-invariance of a free non-relativistic particle of spin S is proven in [45].
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_1 _ 0, 8;
9 = i% = (3, _ar) (11.12)

then the Schroédinger- and also the full conformal invariance of the Dirac-Lévy-
Leblond equation 2@ = 0 follows from the commutators

= (=3) )

(2, L_] = [@, Y_%] = [2.V.] =0 (11.13)

It is clear that dynamical symmetries of the Dirac-Lévy-Leblond equation are
obtained only if x = % Since Ly, L_;,Y_1, V_ generate (conf;)c, as can be seen
from the root structure represented in Fig. 11.1, the symmetry under the remaining
generators of (conf;)c follows from the Jacobi identities.

Let &; = (;ﬁ)’ ), i = 1,2 be two quasiprimary spinors under the represen-

1
tation (11.11) of either sch,sch or confs, with scaling dimensions ( x_;-_ 1) of
Xi

the component fields. We now consider the covariant two-point functions; from
translation-invariance it is clear that these will only dependon ¢ = {1, t = t1—1,
andr = ry —rs.

Proposition 11.1. Suppose @1, @, are quasiprimary spinors under the represen-
tation (11.11) of sch. Then their two-point functions vanish unless x; = X, or
X1 = xp £ 1, in which case they read (o, Vo are normalization constants)

(i) ifxl = X, then

(Vi) = ot (421 +r2) 77

(V1) = ($1¥2) = —%%r (a2t + r2)—xl—l (1.14)
2
(P192) = %r? (4ct+r2) " 4 ¢0; (4ct + 7)™

(ii) if x1 = xo + 1, then

(Y1v2) = (1¥2) = 0
(Y1) = Yo (45t + %) (11.15)

i) =~ (ag1 47"

The case x; = x, — 1 is obtained by exchanging @, with @,.
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For brevity, the arguments of the two-point functions in (11.14), (11.15) were
suppressed. Let us emphasize that the scaling dimensions of the component fields
with a standard Schrodinger form (11.4) ((¥1v2) and (¢¢,) in (11.14), and (Y ¢2)
in (11.15)) must agree, which is not the case for the other two-point functions which
are obtained from them by applying derivative operators.

On the other hand, the covariance under the whole conformal group implies the
additional constraint x; = x, (equality of the scaling exponents), and we have

Proposition 11.2. The non-vanishing two-point functions, (conf;)c-covariant
under the representation (11.11), of the fields v and ¢ are obtained from (11.14)
with x| = x; and the extra condition ¢y = —/4, which gives

—x1—1

(P12) = Yol (4C1 +1r?) (11.16)

Proof. In proving these two propositions, we merely outline the main ideas since the
calculations are straightforward. We begin with Proposition 11.1. Given the obvious
invariance under the translations, we first consider the invariance under the special
transformation L; and use the form (11.11). With the help of dilatation invariance
(L) and Galilei-invariance (Y’ 1 ) this simplifies to

(x1 —x)t{Y12) = 0, (x1 — x2 — Dt{Y1¢h2) — %r(lﬁl%) =0,
(51— %2+ De{grva) + 3r(aya) =0

(51 = i (i) + 57(1s) — 3ridiva) =0

Considering the first of these equations leads us to distinguish two cases: either (i)

x1 = xpor (i) (Y1¢») = 0.
In the first case, we get from the remaining three equations

(V1) = (1Y) = (Y1v2) (11.17)

r

2t
and the covariance under Y% , N and Ly, respectively, leads to the following system
of equations

P r —0 a a | —0
(_,5+5&) (Y1) = 0, (—t§+§%+ )(%%) =0,
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with a unique solution (up to a multiplicative factor) given by the first line of (11.14).
Similarly, covariance under the same three generators leads to a system of three
linear inhomogeneous equations for (¢;¢,) whose general solution is also given
in (11.14).

In the second case, the remaining conditions coming from L; are

(x1 = x2 = Di{Yi¢2) = 0. (x1 — x2 + Dt (d12) = 0,
(61 =2t (Bid) + 5 (162) = (dry2) = 0

and one of the conditions x; = x, = 1 must hold true. Supposing that x; = x, + 1,
we get (p1¢n) = —%(r /t){¥1¢,) and an analogous relation holds (with the first and
second field exchanged) in the other case. Again, covariance under Y% ,N, Ly leads

to a system of three linear equations for (1;¢,) whose general solution in given
in (11.15).

To prove Proposition 11.2, it is now sufficient to verify covariance under the
generator V_. Direct calculation shows that (11.14) is compatible with this condition
only if ¢o = —1/4. On the other hand, compatibility with the second case (11.15)
requires that ¥y = 0. O

Remark. 1If we come back to the original fields 1/~f q; by inverting the Laplace
transform (11.9), the sch-covariant two-point functions of (11.14) take the form

o /4 X1 /4 2
(Vivn) = v (7) exp (—7 rT)

- - . AN\ o
(V1) = (d1V2) = —1//6% (—) exp (——r—) (11.18)

t 2t

o 132 A\ M r2 . Y4 x1—1 M2
p)= 0 (T) oo (-5 7)+ () oo (-57)

where ¥ = Yo/ (I (x1 + 1)25H1), ¢} = ¢o/(I'(x)2*"), and I'(x) is the Gamma
function.

Proposition 11.3. (i) Let f be a solution of the Laplace-transformed Schrodinger

equa[ion (8@-8, +8%)f = 0. Then ® = (Z;) = (_E)ag'ff ) satisﬁes the Dirac-
Lévy-Leblond equations (11.10).
(i) Suppose that fi, f» are sch(1)-quasiprimary fields with scaling exponents x =

X1 =X and N-exponents vi = vy = —%, and let ®; = (_aagffl ) Then the
rJi

covariant two-point function

(fifo) =175 + r2/41)' >
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implies a particular case of (11.14), given by Yy = —x(x — 1)2**2 and ¢y =
(x — 1221,

Both assertions are easily checked by straightforward calculations. Note that (ii)
is a priori surprising since the vector field representation d 7714 acting on solutions
of the free Schrodinger equation is carried over by the transformation f — @ not
to the representation (11.11), but to a different representation made up of integro-
differential operators.

11.2 Supersymmetry in Three Dimensions
and Supersymmetric Schrodinger-Invariance

11.2.1 From N = 2 Supersymmetry to the Super-Schriodinger
Equation

We begin by recalling the construction of super space-time [29, Lectures 3 & 4]
cf. also [18]. Take as n-dimensional space-time R” (or, more generally, any
n-dimensional Lorentzian manifold). One has a quite general construction of (non-
supercommutative) superspace-time R”!¥, with s odd coordinates, as the exponential
of the Lie superalgebra IV @ S, where the even part V' is an n-dimensional vector
space, and the s-dimensional odd part S is a spin representation of dimension s of
Spin(n — 1, 1), provided with non-trivial Lie super-brackets ( fi, /2) € S X § —
[fi. /2]+ € V which define a Spin(n — 1, 1)-equivariant pairing I" : Sym>(S) — V
from symmetric two-tensors on S into V' (see [29], Lecture 3). Super-spacetime R”!*
can then be extended in a natural way into the exponential of the super-Poincaré
algebra (spin(n — 1, 1) x V') & S, with the canonical action of spin(n — 1, 1) on V
andon S.

Let us make this construction explicit in space-time dimension n = 3, which is
the only case that we shall study in this paper. Then the minimal spin representation
is two-dimensional, so we consider super-spacetime R*?> with two odd coordinates
6 = (6',6%). We shall denote by Dg«, a = 1,2, the associated left-invariant
derivatives, namely, the left-invariant super-vector fields that coincide with dg1, 02
when 0',6? = 0. Consider R* with the coordinate vector fields d,1,9,> and the
associated symmetric two-tensors with components ayi,-, i,j = 1,2. These form a
three-dimensional vector space with natural coordinates y = (y'!, y!2, y??) defined
by

[ayud , yab]_ = 8cabap + 8cpB4aa (11.19)

Then define the map I" introduced above to be

[ (990, 3gp) 1= Dy (11.20)
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Hence, one has the simple relation [Dga, Dgs]+ = /9y“? for the odd generators of
R32. So, by the Campbell-Hausdorff formula,

Dyga = 0ga + 670 . (11.21)

In this particular case, spin(2,1) == sl(2,R). The usual action of gl(2,R) D
spin(2,1) on R? is given by the two-by-two matrices E,; such that E.,0yc =
—84c0,» and extends naturally to the following action on symmetric 2-tensors

Eapdyet = —8ac0ypa — 8agdyor = [y 0yar. 0,0 ]_ . (11.22)
so E,p is represented by the vector fieldon V & S
Eab = y“aayab + 9”39b (1123)

One may verify that the adjoint action of E,, on the left-covariant derivatives is
given by the usual matrix action, namely, [Ezp, Doc] = —84c Dgs.

Consider now a superfield @(y'!, y!2, y?2; 6!, #?): we introduce the Lagrangian
density

L(P) = %G“b(DgaCD)*(D@b@D) (11.24)

21 11

where €?? is the totally antisymmetric two-tensor defined by €'> = —¢?! =1, ¢!l =

€22 = 0. It yields the equations of motion
€’ Dga Dy ® = (Dy1 Dyr — D2 D1 )@ = 0. (11.25)

This equation is invariant under even translations d,., and under right-invariant
super-derivatives B
Do = g —60"0,u0 (11.26)

since these anticommute with the Dg.. Furthermore, the Lagrangian density is
multiplied by det(g) under the action of g € GL(2,R), hence all elements in
gl(2, R) leave equation (11.25) invariant.

Note that the equations of motion are also invariant under the left-invariant super-
derivatives Dyga since these commute with the coordinate vector fields d e (this is
true for flat space-time manifolds only).

All these translational and rotational symmetries form by linear combinations a
Lie superalgebra that we shall call (in the absence of any better name) the super-
Euclidean Lie algebra of R*?, and denote by se(3|2), viz.

5¢(3]2) = (0w, Dga, Dga, Eapra,b € {1,2}) (11.27)
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We shall show later that it can be included in a larger Lie super-algebra which is
more interesting for our purposes.

Let us look at this more closely by using proper coordinates. The vector fields
0/0y" are related to the physical-coordinate vector fields by

R R 1o
ot ayWar  ay2’ar oy '

hence by (11.19) we have t = 2y'!, r = y'2, ¢ = 2y?2. We set
P, 1,r:0',0%) = f(&1,r) +0'9 Q1) + 02yt r) +0'0°g( 1,r).
(11.29)
Then the left-invariant superderivatives read
Dgi = dg1 + 0'9, + 0%9,, Dy = dg2 + 0'0, + 6%9;. (11.30)

The equations of motion (11.25) become

(951042 + 0'0%(3:0, — 07) + 0" (0920, — 9510,) + 6*(3g20, — 9510¢)) D = 0O

(11.31)
which yields the following system of equations in the coordinate fields:
g=0
ar¢ = at'ﬂlfv arw = a{d’
(0> —0:9,) f = 0. (11.32)

We shall call this system the (3|2)-supersymmetric model. From the two equations
in the second line of (11.32) we recover the Dirac-Lévy-Leblond equations (11.10)
after the change of variables ¢ — —.

Equation (11.32) may be obtained in turn from the action

S = /d§ dr dr d9* d6' Z (@) = /d; dtdr L(f.¢. 9. 8) (11.33)
where

LU 0.8) = [*@cdi — )/ + " @ — 3,¢) + ¥* (e — 3,9) + g%,
(11.34)
Now consider the field @ =(f,y,¢,g) as the Laplace transform @ =
f d.# e*”% @, of the field @, with respect to ¢, so that the derivative operator ¢
corresponds to the multiplication by twice the mass coordinate 2.# . The equations
of motion (11.32) then read as follows:
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Table 11.1 Defining equations of motion of the supersymmetric models. The kinematic and
dynamic symmetry algebras (see the text for the definitions) are also listed

Model (3|2)-supersymmetric Super-Schrodinger

g=0 g=0

ar¢ = arlﬂ ar(é = arlﬂ -

0,1 = deg 00 =249 _

(02— 0:0,)f =0 0 =2.40,)f =0
Kinematic algebra 5¢(3]2) sgal
Dynamic algebra 5@ == osp(2]4) 5@ = 0sp(2|2) x sh(2]2)

g=0
ar¢~) = atlps arv; = 2%&;
(P —2.43)f =0 (11.35)

We shall refer to (11.35) as the super-Schrodinger model.

In this context, g or g can be interpreted as an auxiliary field, while (¥, ¢) is a
spinor field satisfying the Dirac equation in (2+1) dimensions (11.10) and its inverse
Laplace transform (¥, ¢) satisfies the Dirac-Lévy-Leblond equation in one space
dimension, see (11.8), and f is a solution of the free Schrodinger equation in one
space dimension.

Let us now study the kinematic Lie symmetries of the (3]2)-supersymmetric
model (11.32) and of the super-Schrodinger model (11.35). For convenience, we
collect their definitions in Table 11.1. By definition, kinematic symmetries are
(super)-translations and (super-)rotations, and also scale transformations, that leave
invariant the equations of motion. Generally speaking, the kinematic Lie symmetries
of the super-Schrddinger model contained in sgal correspond to those symmetries of
the (3/|2) supersymmetric model such that the associated vector fields do not depend
on the coordinate ¢, in other words which leave the ‘mass’ invariant. Below, we shall
also consider the so-called dynamic symmetries of the two free-field models which
arise when also inversions ¢ — —1/¢ are included, and form a strictly larger Lie
algebra. We anticipate on later results and already include the dynamic algebras in
Table 11.1.

Let us summarize the results obtained so far on the kinematic symmetries of the
two supersymmetric models.

Proposition 11.4. 1. The Lie algebra of kinematic Lie symmetries of the (3|2)-
supersymmetric model (11.32) contains a subalgebra which is isomorphic to
5¢(3]2). The Lie algebra se(3|2) has dimension 11, and a basis of se(3]2) in
its realization as Lie symmetries is given by the following generators. There are
the three even translations

Lo, Y 1, Mo (11.36)

the four odd translations
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G!', =—= (Do + Dg). G?

1 _
= _E (Dgl — Dgl) s

1
2
1

(Dg2 + Dy2), Yy = =5 (De> — Dgz) (11.37)

S
I
N = N =

and the four generators in gl(2, R)

1 1 X 1 1
Yi=—FEpn,Lo=—En—=, D=—=(E E»)—x,V_=—FE
1 5 £ Lo SEn=3 2( n+ Exn)—x 7 Ea
(11.38)
An explicit realization in terms of differential operators is
1
L_; =—0,, Y_% = —0,, My = —§8§
Gy =-8p, G, = —0'9, - 6%,
2 2
Yo = —0p2, Y¢ = —6'9, —928§
Yy = 13, — 2rd, — 26" 11.39
%——tr—zrc—z 62 ( . )

1 X
LO = —t3t — E (r3r + 91391) — 5
1
D = —td, —rd, — LI — 3 (0'091 + 6%9p2) —x
1 1
V_ = —{8, - Erat - 592891.

Here a scaling dimension x of the superfield @ has been added such that for
x = 1/2 the generators Lo and D (which correspond to the action of non trace-
free elements of gl(2, R)) leave invariant the Lagrangian density. By changing
the value of x one finds another realization of se(3|2).

2. The super-galilean Lie subalgebra sgal C se(3|2) of symmetries of the super-
Schrodinger model (11.35) is 9-dimensional. Explicitly

sgal = (L-10. Yoy, Mo, G2, 7)) (11.40)
2

We stress the strong asymmetry between the two odd coordinates #' as they
appear in the dilatation generator L. This is a consequence of our identification
Lo = —3Ey — 3x, which is dictated by the requirement that the system exhibit
a non-relativistic behaviour with a dynamic exponent z = 2. As we shall show
in Sect. 11.4, this choice will have important consequences for the calculation
of covariant two-point functions. In comparison, in relativistic systems with an



11.2 Supersymmetry in Three Dimensions and Supersymmetric 245

extended (N = 2) supersymmetry (see e.g. [20, 88, 97]), one needs a dynamic
exponent z = 1. In our notation, the generator D would then be identified as the
generator of dilatations, leading to a complete symmetry between 0! and 62.

The supersymmetries of the free non-relativistic particle with a fixed mass have
been discussed by Beckers et al. long ago [7,9] and, as we shall recall in Sect. 11.2.3,
sgal is a subalgebra of their dynamical algebra 0sp(2]2) x sh(2]2).

Let us give the Lie brackets of these generators for convenience, and also for
later use. The three generators (L_;,Y_1, My) commute with all translations, even

or odd. The commutators of the odd translations yield four non-trivial relations:
6162 ]
2 2

61, 7] =[c2, 7] =-v,.
2 + 2 + 2

, =L [Y,. Y5, = —2Mo

(11.41)

The rotations act on left- or right-covariant odd derivatives by the same formula
[Eap. Dge] = =8ac Dgs. [Eap, Doe| = —8ac Do, (11.42)

which gives in our basis

: . _ 1
-6l =0, [ 0?] = J6t (11.43)
2

Finally, the commutators of elements in gl(2, R) may be computed by using the
usual bracket of matrices, and brackets between elements in gl(2, R) and even
translations are obvious.

11.2.2 Dynamic Symmetries of the Super-Schrodinger Model

Let us consider the symmetries of the super-Schrédinger model, starting from the
9-dimensional Lie algebra of symmetries sgal that was introduced in Proposi-
tion 11.4. This Lie algebra may be enlarged by adding the generator

No = —0'951 — 6%3y2 + x (11.44)

(Euler operator on odd coordinates), together with three special transformations

Ly, Gli’2 that will be defined shortly. First notice that the operators
2
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Ao =240, — 3%, A 1= 091042

A6 = 2%391 — 3923,., A6 = 3913,. — 8928, (1145)

cancel on solutions of the equations of motion. So

1
Li=-5— (Y%2 + 1240 + zelAg) =129, —t (rd, +60'9)
—xt — ?rz — %relam (11.46)

is also a symmetry of (11.35), extending the special Schrédinger transformation
dm,/2(L1) (see Introduction). One obtains two more generators by straightforward
computations, namely

1
G} = [Ll,Gi%] = —tdy — 512

1 1
G} = [L1.G?, | = —1 (60, + 6%0,) — 50'rd, — x0' .70, + 26'6%ye.
2 2 2 2
(11.47)

Proposition 11.5. The vector space generated by sgal introduced in Proposition
11.4, together with Ny and the three special transformations L, Gi’z, closes into a

2
13-dimensional Lie superalgebra. We shall call this Lie algebra the (N = 2)-super-
Schridinger algebra and denote it by 5?). Explicitly,

50 = (La10,GL 50 Yoo, 702, Mo, No) (11.48)

and the generators are listed in (11.39), (11.44), (11.46), (11.47). See also
Appendix B, Sect. 2.

Proof. One may check very easily the following formulas (note that the correcting
terms of the type function times %, where Z = A, A|, A_E) or Afj, are here for
definiteness but yield 0 modulo the equations of motion when commuted against
elements of se(3]2), so they can be dismissed altogether when computing brackets)

Moz[Y%,Y_%]
1 1
L =——Y} ——A
! 2.4 -3 2HM 0
1 t o'
Lo Y <Y_1Y%+YLY_I) 2///A0_4///A0
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1

Gl = MYOIY—% W
Gi% = %/POZY_% - %AO
G; = jf(})@ jA’O
Gg = %//?OZY% - %AO
No= - wan vy - L

So it takes only a short time to compute the adjoint action of Gi’z on 5¢(3]2). On the
2

even translations we have
1 -
[G{'z,L_l] =G'2, [Gi’z,Y_l] = -7}?, [G{'z,MO] —0. (1149
2 -2 2 2 2 2

By commuting the G-generators we find

1 1
(612,611 =0. [6].6%,] =—SNo—Lo [G}.GL] =2 No— L.
2 —2l4 7 T3+ 2 7 T2+ 2
(11.50)
The action on the odd translations is given by
[Gi’z,i}’z] =0, [G}Z,Yoz’l] =-7y. (11.51)
2 + 2 +
Finally,
1
[G}’stl] =0, [G}’Z,Lo] = _G!2 (11.52)
2 2 2 2 3

The generator N, acts diagonally on the generators of se(3|2) : the eigenvalue of ad

Ny on a generator without upper index is 0, while it is +1 (resp. —1) on generators

with upper index 1 (resp. 2). Note that this is also true for the action of Ny on Gi’z.
2

The proof may now be finished by verifying that [G}, G’ ]+ = 0 (for both i =
2 2
1,2), Ly = —[G},G?]4+ and [L1, G,°] = 0. O
2 2 2
Remark. In order to prove the invariance of the equations of motion under 5@
it is actually enough to prove the invariance under Y 1 and YOI’2 since all other

generators are given (modulo the equations of motion) as quadratic expressions in
these four generators.



248 11 Supersymmetric Extensions of the Schrodinger—Virasoro Algebra
11.2.3 Some Physical Applications

We now briefly recall some earlier results on supersymmetric non-relativistic
systems with a dynamic supersymmetry algebra which contains osp(2]2).

Beckers et al. [7-9] studied the supersymmetric non-relativistic quantum
mechanics in one spatial dimension and derived the dynamical Lie superalgebras
for any given superpotential W. The largest superalgebras are found for the free
particle, the free fall or the harmonic oscillator, where the dynamic algebra is [9]

5@ = 0sp(2]2) x 5h(2]2) (11.53)

where sh(2|2) is the Heisenberg super-algebra. We explicitly list the correspondence
for the harmonic oscillator with total Hamiltonian, see [7]

1 1 1

H=Hp+Hr=-(p*+-x>+ 03 (11.54)
2 4 2

The 0sp(2]2)-subalgebras of symmetries of our (3|2)-supersymmetric model and of

the harmonic oscillator in the notation of [7] may be identified by setting

1
Hp = Ly, Hp = ENO, Ci = £iX+y,

0, = G%, 0_ = —Gi%, Sy = Gi%, S_ = —GZ% (11.55)

while the identification of the symmetries in s5(2|2) of both models is given by

7

We remark that the total Hamiltonian correspondsto H = Lo+ %No in our notation.

Duval and Horvathy [26] systematically constructed supersymmetric exten-
sions with N supercharges of the Schrodinger algebra sch(d) as subalgebras of
the extended affine orthosymplectic superalgebras. In general, there is only one
‘standard’ possible type of such extensions, but in two space-dimensions, there
is a further ‘exotic’ superalgebra with a different structure. Relationships with
Poisson algebras (see below) are also discussed. While the kind of supersymmetries
discussed above [7, 9] belong to the first type, the ‘exotic’ type arises for example
in Chern-Simons matter systems, whose N = 2 supersymmetry was first described
by Leblanc et al. [78].% In [26], the supersymmetries of a scalar particle in a Dirac
monopole and of a magnetic vortex are also discussed.

, Te=—=Y,? 1 =-M, (11.56)

5In non-commutative space-time, extended supersymmetries still persist, but scale- and Galilei-
invariance are broken [83].
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The uniqueness of 0sp(2|2)-supersymmetry constructions has been addressed by
Ghosh [36]. Indeed, the generators of the 0sp(2|2) algebra can be represented in two
distinct ways in terms of the coordinates of the super-Calogero model. This leads
to two distinct types of superhamiltonians, which in the simplest case of N free
superoscillators read [36]

N
Ha = Z[ pi+x2) = (vl = v )| (11.57)
| L N
5 5 .
A= g2 () £ 3 N S (vl + vy vl —vlv) Ly
i=1 ij=1
(11.58)
where x; and p; are bosonic coordinates and momenta, L;; = Xx;p; — X;p;
are angular momenta, the ¥; are fermionic variables satisfying [y, ‘/f;]+ = &

and the operator ys anticommutes with the ;. The Hamiltonian H4 in (11.57)
is identical to the one discussed in [7, 9, 26]. Further examples discussed in
[36] include superconformal quantum mechanics and Calogero models but will
not be detailed here. Dynamical osp(2|2)-supersymmetries also occur in the d-
dimensional Calogero-Marchioro model [35].

Finally, we mention that the SU(2), Wess-Zumino-Witten model has a hid-
den o0sp(2]2)—, symmetry, with a relationship to logarithmic conformal field-
theories [74].

11.2.4 Dynamic Symmetries of the (3|2)-Supersymmetric Model

So far, we have considered the mass .# as fixed. Following what has been done for
the simple Schrédinger equation, we now relax this condition and ask what happens
if ./ is treated as a variable [52]. We then add the generators D and V_ to 5@ which
generates, through commutation with L, and Gi’z, the following new generators

2

Vi =4[Ly, V-] = =2trd, —2Lrd; — (r> + 4¢t) 0, — r (0" 991 + 6%0y2)
—2t0%3p1 — 2001050 — 2x7

2
W = [Vi. V] = —2220; — 2¢ (rd, + 0%0y2) — %a, — 10201 — 2x¢
_ 1 1
Z(} = [Gi, V_] —E (§892 + Eragl)

- 1 1 1 1
2 _ 2 _ - 2 19V4 292,59 4 _.pl 2plp2 2
Zi = [G%,V_] =3 (g(@ 0 +0 8,)+29 ra,+2r9 8,+29 0°0g1 + x0 )

(11.59)
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Fig. 11.2 Root vectors of the complexified Lie superalgebra s = osp(2|4). The double
circles indicate the presence of two generators corresponding to opposite values of the root
projection along o, while the triple circle in the centre corresponds to the Cartan subalgebra h
(see Proposition 11.14)

Proposition 11.6. The 19-dimensional vector space

5@ = <Li1,0, Yiy Mo. D No. G T2 Vi W, zg@) (11.60)
closes as a Lie superalgebra and leaves invariant the equations of motion (11.32)
of the (3|2)-supersymmetric model.

We shall prove this in a simple way in Sect. 11.2.6, by establishing a correspon-
dence between 5? and a Lie subalgebra of a Poisson algebra. This will also show
that 5 is isomorphic to the Lie superalgebra 0sp(2|4) - hence one may in the end
abandon the notation s altogether. The root diagramme of 0sp(2|4) is shown in
Fig. 11.2 and the correspondence of the roots with the generators of 5 is made
explicit.

11.2.5 First Correspondence with Poisson Structures:
The Super-Schrodinger Model

We shall give in this subsection a much simpler-looking presentation of 5 by
embedding it into the Poisson algebra of superfunctions on a supermanifold, the
Lie bracket of 5 corresponding to the Poisson bracket of the superfunctions. In
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a b c

Fig. 11.3 Root vectors of several Lie subalgebras of osp(2|4), arranged in the same way as in
Fig. 11.2. The full dots and circles give the generators in the respective subalgebra whereas the
open dots and broken circles merely stand for the remaining generators of 0sp(2|4). Note that in
each case only two generators of the Cartan subalgebra b are retained. The subalgebras are (a) 5?,
(b) (conf;)c and (c) se(3]2)

Fig. 11.3a, we show how 5? sits inside s = osp(2|4). For comparison, we
display in Fig. 11.3b the even subalgebra (conf;)c and in Fig. 11.3c the superalgebra
s¢(3]2). We see that both CD @5? and C Ny @se(3]2) are maximal Lie subalgebras
of 0sp(2|4).

We first need some definitions (see [21], [43], [79] for details).

Definition 11.7. A commutative associative algebra <7 is a Poisson algebra if there
exists a Lie bracket { , } : & x &/ — & (called Poisson bracket) which is
compatible with the associative product f, g +— fg, that is to say, such that the
so-called Leibniz identity holds true

{fg.hy = fig.hi+glfih}, Vfghed. (11.61)

This definition is naturally superizable and leads to the notion of a super-Poisson
algebra. Standard examples are Poisson or super-Poisson algebras of smooth
functions on supermanifolds:q

Definition 11.8. Let 2??"IN) be the super-Poisson algebra of functions on the
(2m| N )-supertorus.

We shall mainly be interested in the cases m = 1,2 and N = 0,1,2. As an
associative algebra, 22”!N) may be written as the tensor product

PmIN) — pml0) & A(RN) (11.62)

where A([RN ) is the Grassmann algebra in the anticommuting variables 6 L., 6V,
and 222" is the associative algebra generated by the functions (g;,¢;', pi, pi"),
i =1,...,m, corresponding to finite Fourier series. (Note that the Poisson algebra
of smooth functions on the (2| N )-supertorus is a kind of completion of Z2?IV) )
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Definition 11.9. We denote by § the graduation on 22"V defined by set-
ting §(f) = k, with k = 0,1,..., N, for the monomials f(gq,p,0) =
fo(q. p)O™ ... 0%,

The Poisson bracket is defined to be

_ S Of 0g Of g 8(f) % ij af dg
{f’g}_zaq,- it e o) > e e (11.63)

i=1 ij=1
where 1"/ is a non-degenerate symmetric two-tensor. Equivalently (by the Leibniz
identity), it may be defined through the relations

(i piy =81, {qi, 07} =0, {p:i,07} =0, {67,607} =Y. (11.64)

We warn the reader who is not familiar with Poisson structures in a supersym-
metric setting against the familiar idea that the Poisson bracket of two functions
should be obtained in a more or less straightforward way from their products. One
has for instance in the case N =1

(6" =0, {6.6'Y=p""#0 (11.65)

which might look a little confusing at first.
It is a well-known fact (see [44] for instance) that the Schrodinger Lie algebra
sch generated by X419, Y, L M, is isomorphic to the Lie algebra of polynomials in

(¢, p) = (g1, p1) with degree < 2: an explicit isomorphism is given by

L L2 L ! L Lo
-1 = =q°, — ——qp, — —p°,
1 261 0 qu 1 21’

Yo —>4q, ¥y —>—p, My— 1. (11.66)

2

In particular, the Lie subalgebra (L_;, Lo, L) of quadratic polynomials in 22?0
is isomorphic to the Lie algebra sp(2, R) of linear infinitesimal canonical trans-
formations of R2, which is a mere reformulation of the canonical isomorphism
51(2, R) = sp(2, R) (see Sect. 11.2.6 for an extension of this result).

We now give a natural extension of this isomorphism to a supersymmetric setting.
In what follows we take m = 1, N = 2 and {9, 0!} = {%,0%} =0, {6!,6%} = 2.

Definition 11.10. We denote by c@gz) C 2P the Lie algebra of superfunctions

that are polynomials in (p, g, o', 92)_of degree < 2.
Proposition 11.11. One has an isomorphism from §? to the Lie algebra g(SZZIZ)
given explicitly as
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1, 1 1,
L—1—>ECI, L0—>—§6H9, L1—>§P, Y_%

1
N() — ——9192

2
Y, - 60", Yi—6? (11.67)

1
Gl_l — —qul, G2l — q92
2 2

1
G% - Epel, G; — —§p92.

Remark. An equivalent statement of this result and its extension to higher spatial
dimensions was given in [26], (4.10). This Lie isomorphism allows a rapid
computation of Lie brackets in 5.

Proof. The subalgebra of (@(<22|2) made up of the monomials of degree O in p
decomposes as a four-dimensional commutative algebra (g2, ¢, 1,0'6%) (for the
even part), plus four odd generators 6°,¢6’, i = 1,2. One may easily check the
identification with the 3 even translations and the ‘super-Euler operator’ Ny, plus
the 4 odd translations of se(3|2), see Fig. 11.2.

Then the two allowed rotations, Ly and Y1, form together with the translations a
nine-dimensional algebra that is also easily checked to be isomorphic to its image
in 9(32‘2).

Finally, one sees immediately that the quadratic express10ns (appearing just
before Proposition 3.2 and inside its proof) that give L, G!? interms of Y, Y also

2

hold in the associative algebra &2 (2‘2) with the suggested identification (actually, this

is also true for the generators Ny, L_l, Lo, Gﬁ , so one may still reduce the number
2

of verifications.) O

Let us finish this paragraph by coming back to the original N = 2 supersym-

metry algebra (see Sect. 11.2.1). Suppose we want to consider only left-invariant
odd translations Dg1 = —G', — G*, and Dyp> = Y, — Y. Itis then natural to
2 2

consider the vector space

50 = <L_1,L0,L1, Y. Y. My G, + G| .G} + G} + 1?02> (11.68)
2 2 2 2

and to ask whether this is a Lie subalgebra of 5. The answer is yes® and
this is best proved by using the Poisson algebra formulation. Since restricting to
this subalgebra amounts to considering functions that depend only on p,g and
6 = = (0" — 6%)/(2i), with (9)2 = 0 and {9 9} 1, 5V can be seen as the Lie

6 An isomorphic Lie superalgebra was first constructed by Gauntlett et al. [33].
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algebra of polynomials of degree < 2 in 2@V it sits inside 2@V just in the same
way as §? sits inside 221, Of course, the conjugate algebra obtained by taking
the same linear combinations, but with a minus sign instead (that is, generated by

Li10.Y41.G % — Gi and the right-invariant odd translations Dg1 = G* L - G! .

and Dy = 1702 - 1701) is isomorphic to §V). The commutation relations of 5(!) are
again illustrated in Fig. 11.3a, where the four double circles of a pair of generators
should be replaced by a single generator. We shall consider this algebra once again
in Sect. 11.4.

11.2.6 Second Correspondence with Poisson Structures: The
Case of 0sp(2|4), or the (3|2)-Supersymmetric Model

We shall prove in this subsection Proposition 11.6 by giving an embedding of the
vector space 5 into a Poisson algebra, from which the fact that s closes as a Lie
algebra becomes self-evident.

Let us first recall the definition of the orthosymplectic superalgebras.

Definition 11.12 (orthosymplectic algebra). Let n,m = 1,2,... The Lie
superalgebra osp(n|2m) is the set of linear vector fields in the coordinates
xl oo x?m, 6, ..., 0" preserving the 2-form Y7L dx’ A dx™t 4 Z;Zl(dei)z.

In the following proposition, we recall the folklore result which states that the Lie
superalgebra osp(2|2m) may be embedded into a super-Poisson algebra of functions
on the (2m|2)-supertorus, and detail the root structure in this very convenient
embedding.

Definition 11.13. We denote by 9((22)’" 1?) the Lie subalgebra of quadratic polynomi-
als in the super-Poisson algebra 22”12 on the (2m|2)-supertorus.

Proposition 11.14. Equip the super-Poisson algebra " with the super-
Poisson bracket {q;, p;} = 8;j, {0',0%} = 2, and consider its Lie subalgebra

9((22)’"‘2) c P2CmD) Then

1. The Lie algebra 9((22)"”2) is isomorphic to 0sp(2|2m).

2. Using this isomorphism, a Cartan subalgebra of osp(2|2m) is given by p;q;
(i=1,...,2m)and 0'6% Let (f1,..., fom, ) be the dual basis. Then the root-
space decomposition is given by

0sp(2[2m) = o0sp(2|2m)o @ 05p(2[2m) f— 1, D 05p(212m)x(fi+ 1))
® osp(2|2m) 1oy, (11.69)
@® 05p(2(2m)+ fi420 B 05p(2[2m) £ 520 (0 # )
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Except 0sp(2|2m)o which is equal to the Cartan subalgebra, all other root-
spaces are one-dimensional, and

osp(2[2m) -y, = (Piq;),

0sp(212m) i+, = (pipj)s 0spQ2I12m)—(si+r,) = (q:q;)
0sp(212m)yy; = (p7). 0sp(2|2m) 2z = (g;)

05p(212m) f420 = (pif'). 05p(212m)_f 420 = (qi0")
05p(2|2m) —2e = (pi0?), 08p(212m)—fi—20 = (¢:60%).  (11.70)

Proof. Straightforward. O

The root structure is illustrated in Fig. 11.2 in the case m = 2. We may now
finally state the last ingredient for proving Proposition 11.6.

Proposition 11.15. 1. The linear application §? — osp(2|4) defined on genera-
tors by

L Lo L ! L L2
> = _— —— N — — s
1 2611, 0 2611171 1 2P1

2

Y 1 = qiqs, Y% — —pi1q2, My — q%
1
N() — —9192
2
Y, — —q0', Y§ — q20? (11.71)

1 1 1 1

1 Lol 1 1ooal 2 1o .y

G_é — 2q19 , G% — 2p19 , G_é — 2q19 , G% — 2p19 ,
where i = 1,2, is a Lie algebra morphism and gives an embedding of 3% into
osp(2|4).

2. This application can be extended into a Lie algebra isomorphism from s® onto
osp(2|4) by putting

1 1
D — _E(‘]lpl +q2p2), Vi—>pipa, W — Z‘D%’

1 - 1 - 1
V. — —L 0P Z)— §p291, z: — —§p292. (11.72)
Proof. The first part is an immediate consequence of Proposition 11.11. One merely

needs to replace ¢, p by ¢, p1 and then make all generators quadratic in the
variables pi, p2.q1.q2. 0", 6% by multiplying with the appropriate power of ¢,.
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We now turn to the second part. The root diagram of osp(2[4) in Fig. 11.2
helps to understand. First (Zé'z, Gi’z; W, V4, L) form a Lie algebra of dimension

2
7 that is isomorphic to (p,6'2, p16'2, p3, pips, p}): in particular, the even part
(W, Vy, Ly) is commut_ative and commutes with the 4 other generators; brackets
of the odd generators Zé’z, Gi’z yield the whole vector space (W, V4, L;). Note
2
that part of these computations (commutators of L, Gi’z) come from the preceding
2
subsection, the rest must be checked explicitly. So all there remains to be done is to
check for the adjoint action of Z? 129 Gi’z onse(3]2). We already computed the action
2
of Gl’2 on (even or odd) translations; in particular, Gl’2 preserves this subspace.
On the other hand, commutators of G 2 with rotations V_, Lo, Ny, Y1 yield linear

combinations of Z(l) 2 and G1 % by deﬁmtlon
(612 v-] =27 (11.73)
2

while other commutators [G, Lo] = 1G|%[G},Ny] = —G},[G?. No]
2 2 2 2 2
G3,[G}?, Y,] = 0 are already known. Now the symmetry { < . o' < 02
2 2

preserves se(3]|2) and sends Gi’z into 225’2, and corresponds to the symmetry

2
p < q on osp(2]|4) = 9((;)'2) , so the action of Zé’z on the rotation-translation

symmetry algebra is the right one. Finally, since W,V and L; are given by
commutators of Gi’z and Z2, and the commutators of D with the other generators

2
are easily checked to be correct, we are done. O

In Sect. 11.4 we shall consider two-point functions that are covariant under the
vector space si ) = (L_,, G"1, Lo, No,G}?, Ly) C §? (actually Eiz) C 5@ is
made of symmetries of the superz—Schr'ddingezr model). On the root diagram Fig. 11.2,
the generators of 552) are all on the fj-axis, hence (as one sees easily) 552) is a Lie

algebra. The following proposition gives several equivalent characterizations of 5(12).
We omit the easy proof.

Proposition 11.16. . The embedding §? C 32(2‘2) of (11.67) in Proposition
11.11 maps 5(1 ) onto 32(2)‘ ). Hence, by Proposition 11.14, s ~( ) =~ osp(2]2).

2. The Poisson bracket on c@;z‘ ) (see Proposition 11.11) is ofdegree -1 with respect
to the graduation aEé of 2 defined by agé(q) = agé(p) = &Eg(ef) = % in
other words, 85{; {f.g}= agé(f) + agé(g) —1for f.g € PP Hence the set
(X e 2 | agé(X) =1} 552) is a Lie subalgebra of 27??,

3. The Poisson bracket on 9((2)‘ ) (see Proposition 11.14) is of degree -1 with respect
to the graduation deg of 2“? defined by deg(q) = deg(p;) = deg(!) =
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(412)

deg(6?) = %,deg(pz) = 1,deg(q2) = 0. Hence the set {X € 9(2)

1} = 552) @® RD is a Lie subalgebra of 2P

| deg(X) =

Note that points 1 and 2 use the first correspondence (see (11.67) in Proposition
11.11) while point 3 uses the second correspondence (see (11.71), (11.72) in
Proposition 11.15).

11.3 Extended Super-Schrodinger Transformations

We shall be looking in this section for infinite-dimensional extensions of various
Lie algebras of Schrodinger type (sch, 51, 52,5 = 0sp(2|2)) that we introduced
until now. Note that the Lie superalgebra s = o0sp(2|4) was purposely not
included in this list, nor could conf; be included: it seems that there is a ‘no-
go theorem’ preventing this kind of embedding of Schrodinger-type algebras into
infinite-dimensional Virasoro-like algebras to extend to an embedding of the whole
conformal-type Lie algebra (see Sect.2.3).

In the preceding section, we saw that all Schrodinger or super-Schrodinger
or conformal or ‘super-conformal’ Lie symmetry algebras could be embedded in
different ways into some Poisson algebra or super-algebra 22"IN),

We shall extend the Schrodinger-type Lie algebras by embedding them in a
totally different way into some of the following ‘extended’ Poisson algebras, where,
roughly speaking, one is allowed to consider the square-root of the coordinate p
(see Sect.2.2).

This whole section is really a generalization of the results of Chap.2 to a
supersymmetric setting, in exactly the same spirit.

Definition 11.17. The extended Poisson algebra 2?V) is the associative algebra
of super-functions

N
f(p.q:0) = f(p.q:0".....0N) = > 33" 3" ¢ qp ¢ 0" .. 0"
ie%Z JEZ k=11i1<..<i}
(11.74)
with usual multiplication and Poisson bracket defined by

af dg  df dg § s
= LI TS DN £ 11.7
{f.g} dq 0p _ dp 0q (=D Z 01 f09i & (11.75)

i=1

with the graduation § : PCIN) 5 N defined as a natural extension of Definition
11.9 (see Sect. 11.2.5) on the monomials by

§(f(p.q)f™...0%) = k. (11.76)



258 11 Supersymmetric Extensions of the Schrodinger—Virasoro Algebra

The Poisson bracket may be defined more loosely by setting {gq, p} =
{07,607} = 8"/ and applying the Leibniz identity.

Definition 11.18. We denote by gra : 2N — {0, ] 3.1,...} the graduation

(called grade) on the associative algebra 2!V defined by
gra(q"p"0" ... 0%) :==m+k/2 (11.77)

on monomials.

This graduation may be defined more simply by setting gra(g) = 0, gra(p) =
1, gra(9’) = % Note that it is closely related but clearly different from the
graduations deg, &Eg defined on untwisted Poisson algebras in Proposition 11.16.

Definition 11.19. We denote by @QW) , k € %Z (resp. @jgi\)N) ) the vector sub-

space of e consisting of all elements of grade < « (resp. of grade equal to «).

Since the Poisson bracket is of grade -1 (as was the case for deg and agé) it is
clear that QZQW) (resp. 32(2‘ )) is a Lie algebra if and only if « < 1 (resp. k = 1).
It is also easy to check, by the same considerations, that :9\5(52)(1\/) (k < %) isa

(proper) Lie ideal of @(Z‘N) so one may consider the resulting quotient algebra. In

the following, we shall restrict to the case k = —%:

Definition 11.20 (Schrodinger-Neveu-Schwarz algebra sns™)). Let N > 0. Then
the N-Schrodinger-Neveu-Schwarz Lie algebra is

ans™) .= PN S FEN (1L.78)

The choice for the name is by reference to the case N = 1 (see below).

11.3.1 Elementary Examples

Let us study in this subsection the simplest examples N = 0, 1.

e N=0.
The Lie algebra sns(” is generated by (images in the quotient & 8‘10) / ﬁ(zlo) 12)
of the fields L, Y, M defined by

Ly =d(Qp. Y = ¢(q)p%,///¢ = ¢(q). (11.79)
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By computing the commutators in the quotient, we see that sns(” = s is the
Schrédinger—Virasoro algebra sv, with mode expansion L, = ¢"T!p, Y, =
qm+%p%, M, = q" (wheren € Z,m € Z + %). One retrieves, in slightly
different notations, the isomorphism

so~ o/ (SY)_ /o (SY)__y (11.80)

<—

=

see Proposition 2.8, which allowed us to see sv as a subquotient of the extended
Poisson algebra on the torus. Each of these three fields A = L,Y or M has a
mode expansion of the form 4, = ¢"*¢ p¢. We may rewrite this as 4,_. = ¢’ p¢
with A € Z + € and see that the shift € in the indices of the generators (with
respect to the power of ¢) is equal to the opposite of the power of p. This will
also hold true for any value of N.

It is important to understand that successive ‘commutators’ {%p, .#y }, {%;,.

1Yy, My}}, ... In 577(52‘10) are generally non-zero and yield ultimately the whole

algebra f@?f‘_oi . This is due to the fact that derivatives of p% give p to power
- 2

—%, —%, ..., unlike derivatives of integer positive powers of p, which cancel
after a finite time and give only polynomials in p.

The algebraic structure of sv is as follows, see Chap.l for a more
mathematically-minded terminology in terms of tensor-density modules for
Vect(S 1). If one considers the generators L,,, Y,,, and M, as the components of
associated conserved currents L., Y and M, then L is a Virasoro field, while Y, M
are primary with respect to L, with conformal dimensions %, respectively 1.

Note also that the conformal dimension of the e-shifted field A€ (A€ =
L,Y, M) with mode expansion A = ¢"T¢p¢ (¢ = 0, %, 1) isequal to 1 + €.
This fact is also a general one (see Sect. 11.3.2 below).

For later use, we collect in Tables 11.2 and 11.3 the conformal dimensions
and grades of the generators of sns), with N = 0, 1, 2.

e N=1.

The Lie algebra sns!) is generated by (images in the quotient) of the even
functions £y = ¢(q)p. % = ¢(q)p% , My = ¢(q), and of the odd functions
g = ¢(q)91p%,@_¢ = ¢(q)0", My = #(¢)6"' p~7. We use the same notation as

in the case N = 0 for the mode expansions L, = ¢"*'p. M, = ¢".Y, = ¢"6"
(n€Z),Yy=q" 2p2,Gp=q"T2p20', M,y = ¢""2p 26! (mei+7),
with the same shift in the indices, equal to the opposite of the power in p.

We have a semi-direct product structure sns'!) = ns x bV, where

ns ;= (L, G) (11.81)

is isomorphic to the Neveu-Schwarz algebra [89] with a vanishing central charge,
and B B
h = ((r.Y), (M, M)). (11.82)
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The commutators of G with these fields read in mode expansion (where we
identify the Poisson bracket with an (anti)commutator)

1 _ _
(Gn. Y] = E(” —m)Yyim, [Gns Ym] = I'ntm

1 -
[Gl‘h Mm] = _EmMn-l—ma [Gna Mm] = Mn-l—m- (1183)

The Lie algebra h) is two-step nilpotent, which is obvious from the definition
of the quotient: the only non-trivial brackets are between elements Y, and % of
grade % and give elements .# or .4 of grade 0. Explicitly, we have:

(Yo, Yi] = %(” —m)Mym, [Yns Ym] = Mytm, [Yns Ym] = _%MMn-i-m-
(11.84)
The fields (L, G), (Y,Y) and (M, M) can be seen as supersymmetric doublets
of conformal fields with conformal dimensions (2, %), (%, 1), (1, %), see also
Table 11.2. Once again, the conformal dimension of any of those fields is equal
to the power of p plus one. The grades of the fields are given by, see Table 11.3

_ 1
gra(Zy) = gra(Yy) = 1, gra(¥) = gra(¥) = 3
gra(#y) = gea(#y) = 0. (11.85)

11.3.2 General Case

We shall actually mainly be interested in the case N = 2, but the algebra sns® is
quite large and one needs new insight to study it properly. So let us consider first the
main features of the general case.

Table 11.2 Conformal

: . . cdim Pair Impair
dimensions cdim of the
generators of the three sv 2 L
supersymmetric extensions 3/2 Y
sv, sns®) and sns@ of the 1 M
one-dimensional Schrodinger sns(V) 2 L
algebra sch 3/2 Y G
1 M Y
1/2 M
sns® 2 L
3/2 Y G!, G?
1 M,N Y y?
1/2 P M, M?
0
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Table 11.3 Grades gra of

gra Pair Impair
the generators of the three
supersymmetric extensions sv 1 L
50, sns(V and sns@ of the 1/2 Y
one-dimensional Schrodinger M
algebra sch sns( 1 L G
1/2 Y Y
M M
sns®@ 1 LN G!, G?
1/2 Y,P Y r?
M, Q M!', M>

By considering the grading gra, one sees immediately that sns¥) has a semi-
direct product structure
sns™) = g™ i V) (11.86)

where the Lie algebra g¥) contains the elements of grade one and the nilpotent
algebra hV) contains the elements of grade  or 0. The algebra g¥) has been studied
by Leites and Shchepochkina [79] as one of the ‘stringy’ superalgebras, namely, the
superalgebra £(1|N) of supercontact vector fields on the supercircle S Let us
just mention that g¥) shows up as a geometric object, namely, as the superalgebra
of vector fields preserving the (kernel of the) 1-form dg + Z,N _, 0"d6". Recall also
that a supercontact vector field X can be obtained from its generating function f =
f(gq.0',....0") by putting

N
Xp=- (1 - %E) (/) — %ME =DM g f, (118D)

i=1

where E = Z;VZI 0'9g: is the Euler operator for odd coordinates, and § is the
eigenvalue of E for homogeneous superfunctions as defined in (11.76). Then one
has

[Xf’ Xg] = X{ﬁg}e(u[v) (1188)

where [, ] is the usual Lie bracket of vector fields, and the contact bracket { , }¢(|n)
is given by

N
{fgheam) =~ (1 - %E)(f)aqgwqf(l — éE) (@) —(=1)" "0 f i g.
i=1

(11.89)

Proposition 11.21. The Lie algebras g and ¢(1|N) are isomorphic.
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Proof. Let f = f(q,0) and g = g(g, 6) be two E-homogeneous superfunctions.
Then

f(q.p.0) = f(q.0)- p" D2 5(q.p.0) =glg.0) p'*®2  (11.90)

belong to the subalgebra of elements of grade one in & M) Formula (11.75) for
the Lie bracket of 22V entails

{J;vg’} (q.p.0) = [(1 — @) 0,/)g ( S(f)) 10, )i| s+

N
(=) [Z Boi f aeig] P (11.91)

i=1

while formula (11.89) for the contact bracket yields

Fatamta. p.0) == | (1= 550) 16,0 - (1- 350 ) @01

N
x pl=3OUN+8E) _ (_1)8h) [Z gt [0y g}

i=1

1=3(()+8(8)-2)

xp
Hence ~ .

& zam = UL ghean)- (11.92)
So the assignment f — f according to (11.90) defines indeed a Lie algebra
isomorphism from £(1|N') onto g™, O

The application f — f just constructed may be extended in the following
natural way.

Proposition 11.22. Assign to any superfunction f(q,0) on S (IN) the following
superfunctions in the Poisson superalgebra PN,

1
g, p.0) = f(q.0)-p* 2 ae 5Z (11.93)

so that, in particular, V) = f as defined in (11.90). Then f — @ defines
a linear isomorphism from the algebra of superfunctions on S into the vector
space of superfunctions in PN igh grade o, and the Lie bracket (11.75) on
the Poisson algebra may be written in terms of the superfunctions on S in the
following way: let f. g be two E-homogeneous functions on S1N),
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{f(a)v g(ﬁ)}%zlm

! 1 N (a+p—1)
= (— (= 32) Dte=,1 (B3 ) -1 00 faefg) .

i=1

(11.94)

Proof. Similar to the proof of proposition 11.21. O

Coming back to sns™), we restrict to the values = 1. 1., 0. Put f,(¢q) = ¢"™!
(n € Z) and g, (q) = ¢" 1291 'where I = {i; <--- <ix} C {l,...,N}and
Ol .= 0 A---A@% andm € Z —a + |I|/2. Then

1 +1 +a—lI1/291 ,a—|1]/2
{J'rrl()sgr(y?)}%(sz) = {qn g 2gt pell }y(zm)

= [~on i+ (a = 5i1) o |gremeciiizg:

x pa—\l\/Z
= (@~ |11/2n=mg,. (11.95)
so the ]7,, = ,,(1) may be considered as the components of a centerless Virasoro

field L, while the g,Sf ) are the components of a primary field Z!, with conformal
dimension 1 + « — |1|/2, in the sense of [10].

Note also that, as in the cases N = 0,1 studied in Sect. 11.3.1, the conformal
dimension cdim of each field is equal to the power of p plus one, and the shift in
the indices (with respect to the power of ¢) is equal to the opposite of the power
of p.

This formula (11.94) yields an operator-product formula which is an extension
of a formula due to Kac and Cheng [65]. Consider the formal field in PW)

@ﬁa)(z) _ Z(Znelpa—lll/Z)Z—n—l7 (11.96)
nezZ

with / = {iy,---,ix} C {1,...,N}and 8 = @' A--- A Q. If I, J are two
families of indices, we denote by / e J the concatenation of / and J. Note that the
fields @ﬁl) can be seen as a set of formal generators of £(1|N) by the isomorphism
g(N ) o~ t(1|N), with (algost) the same notations as in [43], Chap. IX. Then one has
the following OPE’s in Z2IN):

Proposition 11.23. The following OPE hold true in 2CN):

a+p—1
O )

0@ - O ) ~ (11 + 1] = 26+ P=—
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(Dl+}3 1)( )

+(|1|_ZQ)L
z—w

)|1|Z (00;/36; A 30;/00;)@TF= ”(w)
Z—w

e (11.97)

i=1

Restricting to o = 0, 1,1 and setting to zero in the above expansion all fields

9 2 b
Oﬁa) with a < 0, along with their derivatives, one obtains a set of OPE for the fields

in the Schrodinger-Neveu-Schwarz algebra sns™).

Note that restricting simply to & = 1 yields the OPE of the fields in £(1|N) as in
the above-cited article by Kac and Cheng [65].

11.3.3 Study of the Case N = 2

As follows from the preceding subsection, the superalgebra sns® is generated by
the fields Z! where I = @, {1}, {2} or{1,2}and @ = 0, % 5 or 1. Set

1
L=2% G2 = 7 (2" £iz), N =ivaz!"? (11.98)
for generators of grade one,
Y =272, 72 = j:Z{l} + Z{Z} p =2z (11.99)
2 2

1
for generators of grade 7, and

- 1 1
M=2z8 M= 7 (728" +iz{"). 0= \;_ z8P (11.100)

for generators of grade 0. Their conformal dimensions are listed in Table 11.2.
Then the superalgebra sns® is isomorphic to £(1|2) x h®, with

£(1)2) = (L,G'* N)
b = (v. Y2 P)@ (M. M'?, Q) (11.101)

The fields in the first line of (11.101) are of grade 1, while the three first fields in the
second line have grade % and the three other grade 0.

Put 6 = (0' +i62)/v/2.6 = (8' —i0%)//2, so that {A.0} = {A.0} =
0,{0,0} = 1 and O = —iv/20'6? (this change of basis is motivated by a need
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of coherence with Sect. 11.2, see Proposition 11.24 b